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Abstract

We provide a complete description of algebraic points of a given degree on the
hyperelliptic curve Γ defined by the affine equation

y2 = xf(x)g(x).

Our approach is based on the assumption that the Mordell–Weil group of the Jacobian
of Γ over Q is isomorphic to Z/2Z × Z/2Z. Under this hypothesis, we classify all ra-
tional divisors and construct explicit bases of the Riemann–Roch spaces L(m∞). We
then define rational functions parametrized by σ ∈ {0, 1}, which allow the systematic
construction of families of algebraic points of arbitrary degree. These results provide
a clear and effective framework for understanding the arithmetic of the curve.
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1 Introduction

Let C be a smooth, projective, and geometrically integral curve defined over a number field

K. A fundamental problem in arithmetic geometry is the determination of the set C(K) of

K-rational points on C, or equivalently, the description of the solutions over K to systems

of polynomial equations in several variables. Despite substantial progress over the past

centuries, no general method for resolving this problem is currently known.

Even when C is a curve, the problem of determining its rational points remains highly

nontrivial. In particular, there is no general algorithm that determines C(K) for an arbitrary

smooth projective curve over a number field. In this work, we restrict our attention to the

case where K = Q or a finite extension thereof.

Major advances in Diophantine geometry during the twentieth century have led to a

qualitative understanding of the structure of C(Q) for curves of genus g ≥ 2. A landmark

result in this direction is Faltings’ proof of the Mordell Conjecture [6], which establishes the
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finiteness of C(Q) when g ≥ 2. An alternative proof was later given by Vojta [10]. However,

both approaches are ineffective in nature: for a given explicit curve, they do not provide

a practical method for computing C(Q), but only yield upper bounds on |C(Q)|, which are

typically far from optimal and difficult to determine explicitly.

For a finite extension K/Q of degree ℓ, the study of C(K) amounts to understanding the

set of algebraic points of degree ℓ on C, that is, points defined over number fields of degree ℓ.

Recall that the degree of an algebraic point is defined as the degree of its field of definition

over Q.

In certain favorable situations, particularly when the Mordell–Weil rank of the Jacobian

variety Jac(C) is zero, more explicit techniques can be employed to determine the rational

points on C. In such cases, the Abel–Jacobi map, together with descent methods and

Chabauty-type techniques, plays a central role in the analysis.

A particularly interesting example arises from an infinite family of hyperelliptic curves

of genus 2 defined over Q by the affine model

Γ : y2 = xf(x)g(x), (1)

where f(x), g(x) ∈ Z[x] are irreducible polynomials over Q of degree 2, and where the

Jacobian of Γ has Mordell–Weil group over Q isomorphic to Z/2Z× Z/2Z.
This family therefore provides a rich source of explicit examples in which the finiteness

of rational points can be studied effectively, and for which descent-theoretic methods may

be applied to determine all rational solutions explicitly.

This paper is organized as follows. In Section 2, we collect the technical results that form

the foundation of our main theorem. In Section 3, we prove our principal result concerning

the structure of algebraic points of degree ℓ on curves in this family. We conclude with

a final section in which we present explicit examples of curves to which our results apply,

together with perspectives for future research.

Our main result, stated in Theorem 1.1, provides an explicit description of the algebraic

points of degree ℓ ≥ 5 over Q, denoted Γ(ℓ)(Q), on the curves Γ. This description relies

on rational parametrizations involving auxiliary polynomials and highlights key algebraic

relations arising from the defining equation of the curve.

The following result provides an explicit description of all algebraic points on the curve

Γ of degree at most ℓ. More precisely, it shows that these points can be partitioned into two

families, each defined by rational parametrizations subject to certain symmetric algebraic

relations.

Theorem 1.1. Let ℓ ≥ 5 be an integer. Then the set of algebraic points of degree at

most ℓ over Q on the curve Γ, whose Jacobian J (Q) has Mordell–Weil group isomorphic to

Z/2Z× Z/2Z, is given by

Γ(ℓ)(Q) =

1⋃
σ=0

(Mσ ∪ Dσ) ,
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where Mσ and Dσ are defined as follows:

Mσ =



(
x,−

⌊ ℓ+σ
2 ⌋∑

κ=σ

aκx
κ

/ ⌊ ℓ+σ−5
2 ⌋∑

ϵ=0

bϵx
ϵ

) ∣∣∣∣∣∣ a⌊ ℓ+σ
2 ⌋ ̸= 0 if ℓ is even, b⌊ ℓ+σ−5

2 ⌋ ̸= 0

if ℓ is odd, and x is a root of

( ⌊ ℓ+σ
2 ⌋∑

κ=σ

aκx
κ−σ

2

)2

= x1−σ

( ⌊ ℓ+σ−5
2 ⌋∑

ϵ=0

bϵx
ϵ

)2 2∏
ν=1

(x+ ξν)

4∏
µ=3

(x+ λµ)


,

Dσ =



(
x,−

⌊ ℓ+2
2 ⌋∑

κ=1

aκ (x
κ + ψκ

σ)

/ ⌊ ℓ−3
2 ⌋∑

ϵ=0

bϵx
ϵ

) ∣∣∣∣∣∣
ψκ
0 = − 1

2 (ξ
κ
1 + ξκ2 ), ψ

κ
1 = − 1

2 (λ
κ
3 + λκ4 ),

a⌊ ℓ+2
2 ⌋ ̸= 0 if ℓ is even, b⌊ ℓ−3

2 ⌋ ̸= 0 if ℓ

is odd, and x is a root of(⌊ ℓ+2
2 ⌋∑

κ=1

aκ

(xκ + ψκ
σ

x

))2

=

(⌊ ℓ−3
2 ⌋∑

ϵ=0

bϵx
ϵ− 1

2

)2 2∏
ν=1

(x+ ξν)

4∏
µ=3

(x+ λµ)


.

2 Auxiliary results

Let K be a number field and let C be a smooth projective curve defined over K. For any

divisor ϖ ∈ Div(C), the associated Riemann–Roch space is the K-vector space defined by

L(ϖ) := {f ∈ K(C) \ {0} | div(f) ≥ −ϖ} ∪ {0}.

Moreover, for any two divisors ϖ,ϖ′ ∈ Div(C), if ϖ is linearly equivalent to ϖ′ (denoted

ϖ ≡ ϖ′), then their Riemann–Roch spaces are isomorphic:

L(ϖ) ≃ L(ϖ′), and in particular dimL(ϖ) = dimL(ϖ′).

Definition 2.1. Let Γ be a smooth projective curve of genus g ≥ 1, and let S ∈ Γ(K). The

Abel–Jacobi map associated to S is the embedding

j : Γ ↪→ J (K), P 7−→ [P − S], (2)

where J denotes the Jacobian variety of Γ.

Theorem 2.1 (Abel–Jacobi). [7] A divisor ϖ ∈ Div0(Γ) is principal if and only if its image

in the Jacobian is trivial. Equivalently, ϖ is the divisor of a rational function if and only if

[ϖ] = 0 in J (K).

The affine model (1) of the curve Γ can be written as

y2 = x

2∏
ν=1

(x− ξν)

4∏
µ=3

(x− λµ), (3)
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where ξν and λµ are respectively the roots of the polynomials f(x) and g(x), satisfying

ξ2 = ξ1 and λ4 = λ3.

By homogenizing (3) via x = X/Z and y = Y/Z, we obtain the projective model of Γ:

Z3Y 2 = X

2∏
ν=1

(X − ξνZ)

4∏
µ=3

(X − λµZ). (4)

From (4), we define the affine points S0, Sν , Sµ and the point at infinity ∞ by

S0 = (0, 0), Sν = (ξν , 0), Sµ = (λµ, 0), ∞ = [0 : 1 : 0].

Lemma 2.1. The rational divisors associated with the curve Γ are:

(i) div(x− σk) = 2Sk − 2∞, where σk ∈ {0, ξν , λµ},

(ii) div(y) =

4∑
k=0

Sk − 5∞.

Proof. These results follow from intersection theory, using the formula

div(ω − σ) = (Ω− σZ = 0) · Γ− (Z = 0) · Γ,

where ω ∈ {x, y} are affine coordinates and Ω ∈ {X,Y } their projective lifts. A detailed

proof can be found in [5, Lemma 4].

Corollary 2.1. We have:

⊛
4∑

k=0

j(Sk) = 0,

⊛ 2j(Sk) = 0 for all k ∈ {0, ν, µ}.

Hence, the images j(Sk) generate the same subgroup of J (Q).

Remark 2.1. The torsion subgroup of the Jacobian J (Q)tor is generated by

J (Q)tor ≃
〈
[S0 −∞],

[ 2∑
k=1

Sk − 2∞
]〉
.

Since J (Q) is finite (as recalled in Section 1), it coincides with its torsion subgroup.

Hence, we obtain the following consequence.

Lemma 2.2. The Mordell–Weil group of the Jacobian is generated by the divisor classes

[S0 −∞],

[ 2∑
k=1

Sk − 2∞
]
,
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and every element of J (Q) can be written as a Z-linear combination of these classes. In

particular,

J (Q) =

{
α j(S0) + β

2∑
k=1

j(Sk)
∣∣∣ α, β ∈ {0, 1}

}
. (5)

Proof. Since J (Q) is finite, it coincides with its torsion subgroup:

J (Q) = J (Q)tor.

The generators of the torsion subgroup are given in Remark 2.1, which implies that J (Q)

is generated by the classes [S0 −∞] and
[∑2

k=1 Sk − 2∞
]
.

The explicit description (5) follows immediately from this generating set.

Remark 2.2. From Lemma 2.2, any element t ∈ J (Q) can be written as

t =

[
(α+ 2β)∞− αS0 − β

2∑
k=1

Sk

]
,

for some α, β ∈ {0, 1}.

Lemma 2.3. Let ℓ be a positive integer. A Q-basis of the Riemann–Roch space L(ℓ∞) is

Bℓ =
{
xκ : 0 ≤ κ ≤

⌊
ℓ
2

⌋ }
∪
{
yxϵ : 0 ≤ ϵ ≤

⌊
ℓ−5
2

⌋ }
.

Proof. The result follows from Lemma 2.1, Clifford’s theorem (see [2]) for ℓ ≤ 2g − 2, and

the Riemann-Roch theorem (see [9]) for ℓ ≥ 2g − 2. For full details, see [3, Lemma 3].

3 Proof of main results

Proof. Let G ∈ Γ
(
Q̄
)
be a point of degree ℓ ≥ 5 over Q, i.e.,

[Q(G) : Q] = ℓ,

and assume that G /∈ {Sk | 0 ≤ k ≤ 4} ∪ {∞}. Let G1, . . . , Gℓ denote the Galois conjugates

of G over Q. Consider the point

λ =

[ ℓ∑
n=1

Gn − ℓ∞
]
∈ Jp,i,j(Q).

From Remark 2.2, we have the equality

[ ℓ∑
n=1

Gn − ℓ∞
]
=

[
(α+ 2β)∞− αS0 − β

2∑
k=1

Sk

]
, (6)
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for some α, β ∈ {0, 1}. Transposing the right-hand side of equation (6) to the left-hand side,

we obtain: [ ℓ∑
n=1

Gn + αS0 + β

2∑
k=1

Sk − (ℓ+ α+ 2β)∞
]
= 0. (7)

From Theorem 2.1, equation (7) implies the existence of a rational function fα,β(x, y) ∈ Q(Γ)

such that:

div(fα,β) =

ℓ∑
n=0

Gn + αS0 + β

2∑
k=1

Sk − (ℓ+ α+ 2β)∞. (8)

From expression (8), it follows that fα,β ∈ L ((ℓ+ α+ 2β)∞). Then, by Lemma 2.3, the

function fα,β(x, y) admits the following explicit form:

fα,β(x, y) =

⌊ ℓ+α+2β
2 ⌋∑

κ=0

aκx
κ +

⌊ ℓ+α+2β−5
2 ⌋∑

ϵ=0

bϵyx
ϵ (9)

for some coefficients aκ, bϵ ∈ Q.

Depending on the values of α and β, the pair (α, β) ranges over the set{
(0, 0), (1, 0), (0, 1), (1, 1)

}
.

• First, consider the case where the parameters (α, β) belong to the subset {(0, 0), (1, 0)}.
In this case, equation (9) becomes:

fα,β(x, y) =

⌊ ℓ+α
2 ⌋∑

κ=0

aκx
κ +

⌊ ℓ+α−5
2 ⌋∑

ϵ=0

bϵyx
ϵ. (10)

– If (α, β) = (0, 0), then the expression (10) of fα,β(x, y) simplifies to:

fα,β(x, y) =

⌊ ℓ
2 ⌋∑

κ=0

aκx
κ +

⌊ ℓ−5
2 ⌋∑

ϵ=0

bϵyx
ϵ (11)

where the coefficients aκ, bε ∈ Q are all nonzero (otherwise one of the points Gn

would coincide with S0, which is impossible). In particular, we require a⌊ ℓ
2 ⌋

̸= 0

and b⌊ ℓ−5
2 ⌋ ̸= 0, depending on whether ℓ is even or odd (to ensure none of the

Gn’s equals ∞).

– If (α, β) = (1, 0), we have ordS0
fα,β = 1, which implies a0 = 0. Thus, the

expression (10) of fα,β(x, y) becomes:

fα,β(x, y) =

⌊ ℓ+1
2 ⌋∑

κ=1

aκx
κ +

⌊ ℓ−4
2 ⌋∑

ϵ=0

bϵyx
ϵ (12)

with b0 ̸= 0 (otherwise one of the Gn’s would coincide with S0, which is again
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impossible), and both a⌊ ℓ+1
2 ⌋ ̸= 0 and b⌊ ℓ−4

2 ⌋ ̸= 0, depending on whether ℓ is even

or odd (to ensure none of the Gn’s equals ∞).

Thus, for any pair of parameters (α, β), belonging to the set {(0, 0), (1, 0)}, we may

encode the expressions (11) and (12), uniformly using the parameter σ with σ ∈ {0, 1}
leading to the following general form:

fσ(x, y) =

⌊ ℓ+σ
2 ⌋∑

κ=σ

aκx
κ +

⌊ ℓ+σ−5
2 ⌋∑

ϵ=0

bϵyx
ϵ. (13)

At each point Gn vanishes, we have fσ(x, y) = 0, which yields an explicit expression

for y in terms of x:

y = −
⌊ ℓ+σ

2 ⌋∑
κ=σ

aκx
κ

/ ⌊ ℓ+σ−5
2 ⌋∑

ϵ=0

bϵx
ϵ. (14)

Substituting this expression for y into the equation (14) into the expression (3) defining

the hyperelliptic curve Γ, we obtain:

( ⌊ ℓ+σ
2 ⌋∑

κ=σ

aκx
κ

)2

=

( ⌊ ℓ+σ−5
2 ⌋∑

ϵ=0

bϵx
ϵ

)2

x

2∏
ν=1

(x+ ξν)

4∏
µ=3

(x+ λµ). (15)

As equation (15) is not yet of degree ℓ, we reparametrize it to the equivalent equation:

( ⌊ ℓ+σ
2 ⌋∑

κ=σ

aκx
κ−σ

2

)2

= x1−σ

( ⌊ ℓ+σ−5
2 ⌋∑

ϵ=0

bϵx
ϵ

)2 2∏
ν=1

(x+ ξν)

4∏
µ=3

(x+ λµ). (16)

Equation (16) is now of degree ℓ. Indeed, the left hand side has degree

2×
(ℓ+ σ

2
+
σ

2

)
= ℓ

and the right hand side also has degree

2×
(ℓ+ σ − 5

2

)
+ 5− σ = ℓ.

Hence, equation (16) defines a degree ℓ algebraic equation whose roots correspond to

x coordinates of degree ℓ points on Γ. This gives us the first family of points of degree

ℓ, which we denoted by Mσ in Theorem 1.1.

• We now consider the case where the parameters (α, β) belong to the set {(0, 1), (1, 1)}.
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In this case, the general expression (9) becomes:

fα,β(x, y) =

⌊ ℓ+α+2
2 ⌋∑

κ=0

aκx
κ +

⌊ ℓ+α−3
2 ⌋∑

ϵ=0

bϵyx
ϵ. (17)

– If (α, β) = (0, 1), the condition ordSν
fα,β = 1 for each ν ∈ {0, 1}, implies that:

a0 =

⌊ ℓ+2
2 ⌋∑

κ=1

aκψ
κ
0 , where ψκ

0 = −1

2
(ξκ1 + ξκ2 ).

Therefore, the function fα,β(x, y) given in (17) takes the form:

fα,β(x, y) =

⌊ ℓ+2
2 ⌋∑

κ=1

aκ (x
κ + ψκ

0 ) +

⌊ ℓ−3
2 ⌋∑

ϵ=0

bϵyx
ϵ (18)

with a⌊ ℓ+2
2 ⌋ ̸= 0 and b⌊ ℓ−3

2 ⌋ ̸= 0, depending on whether ℓ is even or odd (otherwise,

some of the points Gn would lie at ∞, which is not allowed).

– If (α, β) = (1, 1), then by Corollary 2.1, the principal divisor associated with fα,β

as defined in (8) becomes:

div(fα,β) =

ℓ∑
n=0

Gn +

4∑
k=3

Sk − (ℓ+ 2)∞. (19)

It follows from (19) that fα,β ∈ L ((ℓ+ 2)∞). Then, by Lemma 2.3, we deduce

that the function fα,β(x, y) given in (17) admits the following explicit form:

fα,β(x, y) =

⌊ ℓ+2
2 ⌋∑

κ=0

aκ (x
κ + ψκ

1 ) +

⌊ ℓ−3
2 ⌋∑

ϵ=0

bϵyx
ϵ (20)

Since ordSµ
fα,β = 1 for each µ ∈ {0, 1}, as seen in (19), this implies that:

a0 =

⌊ ℓ+2
2 ⌋∑

κ=1

aκψ
κ
1 , where ψκ

1 = −1

2
(λκ3 + λκ4 ).

Substituting this into (20), we obtain a simplified expression for fα,β :

fα,β(x, y) =

⌊ ℓ+2
2 ⌋∑

κ=1

aκ (x
κ + ψκ

1 ) +

⌊ ℓ−3
2 ⌋∑

ϵ=0

bϵyx
ϵ (21)

where a⌊ ℓ+2
2 ⌋ ̸= 0 and b⌊ ℓ−3

2 ⌋ ̸= 0 depending on whether ℓ is even or odd (other-

wise, some Gn would lie at ∞, which is not permissible).
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Thus, for any pair of parameters (α, β), belonging to the set {(0, 1), (1, 1)}, we may

encode the expressions (19) and (21), uniformly using the parameter σ with σ ∈ {0, 1}
leading to the following general form:

fσ(x, y) =

⌊ ℓ+2
2 ⌋∑

κ=1

aκ (x
κ + ψκ

σ) +

⌊ ℓ−3
2 ⌋∑

ϵ=0

bϵyx
ϵ

with

ψκ
0 = −1

2
(ξκ1 + ξκ2 ) and ψκ

1 = −1

2
(λκ3 + λκ4 ).

At each point Gn vanishes, we have fσ(x, y) = 0, which yields an explicit expression

for y in terms of x:

y = −
⌊ ℓ+2

2 ⌋∑
κ=1

aκ (x
κ + ψκ

σ)

/ ⌊ ℓ−3
2 ⌋∑

ϵ=0

bϵx
ϵ. (22)

Substituting this expression for y into the curve equation (3) defining Γ, we obtain:

(⌊ ℓ+2
2 ⌋∑

κ=1

aκ (x
κ + ψκ

σ)

)2

=

(⌊ ℓ−3
2 ⌋∑

ϵ=0

bϵx
ϵ

)2

x

2∏
ν=1

(x+ ξν)

4∏
µ=3

(x+ λµ) (23)

As equation (23) is not yet of degree ℓ, we reparametrize it to the equivalent equation:

(⌊ ℓ+2
2 ⌋∑

κ=1

aκ

(xκ + ψκ
σ

x

))2

=

(⌊ ℓ−3
2 ⌋∑

ϵ=0

bϵx
ϵ− 1

2

)2 2∏
ν=1

(x+ ξν)

4∏
µ=3

(x+ λµ) (24)

Equation (24) is now of degree ℓ. Indeed, the left hand side has degree

2×
(ℓ+ 2

2
− 1
)
= ℓ,

and the right hand side also has degree

2×
(ℓ− 3

2
− 1

2

)
+ 4 = ℓ.

Hence, equation (24) defines a degree ℓ algebraic equation whose roots correspond to

x coordinates of degree ℓ points on Γ. This yields a second family Dσ of degree ℓ

points.

Conclusion

In this note, we have explicitly described sets of algebraic points of a given degree, applicable

in particular to certain hyperelliptic curves, such as the one studied in [4], with affine

equation y2 = x(x2+x−4)(x2−x+45). These results also extend to the study of algebraic
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points of arbitrary degree on the family of curves Ci,j,p introduced in [8], defined by the

affine equation y2 = x(x2 + 2ipj)(x2 + 2i+1pj) where p ≡ 11, 16 (mod 32). Several research

directions emerge from this work. In particular, the explicit determination of algebraic points

of fixed degree on such curves constitutes a natural and promising direction. Moreover, the

study of embeddings of these curves over finite fields could open the way to new algorithmic

approaches, especially in the context of cryptography based on algebraic curves.
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