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Abstract

Let (t,2) € Cx C". For a positive integer m, we consider the general order singular
nonlinear Fuchsian partial differential equation

(td)"u = F (t,x, {(tat)fagu}(_ - ) ,
VRl m

where F' is holomorphic with respect to all variables, I, = {(j,a) e NxN": j+|a| <
m,j < m}, and |c| is the order of the differential operator d5. It has been shown that
the equation has a unique holomorphic solution that vanishes at ¢t = 0 provided that
its characteristic exponents are not positive integers at the origin. In this paper, we
obtain an estimate of the lifespan of this solution under some smallness conditions on
the coefficients of the Taylor expansion of F.
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1 Introduction

The study of partial differential equations (PDEs) is fundamental to understanding various
mathematical concepts and physical phenomena. In addition to classical results such as
the existence and uniqueness of solutions, another important area of research concerns the
lifespan of a solution, which describes the largest ball on which the solution can be defined.

Numerous authors have studied the relationship of the lifespan of the solution to the size
of the initial data of Cauchy Problems. D’Ancona and Spagnolo [2] dealt with the second
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order nonlinear Cauchy problem

{@f—P@nW=f@&@thﬂ% W

u(0,2) = ep(x), Owu(0,z) = ep(x),

where (t,z) € R P(9,) = > laj=2 @07 is a second-order linear partial differential
operator with coefficients dependent on z, the functions a,, ¢, ¥ and f are real-analytic in
all variables, f(z,0) = 0, and |«| denotes the sum of the components of & € N™. Under some
hyperbolicity assumption on the coefficients a,, they were able to show that the lifespan,
T., of the solution of (1) satisfies T. > ploglog(1/e), for some p > 0.

In a series of papers, Yamane extended this result to more general classes of second order
PDEs, each without the hyperbolicity assumption [9, 10, 11, 12]. In particular, his work in
2013 [11] considered the nonlinear Cauchy problem

{(atz - P(atv 8I))u = f({agagu}j+|a\§2,j<2)v
u(0,2) = ¢1(x), Ou(0,x) = ¢g2(x),

where f is complex analytic near the origin whose expansion satisfies certain assumptions
depending on the presence of J; in the operator P. He was able to show that if the initial
data, ¢1 and ¢9, satisfy some Cauchy-type estimate dependent on ¢, then the lifespan of
the solution will be at least u/e, for some p > 0.

Tolentino et al. [8] further improved Yamane’s result by considering the general-order

nonlinear Cauchy problem

o= F({D10u} ) e ) o)
du(0,2) = ¢i(x), i=0,1,...,m—1,

where I,,, C {(j,a) € N'T" : j + |a| < m,j < m}. In their work, they were able to prove a

more precise estimate of the lifespan, which was shown to be greater than p/c%, provided

that the initial data satisfy some Cauchy-type estimate. Here, 0 < ¢ < 1 is a quantity

determined by the function f.

In all of these works, they were able to show that as the initial data becomes smaller,
the lifespan of the solution becomes longer. We wish to extend these results to singular
nonlinear differential equations of general order. In particular, we will consider

(18w = F(t, z, {(t0)70%u)} (j’a)elm),
where F'(t,x,Z) is analytic about the origin such that F'(0,z,0) = 0. We will also assume
that the equation is Fuchsian, that is 0z, . F(0,2,0) = 0, for any (j, ) such that o # 0. The
local solvability of this equation was studied by Gerard and Tahara [3] in 1993. They proved
that if the characteristic exponents, which will be defined later, are not positive integers at

the origin, then the existence of a unique local holomorphic solution that satisfies (0, ) =0
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is assured.

Unlike the nonsingular case, the lifespan of solutions to singular PDEs cannot be studied
in terms of the Cauchy data. Instead, we consider the size of the coefficients in the Taylor
expansion of F. In particular, we focus on the coefficients of ¢?, which play a similar role to

that of the Cauchy data in the nonsingular case, as illustrated by the following example.

Example 1. Consider the Cauchy problem

02u = dyu + d2u,

3)
u(0,2) = ¢(x), Ou(0,x) = (z).

For simplicity, suppose (t,x) € C?. The Cauchy—Kowalevsky theorem guarantees the ex-
istence of a unique holomorphic solution in a neighborhood of the origin of the form u =
@+t +tw, where w is holomorphic and satisfies w(0,x) = 0. Multiplying both sides of (3)

by t, we obtain the singular differential equation
((t0)* + (t0))w = t(¢" + ) + 29" + t(w + thyw + tI w).

This paper aims to investigate the relationship between the growth order of the coeffi-
cients in the Taylor expansion of F' and the lifespan of the corresponding solution. To this
end, we employ a family of majorant functions introduced by Lope and Ona [5]. This family

is a modified version of the majorant family originally developed by Pongérard [7].

2 Preliminaries

Let N be the set of non-negative integers and N* = N\ {0}. For any multi-index o =

(a1,...,a,) € N® and multi-variable = (z1,...,2,) € C", we define || = ay + -+ - + ap,
|| = 214+, 2% = 277257 - 20, and Oy = (051, 092,...,05m). For a single variable

w € C, |w| will denote the modulus of w. Lastly, we denote by D, the ball of radius r
centered at the origin.

The concept of majorants and majorant functions will be used to prove the convergence
of formal power series. Here we say that the formal power series a(x) = > a,x® is majorized
by A(z) =) Asx®, denoted as a(z) < A(z), if and only if |as| < A, for each a.

We present the family of majorant functions modified by Lope and Tahara [6] from the
work of Lax [4]. For each z € C and i € N, define

n

1 &« z
¢i(z) = E§m7 (4)

where S = %2. This family of functions has very interesting properties and will be enumer-
ated in the following proposition. The proofs can be found in [6].
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Proposition 2. The following statements are satisfied by v;(z) for all i,j € N.
(1) pi(2) is convergent for all z € C with |z| < 1.

(2) ¢i(2)¢i(z) < 2¢pi(2).

(8) ¢;(2) < pi(z) whenever j > i.

(4) 27270i(2) < 4 pir1(2) < @il2)-

(5) Given any 0 < & < 1, there exists a positive constant C. ;, dependent on ¢ and i, such
that (1 —ez)tpi(2) < Ceipi(2).

We present another family of majorant functions, introduced by Pongérard in [7]. This
will be used to prove the convergence of the formal power series and in turn the lifespan of
the solution. For ¢ € N and s € N*, define

DI (t,2) = Z{)t”w, (5)

where ¢; is the family of functions in (4). The following proposition list some useful prop-
erties of ®{(t, z). The proofs can be found in [7].

Proposition 3. The following statements are satisfied by ¢, and ®; for all i and s, and

for a sufficiently small R.
(1) ®; (t,%) is convergent for all [t|*/* + |z| < R.
(2) ®5(t, 2)P5(t, 2) < 21Di(t, 2).

(8) For any p,q €N, DPy; (%) < (pfq)!Dp‘*‘qui (%).

(4) i (t+ %) < © (L, %).

(5) For any 0 < ¢ < 1, there exists C.; > 0 such that
L (i) <o (1)
l—e(t+%) "\'R SN R

The use of these families of majorant functions is motivated by their favorable inter-
actions with holomorphic functions and with one another. In particular, their ability to
reduce products of derivatives and geometric series to constant multiples of ¢; and @7
proves instrumental in simplifying the nonlinear terms of the partial differential equation
under consideration.
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3 Main Results

Let m € N*. Consider the general order singular nonlinear partial differential equation

(t0)"u = F (t.o {(t0) 95}, o ) (6)

where L, := {(j,a) e Nx N j + |a]| < m,j < m}. Let F(¢,x,Z) be a function defined in
a neighborhood containing the polydisk A = {(t,z,Z) : [t| < ro, |xi| < Ro,|Z;,a| < p}, for
some positive constants g, Ry and p. We will investigate equation (6) under the following

assumptions:

(Al) F(t,z,Z) is holomorphic in a neighborhood containing A;
(A2) F(0,2,0) =0in Ag:=AN{t=0,Z =0}; and

(A3) 9z, ,F(0,2,0) =0 in Ag for (j,a) € I, with [a] > 0.

Under assumptions Al and A2, we can rewrite the function F' as

F(t,z,Z) Zap W+ > bi(2)Zjo+ Y. frgla)tPZe,

j<m p+]g|>2
q=>1

for some holomorphic functions a,, b; and f, ;. Now, define the following index sets:
A1 = {p e N*: q,(z) # 0},

Ay :={(p,j,0) e N* xNxN": (j,) € I, fpq(x)#0 where |g| =1},
Az :={(p,q) e Nx NV : foa(®) #0,lq| = 2}.

Using these sets, the Taylor expansion of F' can further be rewritten into

(tJZZ) Gltx +Zb Jo—‘rGQ(tJ?Z)—f—G;}(t.’L‘Z)

j<m

where

Gilt.e) = 3 ay)?,

PEAL
Got,w, Z) = Y cpjal@)tZa,
(p.J,) €Az
s, Z) = Y dyg(2)tP 2%,
(P,a)EA3

We will also assume that (6) is weakly nonlinear, which is given by the following as-
sumption.
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(A4) There exist M > 0, and non-negative constants k, j o and ¢, ; such that

Mekpia 1
Cpjalr) K 751) — for all (p, j,a) € Ag, and
Metra 1
dp,q(l') < P 1 e’ for all (p7 q) € As.
rop ]. - Ri()

Weakly nonlinear partial differential equations describe systems in which the nonlinear terms
are sufficiently small, and thus are regarded as perturbations of some linear equation; this
terminology is used, for example, in [1].

Define 7 on Ay by

T:= min {M} (7)

(p,j ) EA2 p

To establish an estimate for the lifespan of the solution, we have the following assumption:

is bounded above.

(A5) The set P := {Tﬁqu}
1 (p,q)€As

Under assumption (A5), we can define w on Ag by

W = max {O, (p,s;)lg/\g {%}} (8)

Let p;(x) (i = 1,2,...,m) be the characteristic exponents of (6), which are the zeroes
of the characteristic polynomial of (6) given by

C(n,x) =n"— Z b, (z)n’.
j<m
Lastly, in line with the solvability results of Gérard and Tahara, we have the following
assumption:
(A6) For alli=1,2,...,m, p;(0) ¢ N*.
We now present our main result.

Theorem 4. Suppose that equation (6) satisfies (A1)—-(A6). Then, for each e € (0,1) and
R € (0,Rgy/n), there exists a positive constant u = p(R) such that the following holds: If
for allp € Ay,

Mewt™ 1
ap(z) < T el (9)
o 1-4

then equation (6) has a unique solution u(t,z) satisfying u(0,x) = 0 that is holomorphic on
Dr x D}, with T = Lad and T < rg.
67-

When Ay = (), equation (7) can no longer be used to define 7. However, we may choose
T = 79 arbitrarily and then define w by equation (8) using the chosen value 7 = 73. On the
other hand, if A3 = ), we define w = 0.
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An interesting case arises when G5 and G3 are independent of the variable ¢ and A; is
finite. D’Ancona and Spagnolo referred to this as the autonomous case. In this setting,
we dispense with the existence of r¢ in assumption (A4) and (9). Moreover, Ay = ) and
TP —€pq <0, 50 we can set 7 =1 and w = 0. Consequently, T" is no longer bounded above
by any constant.

Before proceeding to the proof, we illustrate the result with the following example.

Example 5. Let 0 <e <1,0< R <1 and (t,x) € C2. Consider

((t0y)* + 1)u + 3V/etdpu + 2etudyu. (10)

o
1l et—x
The characteristic exponents of (10) are £i ¢ N*, and hence (10) admits a unique holomor-
phic solution u satisfying u(0,z) = 0. From (7) and (8), we obtain T = £ andw = 0. Indeed,
the unique solution is given by u(t,z) = t(1—+/et—x)~', whose lifespan is T. = (1—R)/e'/2.

Proof. Suppose that equation (6) admits a formal power series solution of the form u(¢,z) =
Z;o:l ug(z)t*. By substituting this ansatz into the equation and equating the coefficients
of like powers of ¢, we derive the following recursive relation that uniquely determines the

coefficients ug(z):

and for each n > 2,

1

up(x) = Clnt) Fo(ut, .. up—1, g { (@) bt g1<n) »

for some polynomial F;,. Clearly, each coefficient w,, is well-defined near the origin provided
that C(n,x) is nonvanishing. By assumption (A6), Ry can be chosen sufficiently small so
that C(n,z) # 0 for any n € N* and = € C” satisfying |z;| < Ry. In fact, there exists a
positive constant A such that
n™+1
C(n,x)
for all n € N* and for all z € C™ with |x;| < Ro.
It remains to show the convergence of the formal power series. Using (9) and assumption

‘ <A (11)

(A4), we can show that any formal power series W (¢, z) satisfying

AMe¥ eTEt\P AM tPekp.i.e .
(o)™ + )W > S5 S (S0 o S gy aew
1 — Rf A TO — = . rOp
0 PEA Ro (p,j,)€A2
AM tPelp.a ) @
- - J A« jye
. > e [T [¢oocw] (12)
Ro (p,q)€As (J,)€lm

and W(0,z) = 0, is a majorant of u(t,z). To prove Theorem 4, we only need to find a

holomorphic solution to (12), which is given by the following proposition.
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Proposition 6. Let r € (0,r9) and R € (0,Ry). There exists L > 0 and ¢ € (0,1) such
that the function
et ||
W(t,z) =L W+Tt<1>m(—, 7) 13
(t,2) = Lemiag (S0 2 (13)

satisfies the majorant relation (12).

Let ¢ > 0, r € (0,79) and R € (0,Rp/n). Choose R’ € (nR,Rp). Observe that
Proposition 6 with Proposition 3 (1) imply that the formal solution w(t,z) will converge
when L/

et
— +lz+- F x| <R

cr

If x € D}, then |21 +---+x,| < nR. Thus the formal solution converges on Dy x D} when
[t| < T = pe~7", where u(R) = er(R' —nR)™. This completes the proof of Theorem 4.

To prove Proposition 6, we will substitute W (¢, z) as defined in (13) to (12) and compare
the constant coefficients of both sides of the relation to find the constants R, L and c. For

brevity, we let (T, X) = (irt, |I‘§‘) We start with the left-hand side. Observe that

p+1 D™Pp,, (\w\)

o0 Tt
a m w
(tO)™W > Lcre pz::l p+1) ( ) (mp)!

) p+1 Dmp—m(po(@)
> S,,Lere? z::p'i‘l ( ) (mp)...(mp—erl)Iz(mp—m)!)

S S Lere® o 3 (ﬂ)l)ﬂ D= (L)

mm —her (mp —m)!
SmL T¢ 2w
_ Sl i ),
mmer

m—1
where S, = (5)2" o 2H(m=n) 4 is the constant obtained when we continuously used Propo-

sition 2 (4). Hence,

SmL T¢ 2w
((t0)™ + 1)W > &d)g“(ﬂ X) + Le“tTTt®(T, X). (14)

Mer
On the other end, we majorize each sum on the right-hand side of the majorant relation

(12) separately. To estimate the first sum, by Proposition 3 (4) and (5) we have

AMe® eTt\r  AMetTt 1 1
B (E) < 1o BT
" Ro peM 7"0
AMewtTt 4S
< me(T =+ X)7

70 1-& (T + X)
1ACe, WMS
To

et d™ (T, X)),

m

where & = max ﬁs, Ro} To estimate the second and third sums, we first note that by
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Proposition 2 (3) and (4), and Proposition 3 (3), the following majorant relation is true for

any (j,a) € Inp:

- Lere® & reT\p+1 Dmptlel, (‘xl)
10, OW = = (=)
(0002 = Zrr Lo+ 1P (5 (m)!
Lere® & NP D, 0 (U
< mf ( +1)J(L)p ® \'I<R)
ROL| ]):0 C (mp)
Lerew & TP DI Lzl
< cre ( +1)](57) ¥ \.,I(R)
Rle| = r (mp + 5)!
o 2 1y ()7 2ttt ()
R|“| c (mp + 1)J (mp)!
L w+7t
< ER o7 (T, X).

For the second sum, using the above estimate, and by multiplying both the numerator and

denominator by €7, we obtain

Pckp,j,
AM Z tPek (8t)38°‘

1 _ =l

r
Ro (p,j,)€A2 Op

AM Tt Le™t

—Tp+kp, j,at+w m

<= X (70 ) R B (1 X).
Ro (p,J,)EA2

Since 7 < e J < for all (p, j,a) € Ag, it follows that —7p+Ek, j o +w > w. Hence, by another
application of Proposition 3 (5), we get

P pJa
AM Z tPe (tat)jaa

_ 1=l r
B (pfaen, 0P

AM Le¥T™t Ne™t
< & R R o0 (T, X)———~
1-— i ro(l — ﬁ)
ALM New+27¢2 1
< c @5 (T, X)

PR T—&(T+X)

AOE2 oLMN w+27’t2cbm(T X)
TopRm ) )

where & = max{{, 5 21 For the last sum, by Proposition 3 (2), we obtain

AM tpeep‘q Pave’ 9,
1 lal 2 ropldl II [eoyozw]
Ro (p,q)€As (j,0)EIm
AM eTt\PeTPHra Lew*T 4,0
ST 2 (ﬁ) o] [ [FHerx)]

Ri[] (p,q)EAs (J,a)ELm
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AM e\ _ w NLet\ld
< 2 (5) e (Sa) el x),
" Ro (p,q)€As 0 p

Since w > quTf‘i’q, it follows that w < —7p+ ¢, 4 + wl|g|. Thus,

AM tPetroa i noyr] G
T 2 ropldl II [eoyorw]

" Ro (p,q)€As (4,0)Elm

AMev eTt\NP s NLeTt\ ldl m
< 2 () Gpe) ew@x
Ro (p,q)€As

1 NL\2 1
< AM5”+2Tt2<— + )
ro pR™) 1 -T(E + S5E) - X(£)
1 NL

Ro
< AM w+27—t2( + )2 1
c <
ro  pR™/) 1-&(T+ X)
1 NL\2
AC, oM w+27t2(— 7) (T, X).
< &s,00M¢€ 0 + pRm 0 ( ’ )

®g'(T, X)

og(T, X)

Here, in order to apply Proposition 3 (5), it is necessary that {3 = max{% + ZZ}I%’Z, P%} <1.

Therefore, the function W (¢, ) defined in (13) satisfies (12) if we choose L large enough
so that

 44Ce mMS.
To

L

and then choosing ¢ small enough so that

Sm L S AC¢, o LM N
m™er — rogpR™

1 NL\2 1 NL 1
ACeo (L NIV g L NE 1
T ACes0 0 * pR™ an 70 * pR™ <o

4 Conclusions

We have shown that, as the coefficients in the Taylor expansion of F' become smaller,
the lifespan of the corresponding solution becomes longer. Moreover, the lifespan depends
primarily on the powers of ¢t and the sizes of the coefficients of the nonlinear terms, rather
than on the differential operator (t9;)?0%. It would be interesting to determine conditions
under which the lifespan also depends on the operator (t9;)70%. Another natural direction
for future research is to investigate whether the present results can be extended to other

classes of formal power series.
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