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Abstract
Braided ribbons are two-dimensional analogues of braids. Similar to braids, the set
Cn of isotopy classes of braided ribbons on n-strips form a group. We give a presentation for this group. Using this, we show that Cn is a semidirect product of the usual
braid group Bn with Zn . We also show that Cn is Hopfian and residually finite. The
closure βb of a braided ribbon β is a compact surface. We give necessary and sufficient
conditions for βb to be orientable and connected. Finally, we give a construction of
Seifert surfaces using braided ribbons.
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Introduction

In this paper, we introduce an analogue of the usual braids which we call braided ribbons.
This is different from the braided ribbons that are considered in [5]. The notion introduced
here is motivated by the resemblance of such topological objects with ribbon categories. See
for instance [12]. Braids are among the main objects of low-dimensional topology. Braided
structures have appeared in many general forms. Braids over other surfaces have been
extensively studied. For instance, see [3] and [4] and the references therein. The use of
surfaces has been explored in studying knots. See for instance [5].
Recall that the braid group Bn on n-strings is the set of all isotopy classes of (geometric)
braids on n-strings equipped with a stacking operation as its product. The Artin presentation for Bn has generators σ1 , σ2 , . . . , σn subject to the braid relations σi σj = σj σi for
|i − j| ≥ 2, and σi σi+1 σi = σi+1 σi σi+1 for i = 1, . . . , n − 2. Throughout this paper, the
subspace X = [−1, 1]×[0, +∞)×[0, 1] ⊂ R3 denotes the ambient space of braids and braided
ribbons and I the closed unit interval [0, 1].
Definition 1. A (geometric) braided ribbon on n-strips α is a smooth embedding I 2 q · · · q
α
I 2 −−→ X from the disjoint union of n copies of I 2 = I ×I into X that satisfies the following
conditions:
29
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(i) α({0} × I) =

Sn

× [2i, 2i + 1] × {0});

(ii) α({1} × I) =

Sn

× [2i, 2i + 1] × {1});

(iii)

i=1 ({0}

i=1 ({0}

and

sup α∗ (s, w) ∈ α∗ ({s0 } × I)
0≤s≤s0

where α∗ is the restriction of α to each I × I.
Two geometric braided ribbons α and β with the same number of strips are isotopic if
there is a smooth map F : I × X → X such that F (0, x) = α(x) and F (1, x) = β(x). We call
F an ambient isotopy. This isotopy relation is an equivalence relation on the set of braided
ribbons on n-strips.
The way braided ribbons and their isotopy is defined is similar to braids. The twodimensionality of the strips, however, allows for an additional geometric feature− that of a
half twist. A vertical strip that has no half twist is called a trivial strip. We call a braided
ribbon whose strips are all trivial the trivial braided ribbon.
This paper is organized as follows. Section 2 discusses the diagrammatic representation
and the isotopy-preserving diagram modifications for braided ribbons analogous to the Reidemeister moves for usual braids. In Section 3 we define the product structure of braided
ribbon groups and give a presentation for such groups. Other properties of the group Cn
are also established in this section. Finally, we explore a topological application of braided
ribbons in Section 4.

2

Braided Ribbons: Diagrams and Isotopy Moves

A diagram of a geometric braided ribbon is obtained by projecting the points in X onto
the plane {0} × [0, +∞) × [0, 1]. We only consider regular projections of geometric braided
ribbons. These are diagrams with artifacts of projections shown in Figure 1 satisfying the
conditions enumerated in the following lemma.

Figure 1: Artifacts of a regular projection of a braided ribbon.

Lemma 1. Given a geometric braided ribbon β, there is a geometric braided ribbon β 0 in
the isotopy class of β such that the projection of β 0 on the plane satisfies the following
conditions:
(a) the projections of any two strips are not tangent to each other.
(b) no point of the plane is the projection of a crossing point of three or more different
strips.
(c) all crossings occur at different altitudes on the plane.
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(d) no point of the plane is the projection of a crossing point and a half twist of a braided
ribbon.
(e) no pair of a half twist and a crossing occurs at the same altitude in the plane.
(f ) no point of the plane is the projection of two or more half twists of a strip.

τj

σi

Figure 2: Simple braided ribbon diagrams

Notice that any regular projection of a braided ribbon on n strips is isotopic to a concatenation of a finite number of simple braided ribbon diagrams τ1 , τ2 , . . . , τn and σ1 , σ2 , . . . , σn−1
together with their respective mirror images. These are illustrated in Figure 2.
Similar to braid diagrams, we have identified diagram modifications for the regular projections of braided ribbons. These include the twist moves, the Reidemeister moves for
braided ribbons, and planar isotopies. The twist moves for braided ribbons are defined
as follows: (a) twist move δ1 - untwisting consecutive clockwise and counterclockwise half
twists (or vice versa); and (b) twist move δ2 - sliding upward or downward a half twist of a
strip through a crossing. The vignettes in Figure 3 illustrate the latter.
The Reidemeister moves for braided ribbons are defined as follows: (a) Reidemeister
move Ω2 - moving one strip completely under or over another strip; and (b) Reidemeister
move Ω3 - moving a strip completely over or under a crossing. Prior to performing any of
these moves, it is important to slide above or below all half twists appearing in between two
crossings strips (if there are any) by applying the same amount of the twist moves δ2 .
We call these isotopy-preserving operations as isotopy moves. Two braided ribbon diagrams are R-equivalent if they differ only by a finite number of such isotopy moves. This
is an equivalence relation. Moreover, two braided ribbons are isotopic if and only if their
diagrams are R-equivalent.

3

Group Presentation for Braided Ribbons

Denote by Cn the set of all isotopy classes of geometric braided ribbons on n-strips. Similar
to Bn , the set Cn equipped with a natural product structure analogous to the stacking
operation on Bn , forms a group.
Proposition 1. Cn is a group.
For β1 , β2 ∈ Cn , the product β1 β2 is the isotopy class of the smooth embedding defined
by
(
(s, w) 7−−−→

βb1 (2s, w)
βe2 (2s − 1, w)

for 0 ≤ s < 21
for 12 ≤ s ≤ 1,

(1)
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positive twist moves

negative twist moves

Figure 3: Twist moves δ2 .

where
βb1 (s, w) = {(x, y, 12 t) ∈ X | (x, y, t) ∈ β1 (s, w)}, and
βe2 (s, w) = {(x, y, 1 (t + 1)) ∈ X | (x, y, t) ∈ β2 (s, w)}.
2

This operation is associative up to isotopy. The identity element in Cn is the isotopy class
represented by the trivial braided ribbon, denoted by eCn . Moreover, the inverse of β ∈ Cn
is the isotopy class of its mirror image on the horizontal plane z = 1. We call the group
Cn as the braided ribbon group on n-strips. The remainder of this section is devoted to the
structure of the group Cn .
By Lemma 1, the group Cn is generated by the simple braided ribbons τi0 s and σj ’s.
Particularly, the group C1 is generated by τ1 , and so it is an abelian group isomorphic to Z.
Denote by Tn the subgroup of Cn generated by the τi ’s, and by Kn the subgroup generated
by the σj ’s. By twist moves δ2 and half-twist commutativity, Tn is a proper normal abelian
subgroup of Cn . By the Reidemeister moves and planar isotopies, the generators of Kn
satisfy the same relations the generators of Bn in its Artin presentation satisfy. By van
Dyck’s theorem, there is an epimorphism φ0 : Bn → Kn sending σi 7→ σi .
Proposition 2. For n ≥ 2, the group Cn is a semidirect product Zn oς Bn .
To see this, note that Cn fits in a split short exact sequence
0

Zn

µ

Cn

φ
φ0

Bn

0,

(2)
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where the map µ in the above sequence is the monomorphism induced by the isomorphism
ei 7→ τi from Zn to Tn . On the other hand, the map φ is the epimorphism defined by
collapsing the strips of a braided ribbon into strings which forgets all of the half twists of
its strips. Equivalently, φ sends τi 7→ eBn for i = 1, . . . , n and σj 7→ σj for j = 1, . . . , n − 1.
The kernel of φ coincides with Im µ = Tn . Hence, the short sequence (2) is exact. The map
induced by φ0 serves as the splitting in (2), i.e. φ ◦ φ0 = idBn . Therefore, by a splitting
lemma, Cn is isomorphic to Zn o Bn . By this isomorphism, we obtain a presentation for
Cn in the following proposition.
Proposition 3. For n ≥ 2, the group Cn admits a presentation generated by the elements
τ1 , . . . , τn , σ1 , . . . , σn−1 satisfying the following relations:

τi τj = τj τi
for i, j = 1, . . . , n;





σi σj = σj σi
whenever |i − j| ≥ 2;



σ σ σ = σ σ σ
for i = 1, . . . , n − 2;
i i+1 i
i+1 i i+1
(3)

σ
τ
=
τ
σ
for i = 1, . . . , n − 1;
i i
i+1 i




σi τi+1 = τi σi
for i = 1, . . . , n − 1; and



σj τi = τi σj
whenever i 6= j, j + 1.
Denote by Sn the symmetric group on n-letters. A standard presentation for Sn is
generated by transpositions s1 , s2 , . . . , sn similarly subject to the relations Bn satisfies with
additional relations s2i = 1 for all i. Again, by van Dyck’s theorem, there is an epimorphism
π : Bn → Sn which sends σi 7→ si . We remark that the action ς of Bn on Zn , which is
implicit in Proposition 2, factors through π and the natural action of Sn on Zn defined by
permuting the coordinates. Such an action contributed the mixed relations in (3). The next
proposition likewise describes the relation of Cn with Sn .
Proposition 4. There is an epimorphism ψ : Cn → Sn that factors through the natural
projection π of Bn on Sn . In particular, we have ψ = π ◦ φ.
Similar to Bn , we call the kernel of ψ as the pure braided ribbon group on n-strips, and
denote it by P Cn . Geometrically, these are all the braided ribbons whose strips are attached
to the same position in the upper and lower planes of X. It is clear that Tn is contained in
the center of P Cn . Moreover, the restriction of the map φ to P Cn surjects to Pn and its
kernel is Tn . Hence, it is immediate that P Cn is the direct product Tn × Pn , where Pn is
the kernel of π.
We also characterize Cn as a subgroup of the braid group on 2n-strings. Observe that
removing the interior of a braided ribbon on n-strips yields a braid with 2n strings. More
precisely, this relation is abstractly described as follows.
Proposition 5. For n ≥ 2, there is a monomorphism ζ : Cn → B2n defined by τj 7→ σ2j−1
and σi 7→ σ2i σ2i−1 σ2i+1 σ2i .
Note that subgroups of torsion-free groups are torsion-free. Thus, by torsion-freeness of
B2n and Proposition 5, we have the following corollary.
Corollary 1. Cn is torsion free, i.e. each of its nontrivial elements has infinite order.
A group G is residually finite if for every nontrivial x ∈ G, there is a homomorphism f
from G to a finite group such that f (x) is nontrivial. All finite groups are residually finite,
but this is not the case for infinite groups in general. Kassel and Turaev [7] proved that Bn ,
as an extension of Pn by Sn , is residually finite by applying the theorem below.
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Theorem 1 (Malcev, [9]). Let A and B be residually finite groups and A be finitely generated. Then, the semidirect product A oϕ B is residually finite. A subgroup of a residually
finite group is residually finite.
The additive group Z is another known example of a residually finite group. It is not
hard to show that the group Zn is likewise residually finite for all n ∈ N. Then, Cn is a
semidirect product of residually finite groups. Since Zn is finitely generated, by Theorem
1, we obtain the following proposition.
Proposition 6. Cn and all its subgroups are residually finite.
A group is Hopfian if all its surjective endomorphisms are injective. Equivalently, G is
Hopfian if G is not isomorphic to a proper factor group of itself.
Theorem 2 (Lyndon and Schupp, [8]). A finitely generated, residually finite group is Hopfian.
Applying the above theorem and the residual finiteness of Cn , we immediately obtain
the following proposition.
Proposition 7. Cn and all its finitely generated subgroups are Hopfian.
The center of Bn is the infinite cyclic group generated by the square of the Garside
half-twist ∆n = (σ1 σ2 · · · σn−1 )(σ1 σ2 · · · σn−2 ) · · · (σ1 σ2 )σ1 . Commutativity of C1 implies
that its center is itself. For n ≥ 2, the center of Cn is isomorphic to the direct product of
an infinite cyclic group by the center of Bn .
Proposition 8. For n ≥ 2, the center of Cn is the set of all elements of the form Υns ϑtn
with s, t ∈ Z, where Υn = τ1 τ2 · · · τn and ϑn = φ0 (∆2n ).
Consider the injective homomorphism ζ defined in Proposition 5. This was motivated
by the cabling operation for the usual braid groups. In particular, the map ζk replaces each
strip by k neatly-spaced strings for which a half twist of a strip corresponds to the Garside
half-twist of its corresponding k strings.
Proposition 9. For k ≥ 2, there is a monomorphism ζk : Cn → Bkn which sends τi 7→
∆ki−k+1, ki for i = 1, 2, . . . , n and
σj 7→

k
Y
s=1

Ws(k)

k−1
Y

(k)

Wk−s

for j = 1, 2, . . . , n − 1,

s=1

where ∆p,q refers to the Garside half-twist from the pth string to the q th string, and
Ws(k) =

s−1
Y

σ(kj−s+1)+(2t) .

t=0

Finally, we identify the commutator subgroup of Cn and its abelianization. The commutator subgroup [G, G] of a group G is the unique normal subgroup giving the largest
abelian quotient which is known as the abelianization of G. Since C1 is abelian, [C1 , C1 ] is
trivial. For n ≥ 2, [Cn , Cn ] is the kernel of the epimorphism Cn → Z × Z defined by sending
τi 7→ (1, 0) and σj 7→ (0, 1) for all i, j. An equivalent description of [Cn , Cn ] was deduced
by applying the theorem below.
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Theorem 3 (Goncalves and Guaschi, [3]). Let G and H be groups and ϕ be an action of G
on H. Denote by Ĥ the subgroup of H generated by the elements of the form h−1 ·ϕ(g −1 )(h),
where g ∈ G, h ∈ H, and let L be the subgroup of H generated by [H, H] and Ĥ. Then ϕ
induces an action of [G, G] on L, and the commutator subgroup of H oϕ G is L oϕ [G, G].
Proposition 10. For any n ≥ 2, the commutator subgroup [Cn , Cn ] of Cn is the semidirect
product [Tn , Kn ] oς ∗ [Kn , Kn ], where ς ∗ is the action of Kn on Tn induced by the action ς
of Bn on Zn . The abelianization of Cn is isomorphic to Z2 .

4

Closure of Braided Ribbons

b is the quotient space
Let β be a braided ribbon on n-strips. The closure of β, denoted by β,
Im β/ ∼ξ , where ∼ξ is an equivalence relation on the image of β defined as follows:
• (x, y, t) ∈ Im β is solitary in its equivalence class when 0  t  1;
• otherwise, (0, y, 0) ∼ξ (0, y, 1) for all (0, y, 0), (0, y, 1) ∈ Im β.
We call the closure of a braided ribbon as closed braided ribbon which is a compact surface,
possibly of several components. For a braided ribbon diagram, its closure is obtained by
connecting the upper boundaries of its strips to its corresponding lower boundaries using
non-weaving and untwisted strips as shown in Figure 4.

Figure 4: Closure of a braided ribbon diagram

d of the image of β
The closure βb of a braided ribbon β is connected if the closure φ(β)
under φ is a knot. In other words, a closed braided ribbon is connected if it has exactly one
component. Otherwise, it is disconnected. By Proposition 4, it is clear that connectedness
of a closed braided ribbon βb depends on the image of β under the map ψ. That is, the
components of βb are determined by the cycle decomposition of ψ(β) and its fixed points.
Necessary and sufficient conditions for the connectedness of a closed braided ribbon are as
follows.
Proposition 11. If β is a braided ribbon on n-strips and ζ is the map in Proposition 5,
then the following are equivalent.
(a) The closure βb is connected.
(b) The image of β under the map ψ is a cycle of length n.
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d is a link with one or two components.
(c) The closed braid ζ(β)
A component of a closed braided ribbon βb is orientable if its boundary is a link with
two components. On the other hand, a component of βb is non-orientable if its boundary is
a knot. The closure βb is orientable if all of its components are orientable. Otherwise, the
closure βb is non-orientable.

Figure 5: (a) and (b) are orientable and (c) non-orientable.

Necessary and sufficient conditions for the orientability of closed braided ribbons are
stated in the following proposition which was motivated by the orientability of the basic
examples of closed braided ribbons shown in Figure 5.
Proposition 12. If β is a braided ribbon on n-strips and ζ is the map in Proposition 5,
then the following are equivalent.
(a) The closed braided ribbon βb is orientable.
(b) Every component of βb has an even number of (positive or negative) half twists.
d equals twice the number of compo(c) The number of components of the closed braid ζ(β)
b
nents of β.
A Seifert surface associated to a knot or link is an orientable compact surface without
self-intersection whose boundary coincides with that knot or link. It is known that such
surfaces exist, however they are not unique. See for instance [2]. By the nature of the
closure operation, closed braided ribbons are compact surfaces without self-intersection.
Moreover, Proposition 12 asserts that any closed braided ribbon is associated with a knot
or link obtained from its boundary. Hence, such an operation for braided ribbons is a tool
for constructing Seifert surfaces.
Proposition 13. If β is a braided ribbon on n-strips and ζ is the map in Proposition 5,
then the closed braided ribbon βb is orientable if and only if βb is a Siefert surface of the closed
d
braid ζ(β).
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