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Abstract

Let (t, x) ∈ C×Cn. For a positive integer m, we consider the general order singular
nonlinear Fuchsian partial differential equation

(t∂t)
mu = F

(
t, x,

{
(t∂t)

j∂α
x u

}
(j,α)∈Im

)
,

where F is holomorphic with respect to all variables, Im = {(j, α) ∈ N×Nn : j+ |α| ≤
m, j < m}, and |α| is the order of the differential operator ∂α

x . It has been shown that
the equation has a unique holomorphic solution that vanishes at t = 0 provided that
its characteristic exponents are not positive integers at the origin. In this paper, we
obtain an estimate of the lifespan of this solution under some smallness conditions on
the coefficients of the Taylor expansion of F .
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1 Introduction

The study of partial differential equations (PDEs) is fundamental to understanding various

mathematical concepts and physical phenomena. In addition to classical results such as

the existence and uniqueness of solutions, another important area of research concerns the

lifespan of a solution, which describes the largest ball on which the solution can be defined.

Numerous authors have studied the relationship of the lifespan of the solution to the size

of the initial data of Cauchy Problems. D’Ancona and Spagnolo [2] dealt with the second
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order nonlinear Cauchy problem{
(∂2t − P (∂x))u = f

(
x, {∂αx u}|α|=1

)
,

u(0, x) = εφ(x), ∂tu(0, x) = εψ(x),
(1)

where (t, x) ∈ Rn+1, P (∂x) :=
∑

|α|=2 aα∂
α
x is a second-order linear partial differential

operator with coefficients dependent on x, the functions aα, φ, ψ and f are real-analytic in

all variables, f(x, 0) ≡ 0, and |α| denotes the sum of the components of α ∈ Nn. Under some

hyperbolicity assumption on the coefficients aα, they were able to show that the lifespan,

Tε, of the solution of (1) satisfies Tε ≥ µ log log(1/ε), for some µ > 0.

In a series of papers, Yamane extended this result to more general classes of second order

PDEs, each without the hyperbolicity assumption [9, 10, 11, 12]. In particular, his work in

2013 [11] considered the nonlinear Cauchy problem{(
∂2t − P (∂t, ∂x)

)
u = f

(
{∂jt ∂αx u}j+|α|≤2,j<2

)
,

u(0, x) = ϕ1(x), ∂tu(0, x) = ϕ2(x),

where f is complex analytic near the origin whose expansion satisfies certain assumptions

depending on the presence of ∂t in the operator P . He was able to show that if the initial

data, ϕ1 and ϕ2, satisfy some Cauchy-type estimate dependent on ε, then the lifespan of

the solution will be at least µ/ε, for some µ > 0.

Tolentino et al. [8] further improved Yamane’s result by considering the general-order

nonlinear Cauchy problem∂
m
t u = f

({
∂jt ∂

α
x u

}
(j,α)∈Im

)
,

∂itu(0, x) = ϕi(x), i = 0, 1, . . . ,m− 1,
(2)

where Im ⊆ {(j, α) ∈ N1+n : j + |α| ≤ m, j < m}. In their work, they were able to prove a

more precise estimate of the lifespan, which was shown to be greater than µ/εσ, provided

that the initial data satisfy some Cauchy-type estimate. Here, 0 < σ ≤ 1 is a quantity

determined by the function f .

In all of these works, they were able to show that as the initial data becomes smaller,

the lifespan of the solution becomes longer. We wish to extend these results to singular

nonlinear differential equations of general order. In particular, we will consider

(t∂t)
mu = F

(
t, x,

{
(t∂t)

j∂αx u
}
(j,α)∈Im

)
,

where F (t, x, Z) is analytic about the origin such that F (0, x, 0) ≡ 0. We will also assume

that the equation is Fuchsian, that is ∂Zj,α
F (0, x, 0) ≡ 0, for any (j, α) such that α ̸= 0. The

local solvability of this equation was studied by Gerard and Tahara [3] in 1993. They proved

that if the characteristic exponents, which will be defined later, are not positive integers at

the origin, then the existence of a unique local holomorphic solution that satisfies u(0, x) ≡ 0
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is assured.

Unlike the nonsingular case, the lifespan of solutions to singular PDEs cannot be studied

in terms of the Cauchy data. Instead, we consider the size of the coefficients in the Taylor

expansion of F . In particular, we focus on the coefficients of tp, which play a similar role to

that of the Cauchy data in the nonsingular case, as illustrated by the following example.

Example 1. Consider the Cauchy problem∂2t u = ∂tu+ ∂2xu,

u(0, x) = ϕ(x), ∂tu(0, x) = ψ(x).
(3)

For simplicity, suppose (t, x) ∈ C2. The Cauchy–Kowalevsky theorem guarantees the ex-

istence of a unique holomorphic solution in a neighborhood of the origin of the form u =

ϕ+ tψ+ tw, where w is holomorphic and satisfies w(0, x) = 0. Multiplying both sides of (3)

by t, we obtain the singular differential equation(
(t∂t)

2 + (t∂t)
)
w = t(ϕ′′ + ψ) + t2ψ′′ + t(w + t∂tw + t∂2xw).

This paper aims to investigate the relationship between the growth order of the coeffi-

cients in the Taylor expansion of F and the lifespan of the corresponding solution. To this

end, we employ a family of majorant functions introduced by Lope and Ona [5]. This family

is a modified version of the majorant family originally developed by Pongérard [7].

2 Preliminaries

Let N be the set of non-negative integers and N∗ = N \ {0}. For any multi-index α =

(α1, . . . , αn) ∈ Nn and multi-variable x = (x1, . . . , xn) ∈ Cn, we define |α| = α1 + · · ·+ αn,

|x| = x1+ · · ·+xn, xα = xα1
1 xα2

2 · · ·xαn
n , and ∂αx = (∂α1

x1
, ∂α2

x2
, . . . , ∂αn

xn
). For a single variable

w ∈ C, |w| will denote the modulus of w. Lastly, we denote by Dr the ball of radius r

centered at the origin.

The concept of majorants and majorant functions will be used to prove the convergence

of formal power series. Here we say that the formal power series a(x) =
∑
aαx

α is majorized

by A(x) =
∑
Aαx

α, denoted as a(x) ≪ A(x), if and only if |aα| ≤ Aα for each α.

We present the family of majorant functions modified by Lope and Tahara [6] from the

work of Lax [4]. For each z ∈ C and i ∈ N, define

φi(z) :=
1

4S

∞∑
n=0

zn

(n+ 1)2+i
, (4)

where S = π2

6 . This family of functions has very interesting properties and will be enumer-

ated in the following proposition. The proofs can be found in [6].
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Proposition 2. The following statements are satisfied by φi(z) for all i, j ∈ N.

(1) φi(z) is convergent for all z ∈ C with |z| < 1.

(2) φi(z)φi(z) ≪ 2iφi(z).

(3) φj(z) ≪ φi(z) whenever j ≥ i.

(4) 2−2−iφi(z) ≪ d
dzφi+1(z) ≪ φi(z).

(5) Given any 0 < ε < 1, there exists a positive constant Cε,i, dependent on ε and i, such

that (1− εz)−1φi(z) ≪ Cε,iφi(z).

We present another family of majorant functions, introduced by Pongérard in [7]. This

will be used to prove the convergence of the formal power series and in turn the lifespan of

the solution. For i ∈ N and s ∈ N∗, define

Φs
i (t, z) :=

∞∑
p=0

tp
Dspφi(z)

(sp)!
, (5)

where φi is the family of functions in (4). The following proposition list some useful prop-

erties of Φs
i (t, z). The proofs can be found in [7].

Proposition 3. The following statements are satisfied by φi and Φs
i for all i and s, and

for a sufficiently small R.

(1) Φs
i

(
t, z

R

)
is convergent for all |t|1/s + |z| < R.

(2) Φs
i (t, z)Φ

s
i (t, z) ≪ 2iΦs

i (t, z).

(3) For any p, q ∈ N, Dpφi

(
z
R

)
≪ p!

(p+q)!D
p+qφi

(
z
R

)
.

(4) φi

(
t+ z

R

)
≪ Φs

i

(
t, z

R

)
.

(5) For any 0 < ε < 1, there exists Cε,i > 0 such that

1

1− ε
(
t+ z

R

)Φs
i

(
t,
z

R

)
≪ Cε,iΦ

s
i

(
t,
z

R

)
.

The use of these families of majorant functions is motivated by their favorable inter-

actions with holomorphic functions and with one another. In particular, their ability to

reduce products of derivatives and geometric series to constant multiples of φi and Φs
i

proves instrumental in simplifying the nonlinear terms of the partial differential equation

under consideration.



Lifespan of Solutions to Weakly... 39

3 Main Results

Let m ∈ N∗. Consider the general order singular nonlinear partial differential equation

(t∂t)
mu = F

(
t, x,

{
(t∂t)

j∂αx u
}
(j,α)∈Im

)
, (6)

where Im := {(j, α) ∈ N× Nn; j + |α| ≤ m, j < m}. Let F (t, x, Z) be a function defined in

a neighborhood containing the polydisk ∆ = {(t, x, Z) : |t| ≤ r0, |xi| ≤ R0, |Zj,α| ≤ ρ}, for
some positive constants r0, R0 and ρ. We will investigate equation (6) under the following

assumptions:

(A1) F (t, x, Z) is holomorphic in a neighborhood containing ∆;

(A2) F (0, x, 0) ≡ 0 in ∆0 := ∆ ∩ {t = 0, Z = 0}; and

(A3) ∂Zj,αF (0, x, 0) ≡ 0 in ∆0 for (j, α) ∈ Im with |α| > 0.

Under assumptions A1 and A2, we can rewrite the function F as

F (t, x, Z) =

∞∑
p=1

ap(x)t
p +

∑
j<m

bj(x)Zj,0 +
∑

p+|q|≥2
q≥1

fp,q(x)t
pZq,

for some holomorphic functions ap, bj and fp,q. Now, define the following index sets:

Λ1 := {p ∈ N∗ : ap(x) ̸= 0},

Λ2 := {(p, j, α) ∈ N∗ × N× Nn : (j, α) ∈ Im, fp,q(x) ̸= 0 where |q| = 1},

Λ3 := {(p, q) ∈ N× NN : fp,q(x) ̸= 0, |q| ≥ 2}.

Using these sets, the Taylor expansion of F can further be rewritten into

F (t, x, Z) = G1(t, x) +
∑
j<m

bj(x)Zj,0 +G2(t, x, Z) +G3(t, x, Z),

where

G1(t, x) =
∑
p∈Λ1

ap(x)t
p,

G2(t, x, Z) =
∑

(p,j,α)∈Λ2

cp,j,α(x)t
pZj,α,

G3(t, x, Z) =
∑

(p,q)∈Λ3

dp,q(x)t
pZq.

We will also assume that (6) is weakly nonlinear, which is given by the following as-

sumption.
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(A4) There exist M > 0, and non-negative constants kp,j,α and ℓp,q such that

cp,j,α(x) ≪
Mεkp,j,α

rp0ρ

1

1− |x|
R0

, for all (p, j, α) ∈ Λ2, and

dp,q(x) ≪
Mεℓp,q

rp0ρ
|q|

1

1− |x|
R0

, for all (p, q) ∈ Λ3.

Weakly nonlinear partial differential equations describe systems in which the nonlinear terms

are sufficiently small, and thus are regarded as perturbations of some linear equation; this

terminology is used, for example, in [1].

Define τ on Λ2 by

τ := min
(p,j,α)∈Λ2

{kp,j,α
p

}
. (7)

To establish an estimate for the lifespan of the solution, we have the following assumption:

(A5) The set P :=
{

τp−ℓp,q
|q|−1

}
(p,q)∈Λ3

is bounded above.

Under assumption (A5), we can define ω on Λ3 by

ω = max
{
0, sup

(p,q)∈Λ3

{τp− ℓp,q
|q| − 1

}}
. (8)

Let ρi(x) (i = 1, 2, . . . ,m) be the characteristic exponents of (6), which are the zeroes

of the characteristic polynomial of (6) given by

C(n, x) = nm −
∑
j<m

bj(x)n
j .

Lastly, in line with the solvability results of Gérard and Tahara, we have the following

assumption:

(A6) For all i = 1, 2, . . . ,m, ρi(0) /∈ N∗.

We now present our main result.

Theorem 4. Suppose that equation (6) satisfies (A1)–(A6). Then, for each ε ∈ (0, 1) and

R ∈ (0, R0/n), there exists a positive constant µ = µ(R) such that the following holds: If

for all p ∈ Λ1,

ap(x) ≪
Mεω+τp

rp0

1

1− |x|
R0

, (9)

then equation (6) has a unique solution u(t, x) satisfying u(0, x) ≡ 0 that is holomorphic on

DT ×Dn
R, with T =

µ

ετ
and T ≤ r0.

When Λ2 = ∅, equation (7) can no longer be used to define τ . However, we may choose

τ = τ0 arbitrarily and then define ω by equation (8) using the chosen value τ = τ0. On the

other hand, if Λ3 = ∅, we define ω = 0.
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An interesting case arises when G2 and G3 are independent of the variable t and Λ1 is

finite. D’Ancona and Spagnolo referred to this as the autonomous case. In this setting,

we dispense with the existence of r0 in assumption (A4) and (9). Moreover, Λ2 = ∅ and

τp− ℓp,q ≤ 0, so we can set τ = 1 and ω = 0. Consequently, T is no longer bounded above

by any constant.

Before proceeding to the proof, we illustrate the result with the following example.

Example 5. Let 0 < ε < 1, 0 < R < 1 and (t, x) ∈ C2. Consider

(
(t∂t)

2 + 1
)
u =

2t

1−
√
εt− x

+ 3
√
εt∂xu+ 2εtu∂xu. (10)

The characteristic exponents of (10) are ±i /∈ N∗, and hence (10) admits a unique holomor-

phic solution u satisfying u(0, x) ≡ 0. From (7) and (8), we obtain τ = 1
2 and ω = 0. Indeed,

the unique solution is given by u(t, x) = t(1−
√
ε t−x)−1, whose lifespan is Tε = (1−R)/ε1/2.

Proof. Suppose that equation (6) admits a formal power series solution of the form u(t, x) =∑∞
k=1 uk(x)t

k. By substituting this ansatz into the equation and equating the coefficients

of like powers of t, we derive the following recursive relation that uniquely determines the

coefficients uk(x):

u1(x) =
a(x)

C(1, x)

and for each n ≥ 2,

un(x) =
1

C(n, x)
Fn

(
u1, . . . , un−1, u

′
1, . . . , u

′
n−1, {fp,q(x)}p+|q|≤n

)
,

for some polynomial Fn. Clearly, each coefficient un is well-defined near the origin provided

that C(n, x) is nonvanishing. By assumption (A6), R0 can be chosen sufficiently small so

that C(n, x) ̸= 0 for any n ∈ N∗ and x ∈ Cn satisfying |xi| ≤ R0. In fact, there exists a

positive constant A such that ∣∣∣nm + 1

C(n, x)

∣∣∣ ≤ A (11)

for all n ∈ N∗ and for all x ∈ Cn with |xi| ≤ R0.

It remains to show the convergence of the formal power series. Using (9) and assumption

(A4), we can show that any formal power series W (t, x) satisfying

(
(t∂t)

m + 1
)
W ≫ AMεω

1− |x|
R0

∑
p∈Λ1

(ετ t
r0

)p

+
AM

1− |x|
R0

∑
(p,j,α)∈Λ2

tpεkp,j,α

rp0ρ
(t∂t)

j∂αxW

+
AM

1− |x|
R0

∑
(p,q)∈Λ3

tpεℓp,q

rp0ρ
|q|

∏
(j,α)∈Im

[
(t∂t)

j∂αxW
]qj,α

(12)

and W (0, x) ≡ 0, is a majorant of u(t, x). To prove Theorem 4, we only need to find a

holomorphic solution to (12), which is given by the following proposition.
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Proposition 6. Let r ∈ (0, r0) and R ∈ (0, R0). There exists L > 0 and c ∈ (0, 1) such

that the function

W (t, x) = Lεω+τ tΦm
m

(ετ t
cr
,
|x|
R

)
(13)

satisfies the majorant relation (12).

Let ε > 0, r ∈ (0, r0) and R ∈ (0, R0/n). Choose R′ ∈ (nR,R0). Observe that

Proposition 6 with Proposition 3 (1) imply that the formal solution u(t, x) will converge

when ∣∣∣ετ t
cr

∣∣∣1/m + |x1 + · · ·+ xn| < R′.

If x ∈ Dn
R, then |x1+ · · ·+xn| ≤ nR. Thus the formal solution converges on DT ×Dn

R when

|t| < T = µε−τ , where µ(R) = cr(R′ − nR)m. This completes the proof of Theorem 4.

To prove Proposition 6, we will substituteW (t, x) as defined in (13) to (12) and compare

the constant coefficients of both sides of the relation to find the constants R,L and c. For

brevity, we let (T,X) = ( ε
τ t
cr ,

|x|
R ). We start with the left-hand side. Observe that

(t∂t)
mW ≫ Lcrεω

∞∑
p=1

(p+ 1)m
(ετ t
cr

)p+1Dmpφm

( |x|
R

)
(mp)!

≫ SmLcrε
ω

∞∑
p=1

(p+ 1)m
(ετ t
cr

)p+1 Dmp−mφ0

( |x|
R

)
(mp) · · · (mp−m+ 1)((mp−m)!)

≫ SmLcrε
ω

mm

∞∑
p=1

(ετ t
cr

)p+1Dmp−mφ0

( |x|
R

)
(mp−m)!

=
SmL(ε

τ t)2εω

mmcr
Φm

0 (T,X),

where Sm =
(
1
2

)∑m−1
n=0 2+(m−n)

is the constant obtained when we continuously used Propo-

sition 2 (4). Hence,

(
(t∂t)

m + 1
)
W ≫ SmL(ε

τ t)2εω

mmcr
Φm

0 (T,X) + Lεω+τ tΦm
m(T,X). (14)

On the other end, we majorize each sum on the right-hand side of the majorant relation

(12) separately. To estimate the first sum, by Proposition 3 (4) and (5) we have

AMεω

1− |x|
R0

∑
p∈Λ1

(ετ t
r0

)p

≪ AMεω+τ t

r0

1

1− |x|
R0

1

1− ετ t
r0

≪ AMεω+τ t

r0

4S

1− ξ1(T +X)
φm(T +X),

≪ 4ACξ1,mMS

r0
εω+τ tΦm

m(T,X),

where ξ1 = max{ cr
r0
, R
R0

}. To estimate the second and third sums, we first note that by
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Proposition 2 (3) and (4), and Proposition 3 (3), the following majorant relation is true for

any (j, α) ∈ Im:

(t∂t)
j∂αxW =

Lcrεω

R|α|

∞∑
p=0

(p+ 1)j
(ετ t
cr

)p+1Dmp+|α|φm

( |x|
R

)
(mp)!

≪ Lcrεω

R|α|

∞∑
p=0

(p+ 1)j
(ετ t
cr

)p+1Dmpφm−|α|
( |x|

R

)
(mp)!

≪ Lcrεω

R|α|

∞∑
p=0

(p+ 1)j
(ετ t
cr

)p+1Dmp+jφm−|α|
( |x|

R

)
(mp+ j)!

≪ Lcrεω

R|α|

∞∑
p=0

(p+ 1)j
(ετ t
cr

)p+1Dmpφm−(j+|α|)
( |x|

R

)
(mp+ 1)j(mp)!

≪ Lεω+τ t

Rm
Φm

0 (T,X).

For the second sum, using the above estimate, and by multiplying both the numerator and

denominator by ετ , we obtain

AM

1− |x|
R0

∑
(p,j,α)∈Λ2

tpεkp,j,α

rp0ρ
(t∂t)

j∂αxW

≪ AM

1− |x|
R0

∑
(p,j,α)∈Λ2

(ετ t
r0

)p

ε−τp+kp,j,α+ω Lε
τ t

ρRm
Φm

0 (T,X).

Since τ ≤ kp,j,α

p for all (p, j, α) ∈ Λ2, it follows that −τp+kp,j,α+ω ≥ ω. Hence, by another

application of Proposition 3 (5), we get

AM

1− |x|
R0

∑
(p,j,α)∈Λ2

tpεkp,j,α

rp0ρ
(t∂t)

j∂αxW

≪ AM

1− |x|
R0

Lεω+τ t

ρRm
Φm

0 (T,X)
Nετ t

r0(1− ετ t
r0

)

≪ ALMNεω+2τ t2

r0ρRm

1

1− ξ2(T +X)
Φm

0 (T,X)

≪ ACξ2,0LMN

r0ρRm
εω+2τ t2Φm

0 (T,X),

where ξ2 = max{ cr
r0
, R
R0

}. For the last sum, by Proposition 3 (2), we obtain

AM

1− |x|
R0

∑
(p,q)∈Λ3

tpεℓp,q

rp0ρ
|q|

∏
(j,α)∈Im

[
(t∂t)

j∂αxW
]qj,α

≪ AM

1− |x|
R0

∑
(p,q)∈Λ3

(ετ t
r0

)p ε−τp+ℓp,q

ρ|q|

∏
(j,α)∈Im

[Lεω+τ

Rm
Φm

0 (T,X)
]qj,α
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≪ AM

1− |x|
R0

∑
(p,q)∈Λ3

(ετ t
r0

)p

ε−τp+ℓp,q+ω|q|
(NLετt
ρRm

)|q|
Φm

0 (T,X).

Since ω ≥ τp−ℓp,q
|q|−1 , it follows that ω ≤ −τp+ ℓp,q + ω|q|. Thus,

AM

1− |x|
R0

∑
(p,q)∈Λ3

tpεℓp,q

rp0ρ
|q|

∏
(j,α)∈Im

[
(t∂t)

j∂αxW
]qj,α

≪ AMεω

1− |x|
R0

∑
(p,q)∈Λ3

(ετ t
r0

)p(NLετ t
ρRm

)|q|
Φm

0 (T,X)

≪ AMεω+2τ t2
( 1

r0
+

NL

ρRm

)2 1

1− T ( crr0 + NLcr
ρRm )−X( R

R0
)
Φm

0 (T,X)

≪ AMεω+2τ t2
( 1

r0
+

NL

ρRm

)2 1

1− ξ3(T +X)
Φm

0 (T,X)

≪ ACξ3,0Mεω+2τ t2
( 1

r0
+

NL

ρRm

)2

Φm
0 (T,X).

Here, in order to apply Proposition 3 (5), it is necessary that ξ3 = max{ cr
r0

+ NLcr
ρRm , R

R0
} < 1.

Therefore, the function W (t, x) defined in (13) satisfies (12) if we choose L large enough

so that

L ≥ 4ACξ1,mMS

r0
,

and then choosing c small enough so that

SmL

mmcr
≥ ACξ2,0LMN

r0ρRm
+ACξ3,0M

( 1

r0
+

NL

ρRm

)2

and
1

r0
+

NL

ρRm
<

1

cr
.

4 Conclusions

We have shown that, as the coefficients in the Taylor expansion of F become smaller,

the lifespan of the corresponding solution becomes longer. Moreover, the lifespan depends

primarily on the powers of t and the sizes of the coefficients of the nonlinear terms, rather

than on the differential operator (t∂t)
j∂αx . It would be interesting to determine conditions

under which the lifespan also depends on the operator (t∂t)
j∂αx . Another natural direction

for future research is to investigate whether the present results can be extended to other

classes of formal power series.
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dérivées partielles singulières non linéaires. Publ. Res. Inst. Math. Sci., 29(1):121–151,

1993. https://doi.org/10.2977/prims/1195167545.

[4] P.D. Lax. Nonlinear hyperbolic equations. Comm. Pure Appl. Math., 6:231–258, 1953.

https://doi.org/10.1051/m2an/2025044.

[5] J.E.C. Lope and M.P.F. Ona. Local solvability of a system of equations

related to Ricci-flat Kähler metrics. Funkcial. Ekvac., 59(1):141–155, 2016.

https://doi.org/10.1619/fesi.59.141.

[6] J.E.C. Lope and H. Tahara. On the analytic continuation of solutions to nonlin-

ear partial differential equations. J. Math. Pures Appl. (9), 81(9):811–826, 2002.

https://doi.org/10.1016/S0021-7824(02)01257-6.

[7] P. Pongérard. Sur une classe d’équations de Fuchs non linéaires.
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Kôkyûroku Bessatsu, B40, pages 15–20. Res. Inst. Math. Sci. (RIMS), Kyoto, 2013.

http://hdl.handle.net/2433/207847.



46 M.P. Ona and J. Sidaya

This page is intentionally left blank


