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Abstract

In a domain in RY with N > 3, periodically perforated with small holes, the asymp-
totic behavior of a quasilinear elliptic problem is studied in this work, via unfolding
method. On the boundary of the holes, a nonhomogeneous Neumann boundary con-
dition is prescribed; while a Dirichlet boundary condition is imposed in the exterior
boundary. This homogenization process reveals a strange term at the limit depending
on the capacity of the holes and the limit function. A corrector result is also presented
to complete the homogenization process of the problem.
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1 Introduction

Let N > 3 and consider a domain 2 in R”". For positive sequences ¢ and § = §(¢) tending
to zero, we denote by .5 the domain with small holes which is obtained by removing e-
periodically distributed holes B.s of size €6 in Q. We denote by 0B.s the boundary of the
small holes which are fully contained in 2 but do not intersect the outer boundary 9€2. This
paper is devoted to the multiscale analysis of the following quasilinear elliptic problem:

—div [A%(x, ues)Vues| = f in Qcs,
Ae(x7 ueé)vuszs *MNes = Ges on aBeéa (11)
Ues =0 on 0,

where n.s is the unit exterior normal vector to B.s. In this problem, we assume that f is
a square integrable function in €, g.5 is a function defined on 9B, and that the quasilinear
highly oscillating coefficient A is bounded and uniformly elliptic.
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The homogenization of elliptic partial differential equations in perforated domains can
be traced back to the seminal works of E.Ja. Hrouslov in [22] 23] and with V.A. Marcenko in
[25] for the Dirichlet problem. Later on, Neumann variants were studied by E.Ja. Hrouslov
in [24] while mixed-type problems were examined in [I5] [I6] by D. Cioranescu and J. Saint
Jean Paulin.

We highlight the important contributions of D. Cioranescu and F. Murat in [I3] via the
energy method of L. Tartar (see [28, [29]) for the Poisson equation with Dirichlet boundary
condition, and to the work of C. Conca and P. Donato in [I8] for the Laplacian with
nonhomogeneous Neumann boundary condition. These works emphasize the existence of a
critical size for the small holes which is significant to the limit behavior. In fact, for the
Dirichlet problem in [I3], the size e¥/(N=2) for N > 3 is “critical” in the sense that this
leads to the appearance of a “strange term” in the limit problem which corresponds to the
capacity of the holes as € approaches 0. We call this size of holes here as “Dirichlet critical”.
A similar behavior was observed for size eV/V=1) for N > 2 on the Neumann variant in
[18] For this critical size, we say that it is “Neumann critical”. For further readings on
optimal controls involved in limit problems with strange terms, one can also check [20] by
J.I. Diaz, A.V. Podolskiy, and T.A. Shaposhnikova, and for approximate controllability in
[19] by C. Conca, E. Jose, and I. Mishra.

A linear problem with Neumann boundary condition related to was considered by
A. Ould-Hammouda in [26] wherein the size of the holes is Neumann critical as in [I§].
For the heat and wave equations with Dirichlet boundary conditions, the reader is referred
the work of B. Cabarrubias and P. Donato in [5] and to [27] by A. Ould-Hammouda and
R. Zaki for a linear elliptic problem with nonlinear Robin boundary condition posed in a
setting with two sets of small holes. One can also see the work of the authors in [I] for the
quasilinear case with nonlinear Robin boundary condition in a domain with two different
sets of small holes. In the present work, we deal with quasilinear matrix coefficients in
perforated domains where the size of the holes is Dirichlet critical as considered in [13].

It may seem at first that this work is a special case [I] but there is a subtle difference.
In [I], the two set of holes have different critical sizes; Dirichlet critical for the Dirichlet
boundary condition on one set of the holes while Neumann critical for the Robin boundary
condition on the other set of holes. The present work investigates what happens if one has a
Neumann boundary condition on holes whose size is Dirichlet critical. One more difference
of this work not just with [I] but also with the other works mentioned above, is the presence
of corrector result.

Physically, problem can model complex interactions involved in a heat diffusion
process for periodic heterogeneous media. For instance, u.5 represents the temperature
of the material, A®(x,u.s)Vues - nes the heat flux which is also determined by g.s, and
the function f acting as an external heat source. Some actual applications related to this
problem involve the chemical reactions happening on the wall of a reactor with periodically
distributed grains as in the Fruendlich kinetics model and the Langmuir kinetics model
(see, for instance, [I7]) Furthermore, it is known that certain composite materials such
as ceramics or semiconductors exhibit a nonlinear dependence on its thermal conductivity.
This makes our work relevant as an addition to the roster of models of such phenomena
especially in situations where the flux of the temperature on the boundary of the material
behaves in a particular way as specified by the Neumann boundary condition.

The upscaling process for is done using the periodic unfolding method. This ho-
mogenization technique is originally conceptualized for fixed domains by D. Cioranescu,
A. Damlamian, and G. Griso in [7]. Subsequently, several extensions of the method were es-
tablished. Among these are by D. Cioranescu, P. Donato and R. Zaki in [T1] for periodically
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perforated materials, the work of P. Donato, K.H. Le Nguyen and R. Tardieu [21] for two-
component domains, by D. Cioranescu, A. Damlamian, G. Griso, and D. Onofrei in [9] for
domains with small holes, and that of B. Cabarrubias and P. Donato [5] for time-dependent
functions in small holes. One can also refer to [§] by D. Cioranescu, A. Damlamian, and
G. Griso for a comprehensive survey of this method.

One of the difficulties addressed in this work is the passage to the limit in the quasilinear
matrix coefficient. In addition, due to the size of the holes, a suitable class of test functions
is needed in order to reveal the contribution of the small holes. Another difficulty relies
on obtaining the corrector results which have not been explored in the literature for the
Neumann case. In order to resolve these obstacles, we first show in Proposition the
convergence of the quasilinear matrix by exploiting the properties of the unfolding operators.
Then, we prove the homogenization results in Theorem and the classical formulation
in Corollary by adapting some arguments from [J] to our case. Finally, by suitable
modifications in the ideas given in [§], the corrector results for this work are obtained by
showing first the convergence of the energy in Theorem [5.2]leading to the strong convergence
of the solution in Corollary

The paper is organized as follows: Section [2| provides the geometric framework, data
assumptions, and functional setting of problem . Next, Section [3| recalls the suitable
version of the unfolding method for our case. Section [4] presents the asymptotic behavior of
the problem while, lastly, Section [5] gives the corrector result.

2 Framework of The Problem

Let N > 3 and consider two positive sequences € and ¢ such that § = §(¢) — 0 as e — 0.
First, we introduce the geometric framework as presented in [9] (see also [g]).

In a bounded domain Q@ C RY, we use ¥ = ( — %, %)N as the reference cell. For =, =
{¢ €ZN | e(¢+Y) C Q}, denote by Q. = int{ Ugez. (¢ +7Y)} and A, = Q\ Q.. To obtain
the perforations, we begin with an open set B C Y and distribute the rescaled version § B
with period e. Then, Y5 = Y \ §B is the perforated reference cell with B.s = Ugez (€4 6B)
the copies of the holes inside €2 such that 9B.s N 02 = &. Therefore, the domain with small
holes of size €0 is defined as Q.5 = {x S Q’ {%}Y S Y5} as in Figure

0B
o|o
o

Figure 1: The perforated domain {2.5.
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Moreover, for an open set @ C RY and «, € R such that 0 < a < 3, we denote by
M(a, 3,0) the set of matrix fields A € L>=(O)N*N satisfying

(A(W)E,€) > alél” and |A(y)¢| < BlE|, VEERN, vy e 0.
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1
Also, the notation Mo (v) = 19 / vdz is the average in O of a function v € L'(O).
o
To proceed, let us now give the data hypotheses in problem (|1.1)) for any ¢ and ¢ :
(H1) The matrix field A%(z,s) = A (£,s) such that A:Y x R — R satisfies:

(i) A is a Carathéodory function,
(i) A(-,s) € M(a,B,Y) is a Y-periodic function for all s € R,
(791) there exists a function w : R — R such that
(a) w is continuous and nondecreasing with w(s) > 0 for any s > 0,

(0) |A(y, s1) — Ay, s2)| < w(|s1 — s2|) for a.e. y € Y and for any s; # so,
t

. s
(¢) for any t > 0, ylirggr , o) +o0.

(H2) The function f is in L*(Q).

(H3) The function g.s(z) = g (3 {£}) is such that g € L*(9B).

(H4) The parameters € and ¢ satisfy

N
N

OS)\zlimd < +00.
e—0 IS

Remark 2.1. The number A corresponds to the critical size of Dirichlet small holes from

I3].

Remark 2.2. When f € (V.5) and g € H~2(9B) instead of the data assumptions in
and the results obtained here are still valid and the proofs are similar.
Next, define the space
Ves = {o € H'(Q5) | ¢ = 0 on 99},
equipped with the norm
lullves = IVullzzo,  Vu € Ves. (2.1)

Remark 2.3. A Poincaré inequality holds in V.s. Moreover, the norms in V.s and H*(Q.s)
are equivalent.

In the sequel, we still denote by ¢ € V_s, its extension by zero in B.s. The variational
formulation of (|1.1) reads as

Find u.s € V.5 such that

/ A% (z,ues)VuesVode = / fudr + / gesv do, (2.2)
Qes Qes 0Bcs

for every v € V5.

The following result which implies the well-posedness of problem follows from [3] for
the case v = 0. One makes use of the Lax-Milgram Theorem together with the Schauder’s
Fixed Point Theorem for the existence of the solution and some technique introduced in [6]
to deal with the uniqueness part. The boundedness of the solution invokes the assumptions
as well as Cauchy-Schwarz and Poincaré inequalities, and .
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Theorem 2.4. For every fized €,6 > 0 and under |(H1)| - [((H3), problem (2.2) admits a

unique solution u.s € Ves. Moreover, this solution satisfies the estimate
Jusl.s < C, 23)

for some constant C > 0.

3 The Periodic Unfolding Method

In this section, we present the operators and some properties under the unfolding method
necessary for this work as given in [7] for fixed domains and in [9] for small holes. The reader
is referred to these references for the details. In what follows, we assume that p € [1, +00).

Definition 3.1 ([7]). The unfolding operator 7¢ : ¢ € LP(Q) — LP(2 x Y)) is given by

) = w(s[g}y—i—ay), a.e.inﬁng,
0, a.e. in A; x Y.

Te(o)(z,y

Proposition 3.2 ([7]). The operator Te is linear and continuous. Moreover, for ¢ € L*(Q),
and v,w € LP(Q), one has

(1) Te(vw)(z,y) = Te(v)(2, y) Te(w)(z, y);

) [ T)adudy = [ payde [ p@rde= [ o s

QxYy Q € Qc

(iif) /Q T )] dady < /Q (e da

(iv)

[ etordo - Qxyﬁ(w)(ay)dxdy’ < [ tetwldn

(v) if pe(w) = ¢ (£) is Y-periodic, then T:(p:)(2,y) = ¢ (y);

(vi) for a sequence {w:} in LP(Q) such that we — w strongly in LP(Q), To(w:) — w
strongly in LP(Q x Y);

(vii) for a sequence {w:} in WIP(Q) such that w. — w weakly in WHP(Q), To(ws) — w
weakly in LP(Q; WHP(Y)), and that there exists w € LP(; WLP(Y)) such that up to

per

a subsequence, T(Vw.) = Vw + V, @ weakly in LP(Q x Y);

(viii) if a sequence {p:} in L'(Q) satisfies / |oe(z)| dz — 0, then we write

€

T.
/ pe(r)dr = Te(e)(x,y) dady.
Q QxY
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Definition 3.3 ([7]). The local average operator M5 : ¢ € LP(2) — LP(2) is given by

M (p) = /Y To(p) dy.

Proposition 3.4 ([7]). If {v.} is a bounded sequence in LP(§Y) such thatv. — v strongly in LP(Q),
then MS, (ve) — v strongly in LP ().

Definition 3.5 ([I12]). The averaging operator U, : LP(2xY) — LP(Q) is defined as follows:
1 x T ~
—/ (I)(s [—} —I-EZ,{*} ) dz a.e. on §g,
U(D)(x) = { Ty L tedy ey
0 a.e. on A,.
Proposition 3.6 ([I12]). The operator U, is linear and continuous, and the following holds:
(1) If ¢ € LP(Q) is independent of y, then Us(¢) — ¢ strongly in LP(Q).
(i) Suppose {we} is a sequence in LP(2), then the following assertions are equivalent:

(a) To(we) —w strongly in LP(AxY) and / lwe|P dz — 0.

€

() we —U(W) = 0 strongly in LP(Q).

Proposition 3.7 ([12]). Forp € [1,00), suppose that « is in LP(Q) and § in L>°(Q; LP(Y)).
Then the product U:(a)) Uz (B) belongs to LP(Q) and

U (af) —U(a)U(B) — 0 strongly in LP(Q).
Next, we consider those for domains with small holes as presented in [9].

Definition 3.8 ([9]). The unfolding operator Tz 5 : ¢ € LP(Q) — LP(Q x RY), is given by

T(o)w.02)  if (2,2) € Q. x 1,

Tes(p)(z,2) =
0 otherwise.

Let us now have the properties of the operator 7 5.

Proposition 3.9 ([9]). The operator T. s is linear and continuous. Moreover, one has the

following:
(i) For any v,w € LP(Q), Tes(vw) = Tz 5(v)Te s (w).

(ii) For any u € LY(Q), 5N/
QxRN

T2 5 (w)] derdz < / lu dar
Q

1
(iii) For any u € L*(Q), ||7;,5(u)||2L2(QxRN) < 5TVHU||2L2(Q)-
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< / |u| d.
A

/ wdr — 6N / Tes(u)dadz
Q QxRN -

(v) Letw € HY(Q). Then, Tz 5(Vou) = V. (Tos(u)) in Q x 1.

(iv) For any u € L' (),

(vi) Suppose N >3 and let w C RYN be open and bounded. The following estimates hold:

g
19- (T ) 22 0y < 5331Vl

Ce?
72,6 (w = My (w))l|72 (2= (mvy) < WHVUH%Z(Q),

2C¢e?
HE,&(W”QH(QXUJ) < 5]\77,2|W|2/N||V“||2L2(Q) + 2‘W|HU||2L2(Q)7

where C' is the Sobolev-Poincaré-Wirtinger constant for H*(Y).
(vii) Let {wes} be a sequence in H'(Q) which is uniformly bounded as both € and § approach

zero. Then there exists W € L*(Q; L? (RN)) with VW € L*(Q x RN) such that up

to a subsequence,

5%t

(7;5(1055) — Mf/(wa;)l%y) —~ W weakly in L*(Q; L*" (RY)),

and N,
0z~
Tvz(ﬁﬁ(wsg))l%y —~ V. W weakly in L*(Q x RY).

Furthermore, if

N
Ny

lim sup
(e.8)=(0+,0%) €

< +00,

then one can choose the subsequence and some U € LE (Q; L* (RN)) such that

N_1

02

Teo(wes) = U weakly in LIQOC(Q; LQ*(RN)),

where 2% = % is the associated Sobolev exponent.

(viii) If a sequence {@:} in LY(S2) satisfies / |pe(z)| dz — 0, then we write

€

Te
/Qgpg(x)dx =~ (5N/Q . Tes(pe)(z, 2) dedz.
X

Another operator from [14] is given below to treat the boundary terms.

Definition 3.10 ([14]). The boundary unfolding operator ’Talfé ¢ € LP(0B.s) — LP(RN x
0B) is given by

T2s(p) (2, 2) = ¢ (6 EL - 652') , VzeRN,vzedB.
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Proposition 3.11 ([I4]). Let v, € LP(9B.s).

(i) T25(ve)(,2) = T25(v)(w, 2) T25(0) (2, 2).
(ii) Set o. =¢(5{%}). Then, 65(@5)(95,2) = ¢(2).

(i4i) We have the following integration formula:

N—-1
/ pla)do, = ° / T25(0) (@, 2) dado., Ve € L}(9B.s).
aBE(s ]RNXBB

- ;
Proposition 3.12 ([14]). For g € L*(0B), set ges(x) = g (5 {%}) for any x € dB.;. For
all o € HY(Q), as e — 0,

€

W/@ Jespdog — |8B\M33(g)/ pdx.
B Q

£

To conclude this section, we provide the space in which some of our test functions will
be taken. Define the functional space

Kp={pe L* RY) | Ve e L>(R") and ¢ constant on B}.

Proposition 3.13 ([9]). Let v € D(RY) N Kp and set wes(x) =v(B) —v (5 {%}) for any
z € RN. Then, wes — v(B) weakly in HY(Q) and Tz 5(Vwes) = —évzv m SA)E X %Y.

4 Homogenization Results

At this juncture, we are now in the position to describe the asymptotic behavior of .
In the sequel, we say ¢ — 0 to mean that (g,d) — (0+,0+).

Before we proceed, we have a result analogous to that in [I] and [4]. We just provide
here the properties used in the proof.

Proposition 4.1. Let u.s — ug weakly in H' (). Then,

T-[A% (%, ues)| = A(y,uo) a.e. in Q2 xY, (4.1)
Tes[A%(2,ue5)] = A(z,u0)  ace. in Q@ x (RN \ B). (4.2)

3

Proof. The convergences in ) and (4.2)) follow from Proposition E Definitions (3.1 -

and [3.8] E and assumptions [(z)| and |(¢z)| of [(H1) - O

We now present one of the main results in this work.

Theorem 4.2. Under m let ues € Ves be the unique solution of (2.2 . Then up

to a subsequence, there exists ug € HJ () such that

Uss — ug  strongly in L (). (4.3)
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Moreover, there exist © € L*(Q; H) (V) and U € L*(Q; L (RY)) wanishing on Q x B

with U — \ug in L?*(2; Kg) such that the ordered triple (ug, U, U) solves the following limit

equations:

/ Ay, u0)(Vuo + V, @) Vyp(y)dy =0 a.e. in Q and Yo € H;er(Y), (4.4)
Y

/ A(z,up)V,UV,0(2)dz=0 a.c. in Q and Vv € Kg with v(B) =0, (4.5)
RN\B

and

Ay, u0)(Vuo + V,4)Vip dady
QxY (4.6)

-\ A(z,u0)V . Uvpy dado, = / fordx, for all € Hi (),
QxOB Q

where vp is the unit exterior normal to the set B and do, the surface measure.
Proof. We give the proof in several steps.

Step 1. First, note that (4.3]) is immediate from the estimate in (2.3)) and that the existence

of u e L?(Q; H),(Y)) is guaranteed by Proposition
On the other hand, the existence of U € L?*(Q; L2 _(RY)) such that U — Auq is in

L?(Q; Kp) follows by using the same arguments given in [9], so we omit the details here.

Let us now proceed to the limit equations.

Step 2. To show [@.4), let ¢» € D(Q) and ¢ € C}.(Y) be vanishing in a neighborhood of
the origin. So for € and § small enough, one has ¥(-) = eo(-)¢ (2) € Ves.

Take U € V.5 as a test function in (2.2), and thus,

/ A® (2, us5)Vues VU d = / fUdr + / 95V do.
QEJ QEJ 3B56

By the gradient of ¥ and the chain rule applied to ¢, we have

z x
A € € —)d A® y Ue e —)d
], e (2) e [ aoswe ()

= g/ﬂ; fue (g) dm+8/<9355 Jes P (g) do.

Note that as € approaches zero, all integrals in this equation approach zero except the second
term on the left-hand side. Unfolding this term by 7, in view of Proposition
yields

/QEJ A5 (2, 125) Vs h Vi (g) d /QXY7;(A€(x,u65))7;(vu€5)7;(¢)7; (w (g)) dady.
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This, together with (4.1)), (4.3]), and Proposition allow us to pass to the

limit to obtain
lim A% (x, ues ) Vuesh Ve (f) dx = / Ay, uo)(Vuo + V) Vye(y) dedy,
=0 Jo_s € Qxy

from which (4.4) follows by density.

Step 3. For (4.5) and (4.6]), we observe the effect of the perforations in the limit equation by
letting 1 € D(Q) and take w51 as a test function in (2.2)), where ws is given in Proposition

Then, (2.2)) is equivalent to

/ A® (2, uz) Vues Vwest) do + / A% (2, ues ) Vueswes Vi) dx
Qes Qes (4.7)
= / fweéw dx + / geéwszﬂ[} do.

Qsé 3356
This choice of test function implies that the unfolding criterion in Proposition is
satisfied.
For the first integral in the left-hand side of this equation, unfolding by 7: s together

with Propositions and one has
| A2 s Vues Vs da
Qes

Te,s
Y [ T ) T (Vo) oo (Vi) o)
QxRN

gV / T s (A% (2, 1e8)) Toos (Vi) {1%@] T 5(0) dedz
QxRN €5

5N—1

_— / T 5 (A% (@, 1)) T (Vs Vo T 5 () dd
QxRN

3

N
521

- /Q Tz 5(A%(z,uzs)) [5%7‘575(Vu55)} Te.s() Vv dade.
xRN

e

By [(H4), (4.2)), (4.3), and the convergences (for more details, see [9]),

Tes(Vues) — V.U  weakly in L*(Q x RY),  (4.8)

with
Te5(0)V.v — ¢V,v  strongly in L*(Q x RY),

let us pass to the limit so that

lim A% (2, Uues ) Vues Vwest) do = —)\/ A(z,u0)V,U(z, 2)YV v(z) ded44.9)
Qx (RV\B)

e—0 Qs
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For the second integral in the left-hand side of (4.7)), unfolding by 7. gives

/ A%(2, o) Vites o Vi dar / T2 (A (2, 1es)) To (Vs T (o) T (V') drdly.
Q:—:ﬁ

QxY

By (4.1)), , Propositions and one can pass to the limit to get

lim A® (2, Ues ) Vueswes VP dz = v(B) / Ay, uo)(Vu + V, )V dedy. (4.10)
e—0 Qos Qxy

For the first term in the right-hand side of (4.7, unfolding again by 7. we have

/Q Justde [ T T (wes) To () derdy.

QxY

By [(H2)[ and Proposition one can pass to the limit to obtain

lim fwestp dx = U(B)/ fodx. (4.11)
Q

e—0 Qos

For the second term in the right-hand side of ({.7), unfolding by 7% Proposition
yields

5N71
/ Geswegts do = / T (9e5) TS (wes) T2 () dirdo,
OB.s RN x0B

3

€

|
So¥ () [, Tl T T o
RN x0B

By Propositions and we get the limit

lim JesWes do = 0. (4.12)
e—0 8B.s

Thus, passing to the limit in (4.7)) through (4.9), (4.10), (4.11), and (4.12) we get the limit

equation given by

f)\/  A(z,u0) V. U(x, 2)V 0(2)) dedz
Qx (RN\B)
(4.13)
+oB) [ Ay, uo)Vi(Vuo + V) dady = v(B) / o da.
Q

QxY
which by density holds for all v € H}(Q) and v € Kg. When v(B) = 0, we get (4.5).
Moreover, when v(B) # 0, by integration by parts in the first term in (4.13)),

—/\v(B)/ A(z,u0)V, Uvpgt dxdo,
Qx0B

+U(B)/Q y A(y, uo)Vi(Vug + Vi) dedy = v(B) /Q fdady,

from which (4.6) directly follows. O



12 J. AviLA AND B. CABARRUBIAS

Let us now obtain the corresponding limit problem which represents the asymptotic
behavior of problem (I.1]). To this goal, we first introduce the homogenized N x N matrix

Ahom — (gPom) € M(a B Q) (see [4] for the details of the properties ) given by

aaa

a?fm(:l?) = /Y <aw Y, uo(x Za“f Y, uo(x g—(y,uo( ))) dy, (4.14)

where the correctors x; for j =1,..., N (for more details, see e.g. [2]) solve the following
cell problems:

)?j S LOO(Q le)er(Y))v

/Ay,uo —y;)Ve =0 ae. inQ,

Vo€ H (V).

per

Also, let x be the solution of the cell problem corresponding to the holes d B given by
XGLOO(QvKB)7 X(l’,B)El,

/ A(z,u0)Vox(z,2)V,¥(2)dz = 0 ae. in Q,
RN\B

V¥ € Kp with ¥(B) = 0.
Set the function

O(z) = / A(z,u0) V.o x(z,2)V.ox(z, 2) dz, (4.15)
RN\B

which is nonnegative and can be interpreted as the local capacity of the set B.
The limit problem corresponding to (1.1]) is given by the next corollary.

Corollary 4.3. The limit function ug € H}(Q) is the unique solution of the limit problem

—div(AP™Vaug) + N2Ouy = f in Q,

(4.16)
ug =0 on Of).

Proof. By using standard arguments (see e.g. [10]), one gets

ZZZj 125 (0, 0 (). (4.17)

Equipping this in (4.6, in view of (4.14)), one gets

/ AP0V da — A A(z,u0)V.Uvpt dedo, = / fip da.
Q Qx0B Q

By integrating by parts the second term on the left-hand side above, since V,U = V(U —

Au), using (4.15)), we obtain
/ AR 0 Ve da + N2 / Ougty dx = / fdz, (4.18)
Q Q Q

which is the weak formulation of (4.16)). The Lax-Milgram theorem and the fact that ©(z)
is nonnegative provides the well-posedness of (4.16]). O
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Remark 4.4. The oscillations in the matrix give rise to the classical homogenized matrix
APom in the limit problem. The set of holes B.s becomes negligible at the limit. The
geometry of the domain gives rise to the zero-order strange term A?Quy.

We observe that in the limit problems obtained in [I] for domains with two small holes,
both a strange term and an average of a Neumann data appear. When one considers the
special case of the problem in [I] restricted to the Neumann boundary condition, one gets
the asymptotic behavior corresponding to the quasilinear version of the problem from [26],
and if it is restricted to the Dirichlet boundary condition, one obtains the homogenization
results for the quasilinear version of the problem treated in [9]. Let us compare these two
special cases with the present asymptotic analysis.

For the first special case, let us point out that the homogenization results for the Neu-
mann critical situation in [26] are different from the present work for the Dirichlet critical
case since the former has no strange term in the limit problem but with an average term for
the function g, while the latter is in presence of a strange term but with zero contribution
from g. The present results are more similar to the second special case (cf. [9]) in a way that
both works admit a strange term in the limit problem. This further implies that when in
presence of Dirichlet critical holes, the homogenization results obtained for problems with
Neumann boundary condition is the same when one initially treats a corresponding version

with Dirichlet boundary condition.

5 A Corrector Result

This section is devoted to the convergence of the energy associated to problem (1.1 and
consequently, the corrector result.
To proceed, we need the following lemma (see e.g. [§]).

Lemma 5.1. Let {D.}. be a sequence of N x N matriz fields in M(«, 8,0) for some open
set O such that D. — D almost everywhere on O (or more generally, in measure in O). If

the sequence of vector fields {(.}. converges weakly to ¢ in L>(O)N, then

liminf/ DECECsde/ D((dzx.
e—0 o o

Furthermore if,

limsup/ DECECsda:S/ D((dx,
1] o

e—0

then

lim [ D.(.Cdx = / D(Cdx and (. — ¢ strongly in L*(O)N.
e—0 o o
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Next, we introduce the domain Q_ 5 = {m € Q’ {%}Y € Y\/g} with the perforated

reference cell Y 5 =Y \ V4 B.
The next theorem provides the energy convergence.

Theorem 5.2. Under the assumptions of Theorem [{.4 and Corollary[{.3, one has

lim A*VuesVues doe = / AN 40 Vg dz + N2 / @u% dx
Q Q

e—0 Qs
1 ~ ~
= Ay, u0)(Vug + V) (Vug + V,4) de dy (5.1)
| ‘ Qxy
)\2
+ — A(z,u0)V. UV .Udzxdz,
Y1 Jax®¥\B)
and
. 2 .
Eh_% N |Vues|® dz = 0. (5.2)

Moreover, we also have the following strong convergences

T- VUE(;)]_QXy\/g — Vug + V4 strongly in LQ(Q X Y)N, (5.3)
P
25 Vzﬁ,g(ua;)l%B — V.U strongly in L*(Q x RV)N. (5.4)
5

Proof. Let v = ugs be test functions in (2.2]). Then,

/ A*VuesVues de = / fuss dx + / JeslUes do. (5.5)
Qgg Qaé aBaS

Unfolding the left-hand side of (5.5)) using 7z, we obtain

1

— TE(A‘E)TC-(VUE(;)'E(VUE(;)dJ:—F/ A*VuesVues dx
|Y| QxYy Ac

= / fues dx + / GJesUes do.
Qes OBcs

Now, to investigate the convergence of the energy, we transform the first term in the

left-hand side of (5.6 with a change of variable y = §z and use Proposition to obtain

(5.6)

1
%l To (AT (Vues) To(Vues) da dy
|Y| QXY 5
o o1 1
+ = Tes(A%) | =V.Tes5(ues)| | =V:Tes(ues)| dedz (5.7)
‘Y| QX%B €d )

+ / A*VuesVues do = / fues dx + / JesUes do.
Ac Qes 0Bcs
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For conciseness in ((5.7)), we set

1
Acs = — Te(A%)Te(Vues) Te(Vues) dz dy,
|Y| QXY\/S
1 N 68
Bes = — Te5(A%) V. Tz 5(ues) ViTes(ues) | dodz,  (5:8)
‘Y| Qx %B €

C55:/ A*VuesVues dx.
Ae

By Proposition and (4.8]), we have the convergences

Te(Vues)laxy,; = Vug + Vi weakly in L*(Q x V)V,

§T-1 (5.9)
V:Tes(ues)l o p = V2U  weakly in L*(Q x RM)V.
5

Taking in ¢ = ug in (4.18)), using Theorem together with (5.5)), (5.6)), (5.8), and (5.9)
yield

1
/fuo dr = Ay, uo)(Vuo + Vyu)(Vuo + Vyu) de dy
Q Y| Jaxy

1

+ -
YT Joxmv\B)

A(z,u0)VU(z,2)V,U(x, z)dx dz

< liminf A.s + liminf B.s < liminf(As + Bes)
e—0 e—0 e—0

(5.10)
= liminf / A*VuesVues dr — Ces
e—0 Qs

e—0 e—=0

< lim sup (/ A*VuesVues do — C55> < lim sup/ A*VuesVues do
Qes Qecs

— lim ( / Fugs do — & / R (s — tes ) (ues —uga)dax> - / fuo da,
e—0 Qus é.e Q

which implies that these inequalities are actually equalities. Hence, equations (5.1) and
(5.2) hold true. Finally, the convergences in (5.3 and (5.4)) follow from (5.10) and with the

application of some properties of limits as well as limsup and liminf . O
Corollary 5.3. Under the assumption of Theorem[5.3, we have the corrector result.

N
0 ~
Vussla, ; — Vo — > Us (“0) U (VX5 (2,1)) —0, (5.11)

=1 (9xj )
L2(Q.s)
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and

1
IVues|l 2 .00, 5 = V2 IV2Ull L2 umry - (5.12)

Furthermore,

N_1

55

Tes(ues) — U strongly in L*(; L (RY)). (5.13)

Proof. In view of (4.17)), one has

Vu—V Zguoij Za yX]ﬁCy)

This along with (5.2)), (5.3)), Propositions and and triangle inequality yield
Ves1 v u (29 . (v,%,
Ues L v UO_Z 6561 6( ij(LL',y))
L2(Qes)

= HVugglgg\/g — Vug — u*s(vya)’

L2(Qg5)

< Hvusalﬂsﬁ —U-(Vuyg) —Ua(vya)HLz(Q 5 + [[Ue(Vuo) — Vuol 12(q.,) = 0,

which implies (5.11). Let us prove (5.12)). Indeed, from Proposition (H4)| and ([5.4)

we have by unfolding

5N
. 2 .
lim [[Vues[z2 (.00, 4 = lim il QXLBﬁ,(S(VUgé)ﬁ,é(vugé)dﬂf dz
75
1 5z 571
= lim — — V. T: 5 (ues) V. Tes(tues)| drdz
€0 |Y| QX%B
5
1
—— LUV, Udxd
|Y| Q><]RNV UV Udxdz = |Y‘ Hv TJHL2 (QXRN) *

Finally, we prove (5.13)). Let w be an open and bounded set and choose R > 0 such that
wUB C B(O, R), the ball in R with center at O of radius R. Also, a Poincaré inequality
holds on the space B(O, R). By Definition and since @E =Q\ A, we obtain

2

521
Teo(ues) —U
L2(Q.xB(O,R))
551 ? 551 2
= Tes(ues) — U - Tes(ues) — U
L?(QxB(O,R)) L?(A. xB(O,R))
5%t ’ 2 2
<C V. Te5(ues) — V.U +IV2UlZ2(a.xB(0,r) T IUNZ2(a. xB (O, RY)

L2(QxB(O,R))
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where C' is a generic constant.

For § small enough, w C B(O,R) C %B. This and when (5.4) is applied to the first

term in the right-hand side, and since U = 0 in 2 x B, then the left-hand side above
approaches zero and so we obtain
§z-1
€

which yields (5.13)). O
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Tz s(ues) — U strongly in L*(Q x w),
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