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Abstract

The Fourier transform is the most important and the most studied linear transfor-
mation. It appears in many areas in mathematics and one such appearance is as an
isomorphism between the algebra C*(S") of smooth complex-valued functions on the
circle and the algebra S(Z) of Schwartz sequences with complex entries. Both of these
algebras contain dense subalgebras that are isomorphic to rings of regular functions
on complex points of two group schemes. The Fourier transform, then, restricts to
an isomorphism between these subalgebras. In this article, we will exhibit the Fourier
transform as the induced isomorphism between two affine group schemes. Such an
induced isomorphism is inevitably an isomorphism between the representing algebras
of these affine group schemes. As is well-known in the theory of affine schemes, these
representing algebras are Hopf algebras. Finally, we will demonstrate the Fourier trans-
form as an isomorphism between these Hopf algebras.
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1 Introduction

The Fourier transform is an indispensable tool of modern mathematics whose relevance goes
deep both into applications and theoretical foundations. Among these, the Fourier transform
creates for noncommutative geometry its most important and well-studied example— the
noncommutative torus. The main result of this article is to demonstrate how the Fourier
transform exhibits an isomorphism between two complex Hopf algebras. Let us recall what
a Hopf algebra is. Let k be a commutative ring with unity. A (coassociative, counital)
coalgebra (C, A, €) over k is a comonoid object in the category of k-modules. More explicitly,
this means that C is a k-module equipped with k-module maps C NG, ®C and C - k

making the following diagrams commute.
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The map A is called the coproduct while € is called the counit. Here, the tensor product
is understood over k. A k-linear map (C, Ac, ec) SN (D,Ap,ep) is a coalgebra homomor-
phism if the following diagrams

ec
f fef f /,k
D4>AD D® D D

commute. A bialgebra (B, p,m,A,€) over k is a quintuple in which (B, u,n) is an as-
sociative, unital k-algebra, (B, A, €) is a coassociative, counital k-coalgebra such that A, e
are k-algebra homomorphisms and u, n are k-coalgebra homomorphisms. Here, B ® B and
k are equipped with the canonical algebra and coalgebra structures, see for example [9)].
Requiring that A and 7 be algebra homomorphisms is equivalent to requiring that u and
1 be coalgebra homomorphisms. Now, for a bialgebra (B, u,n, A, €) the k-module End(B)
gets an associative, unital product * defined as follows. For any f,g € End(B), the product
f * g is the composite

B2 BoBI% Be B B.

It is immediate to check that the unity of End(B) relative to the product % is 7 o e.
A Hopf algebra H over k is a bialgebra (H,pu,n,A,€) over k in which id € End(H) is
invertible with respect to the product x, say, with x-inverse S. We call S the antipode of H.
A homomorphism of Hopf algebras is an algebra and a coalgebra homomorphism commuting
with the respective antipodes. In section 3, we will show that the Fourier transform is a

Hopf algebra isomorphism.

1.1 Trigonometric Hopf Algebra

Consider the polynomial algebra R[e,s]. Let Hr = R[c,s]/(c®> + s> — 1) equipped with the
quotient unital, associative algebra structure. The coproduct A, counit €, and antipode S
given as

Alc)=c®c—s®s, €ec)=1, S()=c
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A(s)=s®c+c®s, €(s)=0, S(s)=-s

turn H into a Hopf algebra. By abuse of notation, the cosets of ¢ and s are denoted by the

same symbols. The algebra Hr is called the trigonometric Hopf algebra.

1.2 Group Algebras

A large class of Hopf algebras arise from groups, the so-called group algebras. Let G be a
group and k a commutative unital ring. Denote by kG the linear span of G over k, i.e. kG
consists of finite formal linear combinations of elements of G with coefficients from k. Then

kG has a natural algebra structure over k with the product given by

S o] [ A =z(zahﬁh_lg>g

geG geG geG \heaG

and the unit is given by 1-e where 1 € k is the unity and e € G is the identity. Furthermore,
kG is a Hopf algebra. The coproduct, counit, and antipode is given by

Alg)=g®yg, €lg)=1, S(g)=g"

for all g € G.

Consider a general Hopf algebra H. An element g € H is said to be group-like if
A(g) = g® g and €(g) = 1. The set Gr(H) of all group-like elements in a Hopf algebra H
has a natural group structure. When H is free as a k-module or when & is a field, if Gr(H)
forms a basis, then H is a group algebra. In general, the set of group-like elements of a
Hopf algebra H is a subgroup of the group of units of H.

1.3 Dual Hopf Algebras

The linear dual H* of a Hopf algebra (H, u,n, A, €, S) has a natural Hopf algebra structure.
In particular, the structure maps of H* as a Hopf algebra are (A*, e*, u*,n*,5*). The
group-like elements of H* are the unital, algebra homomorphisms H — k.

Consider Z as a group. The group-like elements of the dual Hopf algebra (RZ)* are
the unital, algebra homomorphisms RZ — R. Since RZ is linearly-generated by Z and
Z is cyclically generated by 1 € Z, an algebra homomorphism RZ 2L R s completely
determined by ¢(1). Unitality implies ¢(1) = 1. Thus, (RZ)* has only one group-like
element.

Now, let us determine the group-like elements of the dual Hopf algebra H}.. Again, the
group-like elements of H7. are the unital, algebra homomorphisms Hr 25 R. One can take
¢ as unital algebra homomorphisms from R|[c, s] to R vanishing on the ideal (¢ 4 s? — 1),
i.e. ¢(c)?+¢(s)? = 1. From this description, we get an isomorphism from U(1) to the group
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Gr(H?%) given explicitly as

U(l) — Gr(Hy),

e — ¢y,

where ¢y is the map given by ¢g(c) = cos € and ¢y(s) = sin6.

From these arguments, we see that (RZ)*and H7 are not isomorphic as Hopf algebras.
By naturality of the dual Hopf algebra structure, this implies that RZ and Hp are not
isomorphic as Hopf algebras.

2 Group Schemes: A Brief Overview

In this section, let us briefly define what affine group schemes are. For detailed discussions,
see [4], [5], and [16]. We will heavily make use of the language of categories, functors, and
natural transformations. For a good treatment of these concepts, see [11]. For a given
category ¢ and an object z of €, we will abuse notation by writing x € ¥. Now, given
z,y € € we will denote by %'(x,y) the collection of arrows in % from z to y. We will ignore
set-theoretic difficulties in our use of categories. Let us denote by Set and Grp, the category
of sets and the category of groups, respectively. Denote by Grp Y, Set the forgetful functor.

Let k£ be a commutative, unital ring. Denote by Algy the category of commutative, uni-
tal k-algebras and unital k-algebra homomorphisms. A scheme X over k is a representable
functor Algy =X Set. Representability in this situation means that X is naturally isomor-
phic to Algi (A, —) for some A € Algy, through a natural isomorphism . For a detailed
discussion on natural isomorphisms, see [11]. We call A the representing object of X, or
more precisely, the representing algebra of X. Note that in most basic algebraic geometry
literature, for example [8] and [15], schemes are defined differently. The definition we pre-
sented here is equivalent to the ones found in the [8, 15] using [5, Prop. VI-2]. Also, what
we say a scheme over k reads a scheme over Spec(k) in other literature.

A group scheme G over k is a scheme Alg Y, Set that factors through the forgetful

functor Grp SN Set, i.e. one with a factorization

Algy, ¢ Set

It is well-known in the theory of group schemes that the representing algebra A of a
group scheme G is a Hopf algebra if and only if G is affine, see for example [16]. We will
not give the definition of what an affine scheme is but the reader can take the equivalence
just mentioned as a definition. In the remainder of this section, we will describe the groeup

R

structures on Algi (A, R) for any R € Ay realizing the family of isomorphisms G(R) —
Algi (A, R) asserted by the representability assumption. Let us denote by pa,n4, A4, €4,Sa
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the structure maps on A as a Hopf algebra and denote by ug, nr the multiplication and the
unit maps of R, respectively. Using these maps, we can define a product x on Algx (A, R)
as follows. For any f, g € Algr(A, R), denote by f % g the composite

ALY A0 A8 Ro R R,

Coassociativity of A4 and associativity of pg implies that the product x on Algi (A, R) is
associative. The composite g o €4 is the identity of Algx(A, R) with respect to x. Every
f € Algp(A, R) is invertible with inverse f o S. Note that in general S is an algebra anti-
homomorphism making f oS the same. However, since A is commutative S becomes an
algebra homomorphism. That f o S is the inverse of f follows from the commutativity of

the following diagram.

1d®S

AR N

k

Diagram @ commutes by definition of the antipode S while diagram @ commutes since
f is an algebra homomorphism. The commutativity of these two implies the commutativity
of the outer diagram. In the next section, we will demonstrate two naturally isomorphic

group schemes.

3 The Fourier Isomorphism

As we have seen in 1.3, the Hopf algebras Hy and RZ are not isomorphic as Hopf algebras.
The complexification of RZ, given by RZ ® C is isomorphic to CZ as Hopf algebras. As
an algebra, CZ sits inside the algebra S(Z) of Schwartz sequences with complex coefficients
as a dense subalgebra. On the other hand, the complexification of Hp, given by Hr ® C
is isomorphic to Cle,s]/(c? + s* — 1) as Hopf algebras. Likewise, Hr ® C sits inside the
algebra C>°(S1) of smooth complex-valued functions on the circle as a dense subalgebra.
Even though the Hopf algebras RZ and Hp are not isomorphic, their complexifications are,

as illustrated by the following proposition.

Proposition 1. The Hopf algebras Hy. = Hr @ C and RZ @ C = CZ are isomorphic via

the Fourier transform map.

Proof. The Fourier transform in this situation takes the form H7. L cz with F (c) =

1(a+a™') and F(s) = 5-(a—a~"') where a denotes a generator of Z, extended algebraically
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over C. The map F is invertible with inverse CZ — H}., a — ¢+ is. To check that F is
an isomorphism of Hopf algebras, it is enough to check that ¢ + is € H/. is a group-like

element. Indeed, we have

Ac+is) = Ale) + iA(s)
=(c®c—s®s)+i(s@c+c®s)
=(c+1is) ® (c+1is)

and e(c+1is) = €(c) +ie(s) = 1. Here, we abuse notation by writing A and e for the unique

complex linear extensions of A and e, respectively. O

The previous proposition implies, in particular, that the representable functors repre-
sented by H7 ® C and CZ are isomorphic. Perhaps, this is the fundamental reason why the
Fourier transform appears naturally in many places, in particular, in the theory of locally

compact abelian groups. However, this is only speculative at this point.
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