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Abstract

In this research, the adjoint of the Laplace operator on a compact Riemann surface
with conical singularities is considered. The functions from the domain of the adjoint
operator shall be described in terms of asymptotic expansions near the conical points
of the Riemann surface. In particular, it shall be shown that for a function from this
domain, the coefficients of the powers of the chosen local parameter of the asymptotics
can be written in terms of the solutions of the Bessel equation. Using the asymptotics,
we will define several self-adjoint extensions of the Laplacian.
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1 Introduction

In the recent years, the Laplacian on a compact Riemann surface with singularities is studied
more often compared to the ones on smooth Riemann surfaces. Among the reasons is that
in the former case, the Laplacian is not essentially self-adjoint. In this case, in order to
study the Laplacian, one has to consider its self-adjoint extensions, which can be obtained
in several ways, for example, via quadratic forms (see, e.g., [5] or [15], Theorem X.23). In
several research studies such as in [6], [7], [8], and [13], the self-adjoint extensions were
defined in terms of the asymptotic behavior of the functions from the domain of the adjoint
of the given Laplacian.

In the literature, Mooers [14] proved a closely related problem using a different approach.
In her work, Mooers considered the Laplacian acting on k-forms on a conic manifold N.
Under some rescaling, the Laplacian can be written as

A=—-0%+7r2A(r),

where A(r) is a family of second-order elliptic operators on C*°(A*(N)@® A*~1(N)) depend-
ing smoothly on r, where A¥(N) is the space of k-forms on N. The Laplacian is not, in
general, an essentially self-adjoint operator, and so one can define two distinct domains of
the Laplacian, namely, the minimal domain, D,,;,, and the maximal domain, D,,,,,. Mooers
showed that if u belongs to D4z, then u has the form

w(z) = ui(2) + ua(2),

where uy € Djq, is formally harmonic at the singular set, and us € D,y On one hand,
in order to get the function u, she used an expansion for A(r) at r = 0 to solve

(=0 +r72A(r))a(r,z) = 0 (1.1)
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asymptotically in 7 at the singular set. On the other hand, a sequence of functions {a,}
was constructed such that they converge in the L?-norm to a function uy € D,,;,, and that
u — ug solves (1.1) asymptotically in r at the singular set.

In [13], Loya, McDonald, and Park followed closely the works of Briining and Seeley, e.g.
[3], Cheeger [4], and also that of Mooers, and considered the case of n-dimensional manifolds.
In their work, they described two natural self-adjoint extensions of the Laplacian via the
asymptotics of the functions from the maximal domain of the Laplacian. We refer the
readers to [13], Section 2 for the details.

The present study is motivated by the works of Hillairet, Kalvin, and Kokotov. In [6]
and [8], the authors considered compact Riemann surfaces with conical singularities, where
each singularity has conical angle a multiple of 2. In contrast, we consider a compact
Riemann surface with conical singularities having conical angles not necessarily equal to a
multiple of 2. We will look at the asymptotic expansions of the functions from the domain
of the adjoint Laplacian. It will be shown that the coefficients of the asymptotics can be
related to the solutions of the Bessel equation. The results presented here can also be found
in [12] with more details.

The proof of the main result of this paper was outlined in the appendix of [9]. Here,
we discuss the details, adapting the methods used in [10] (see also the references therein).
Briefly, we start by discussing the solutions of the Helmholtz equation through the solutions
of the Bessel equation and obtain some a priori estimates. Then using the solutions of the
Bessel equation and the estimates, we shall find the asymptotic expansions of the functions
from the domain of the adjoint of the Laplacian and from the domain of the closure of the
Laplacian.

The paper is organized as follows. In Section 2, we shall recall some concepts that will
serve as important tools in obtaining our main result. We shall recall the definition of Mellin
transformation and some of its properties, which will play a big role in our computations.
We also recall the Bessel equation as well as its modified solutions. In Section 3, we shall
present our main result. We start by discussing the solutions of the homogeneous (in Section
3.1) and nonhomogeneous (in Section 3.2) Helmholtz equation and obtain some auxiliary
results. Then, in Section 3.3, we state our main result and then prove it via several steps
with the help of the auxiliary results. Finally, in Section 4, we shall define some self-adjoint
extensions of the Laplace operator on a compact Riemann surface with conical singularities.

2 Preliminaries

In this section, we recall some important concepts that will help prove our results. We begin
by introducing the setting of the paper.

Let X be a compact Riemann surface equipped with a conformal flat metric m with
conical singularities at Py, Py, ..., Py (see Figure 2.1 for the case of one singularity) and
let Xo =X\ {P1,...,Py}. Let A be an unbounded, densely-defined, symmetric operator
in L?(X, m) with domain C§°(Xy) and let A be its closure with domain dom(A) which is
the completion of C§°(Xp) in the graph norm

Jusdom(A)]| = (| "

w; LA (X )|+ A L2(X, m) ) (2.1)

Let A* be the adjoint of A in L?(X, m) with domain C§°(X) and denote by dom(A*)
its domain. For a conmical point P;, j = 1,2,..., M, let 8; = 2m(b; + 1) > 0, for some
bj > —1, be its conical angle and let n; be the integer such that n; < b; +1 < n; + 1. Let
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¢; be the holomorphic local parameter in the vicinity of P; such that the metric m takes
the form

m(¢;, G;) = G2 1d¢;? (2.2)

in the vicinity of P;. In this local parameter, the adjoint A* can be written as
A* = —4|Cj|*2bf8<j8@.

Definition 2.1 (see [7], Definition 1). A local parameter is called distinguished if, in the
vicinity of a conical point Pj, the metric has the form (2.2).

In polar coordinates (r,8), where r = ‘g]'? and 6 = arg({;), one has
J
m = dr® + (b; + 1)*r?d6? (2.3)

and
1

2 1 2
. ((r@r) + b + 1)269) )

In (2.3), the symbols dr? and df? denote the second-order differentials of r and 6, respec-
tively. In some references, higher-order differentials are denoted using parentheses. For
instance, for the second-order differentials of r and 6, they are denoted as (dr)? and (df)?,
respectively, which can easily be mistaken as squares of the differentials dr and df, respec-
tively.

The asymptotic expansion of a function is a local phenomenon, and, so, it suffices to
consider one conical point. Therefore, unless stated otherwise, we shall remove the subscripts
j appearing in the preceding paragraphs and work under the following assumptions:

A* =

Assumption 2.2. Let P be a conical point of the compact Riemann surface with conical
angle

B=2r(b+1), (2.4)

for some real number b > —1. Let n be the integer such that
n <b+1l<n+l1,

and denote by ( the distinguished local parameter near P.

Figure 2.1: A compact Riemann surface of genus 2 with one conical singularity
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The part of the Riemann surface X near any conical point is isometric to a neighborhood
of the tip of a Euclidean cone (see, e.g., [5]). So for the given conical point P, let X be the
standard cone with vertex at O = {(P). In polar coordinates, X has the representation

K={(r.0):r>0,0 €Ss:=[0,5]}. (2.5)

The notation S}i is analogous to the notation for the 2-dimensional sphere. While S! (or
S') denotes the unit circle in R?, the Sj in (2.5) is the circle at the base of the cone with
one complete revolution equal to the conical angle 3.

We introduce the function spaces that we will be using in the present work.

Definition 2.3. Let [ > 0 be an integer and « be a multi-index.

1. We define the space H'(X) as the set of all functions u € L?(X) such that all the
generalized derivatives D%u, where |a| < I, are elements of L?(X). The space H'(X),
also known as the Sobolev space of order [, is a Hilbert space with norm

1/2
@0l = ([ 3 Ipzuta)as) (26)
|| <1
In particular, when [ = 0, we let H°(X) := L*(X).

2. Let  be any real number. We define the space H(X) as the closure of the space
C§° (X \ {0}) with respect to the norm

Jus ) = (5 [ 2071 Do) o - 27)

la| <1

The space ny (X) is called the weighted Sobolev space of order | with weight .

Remark 2.4. 1. The norm (2.7) is equivalent to the norm
I—j 1/2
lus HL (30)|| = (ZZ / / 20471 (v, ) 0 9>|2drda> . (28
7=0 k=0

where v =~v — 1+ 1.

Proof: We prove this for the case H , i.e., for [ = 2. The case of [ > 2 can be done
similarly, while the cases of [ =0 and I =1 are trivial. So let u € H!(X). Note that
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in polar coordinates, dx = rdr df and D, = (rd,,0). Then

lus HL (32 = Y~ [ 207D DRu(a)? de
laj<t 7%
:/ r2(7_l)|u\2rdrd9+/ 20D (|rd,ul? + |Bpul?) rdr do
X X
+ / 2072 (10,)2ul? + 1, dgul® + 0Ful?) rdr df
X
:/ r2(7’l)+1|u\2drd0+/ 7,2(wfl)+3(|raru|2+|89u|2) dr do
NS N
+ / r200%5 (((r0,)2ul? + 10, Dpul® + [9Ful*) dr b
X

= / r2O= D=1y 2dr do +/ P2 =42)-1 (|r0rul? + |Opul?) dr db
% %

+/ r2O071(|(r0,)2ul® + |rd, Dpul® + [95ul?) dr db.
NS

Setting v = v — [ 4+ 1, the last expression becomes

||u;H§(:J<)||2:/ r2(”+0)’1|u|2drd9+/ r2CED=L (110, ul? + |9gul?) dr do
NS XK

+ / PR (1(r0,) ul? + [rd, gul® + 0ul?) dr dO
NS

B8 co ) l—j _
= / / Zr%’ﬂ)*l Z |(r0,.)? 0 u|*dr db.
0 JO o k=0

2. If w € HL(X), then ru € HY(X). In fact, an equivalent definition of H!(X) is the
space of all functions u on X such that 77u belongs to H'(X). We refer the readers
o [11], Section 5.2 for the details.

Next, we introduce Mellin transformation and state some of its basic properties.

Definition 2.5. For a given function v € C§°(R™), its Mellin transformation is given by
U(A) = Mroaw)(A) = / = () dr. (2.9)
0

The following properties are helpful in the computations below.
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Lemma 2.6 (See [11], Lemma 6.1.3).

1. The Mellin transformation is a linear and continuous mapping from C§°(R™) into the
space of analytic functions on C.

2. Every function u € C§°(R™") satisfies
Moa(rdp)u = AM, s u.
Furthermore, for all u,v € C§°(RY), the Parseval equality

1 R

/00 r27_1u(r)@dr =5 u(A)v(A) dA, (2.10)
0 ReA=—~

is valid.
3. The inverse Mellin transformation is given by

_ —1 a r _L r)\a
u(r) = (M;L,a)(r) /R L

T 2mi

4. Ifri=2y € L2(RY) fori = 1,2, where v; < 72 are arbitrary real numbers, then U is
holomorphic in the strip —y; < Re(\) < —1.

Finally, we recall the modified Bessel equation and its solutions.

Definition 2.7. The differential equation
y*0"(y) +yO'(y) — (v* +v*)O(y) = 0, (2.11)

where v is a complex parameter, is called the modified Bessel Equation. Its solutions are
linear combinations of the modified Bessel functions of the first kind I,,(y) and of the second
kind K, (y), where

oo 2m+v
Ly) =) m (2.12)

m=0

and
T

K,(y) =

- m {I_,,(iy) — L,(iy)]. (2.13)

The Bessel functions of the second kind K, has the asymptotics (see, e.g., [1, eq. (9.7.2)
on p. 378))

™

1 N-1
K0 = (57) " ent-2) [Z Cum(22) " + o<z|—N>] , (2.14)

m=0

as |z| = +oo.

3 Asymptotics on dom(A*)

In this section, we shall present our main result. To do this, we first study the solutions
of the Helmholtz equation. In Section 3.1, we shall find the solutions of the homogeneous
Helmholtz equation via the modified Bessel equation. Then in Section 3.2, we shall consider
a nonhomogeneous Helmholtz equation and derive some estimates. The results that we will
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obtain are essential in the proof of our main proposition, which will be discussed in Section
3.3.
Let L be the self-adjoint Laplace operator

L=—(b+1)"0; on L*(Sh), (3.1)

where S}g is as in (2.5), and consider Assumption 2.2. It is easy to show that its eigenvalues

wy are of the form pj, = k%/(b + 1) with corresponding eigenfunctions ¢, = e™*? k =

0,+1,+2,....
For A € C, we introduce the operator pencil
AN) =L+ (iN)? =L — )2, (3.2)

which is defined on the Sobolev space H?(X). One easily finds that the spectrum of the
pencil consists of \y = k/(b+1), k=0,%+1,+2,....

3.1 Solutions to the homogeneous equation (A* — p?)u =0

Consider the homogeneous Helmholtz equation

(A*=p)u=0 in X, (3.3)
where p is a complex parameter. Let € > 0 be sufficiently small and let

B.:={x € R*: |z| < ¢} (3.4)

be an open ball in R? of radius e. We aim to find the explicit solutions to (3.3).

Case 1. For k > 0,let A\_j, = —/i_x = —k/(b+1). We shall find a solution u in L?(X\ B,)
of the problem (3.3) such that
u~ Ry,

as r — 0. To do this, set
u(r,0, p) = - ¢ (rp)p—k(6), (3.5)

where ( is some function to be determined. Simple computation shows that

((ron)? + b+ 1)7208) (- 4(8)) = 0.

Thus,

0=~ (A% = ) u(r,0,p) = (10,)% + (b+ 1) 20 + (rp)? ) (A -*C (o) 1(0))
= o4 (8) D2 1C(rp) + (2Aok + DA (rp)C (rp) + 14 (rp) ¢ (1)
=AZ Ak (rp) o (0) + (rp)*rAF o (0)C(rp)

= o k(O (r0)2C(rp) + 2Nk + 1)(rp)C (rp) + (rp) ¢ (1) )
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which implies
(rp)*¢(rp) + (2A—k + 1)(rp)C"(rp) + (rp)*¢"(rp) = 0. (3.6)
Put y = rp and ((y) = y”&(y), where v = —A_ = k/(b+ 1). It follows from (3.6) that

v (y) + y€' (y) + (¥* — *)E(y) = 0. (3.7)

Another change of varlable O(y) = &(—iy), turns (3.7) to the modified Bessel’s equation
(2.11). Thus, taking ©(y) = K, (y), one obtains

C(rp) = c(rp)” Ky (irp),
where c is a constant satisfying the condition ¢(0) = 1. In particular,

ey e e oy m(iz)?
c v = lli%(zz) KV(ZZ)_%L{%iQSin(WI/)

10 (i2) = Li2)|

. m(iz)¥ o iz/2)2m—v oo iz/2)2m+v
:hm<>[z(/> _ 3tz

2=0 2sin(mv) | = m!l(m —v +1) — m!T'(m+v+1)

,].(.21/71
sin(rmv)I(1 —v)’

and, therefore, ¢ = 7~ !sin(7v)I'(1 — v)i¥2!7". Now, recalling the asymptotics (2.14) for
K, and since exp(—z) decreases rapidly as |z| — 400, it follows that the solution

u(r,0, p) = c(rp)'r+ K, (irp)p_4(0)
belongs to L?(X \ Bc). Thus, for k = 1,2,..., the functions

1—-v

I'(v)

—k(r,0,p) = (irp) T+ K, (irp) ok (0), (3-8)

where v = k/(b+ 1) solve (3.3).
Case 2. Next, let A\, =k/(b+ 1), k > 0. We now find a solution u of (3.3) such that
U~ TAk(Pka
as r — 0. As in the first case, we set
u(r, 0, p) = ¢ (rp)px(0),

where ((rp) is a function to be determined and such that {(0) =1 (cf. (3.5) above). With
some modifications in the computations above, one gets

u(r, 0, p) = 2°T(1 + v)(irp) "L (irp)r™* ¢1.(9),

where v = k/(b+ 1). Hence, for k =1,2,..., the functions

wi(r, 0, p) = 2T (1 + v)(irp) "L, (irp)r** oi(0)

s ir 2m
=T(1+v)ree(0) > n’ﬂf(‘(ni/f)v—i-l)
m=0 "
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also solve (3.3).

Case 3. Finally, we shall find a solution u of (3.3) such that u ~ Inr as r — 0. This solution
corresponds to the eigenvalue A\g = 0 of the operator pencil (3.2). Since the eigenvalue \g
has algebraic multiplicity 2, one finds two linearly independent solutions, namely,

wo1(r, 0, p) = c1plo(irp) and  woea(r, 0, p) = copKo(irp), (3.10)

where c,g depend only on the conical angle 3. These solutions can be achieved by setting
u(r, 8, p) = ((rp) and doing similar computations as in the first case.
In summary, the solutions of the problem (3.3) are of the form

2171/
m(iTp)"Ku(iTP) o (6), ifk <0
Wk(r,a,p) = ! . _ . A . (311)
2T (1 + v)(irp) Y L, (irp) r**pr(0), if k>0
CQBKo(iTp) + Clgfo(irp)a if k=0.

3.2 Some a priori estimates

Let us now consider the nonhomogeneous Helmholtz equation
A*u=f in X, (3.12)

where f € L?(X). Unlike the problem (3.3) in Section 3.1, we are not interested in the
explicit solutions of problem (3.12). Our goal is to find some estimates that are satisfied by
the solutions of problem (3.12).

Writing in polar coordinates, equation (3.12) is equivalent to the problem

—((ron)? + (b+1)7207) u(r,0) = r*f(r,0) =: F(r,0). (3.13)

If one applies the Mellin transformation (2.9) to (3.13), then (3.13) turns to an ordinary
differential equation with parameter problem

(L — N)a(x,0) = F(), 0), (3.14)

where L is the self-adjoint Laplacian (3.1) and u,F e LQ(Sé) (compare the operator in
(3.14) with the operator pencil (3.2)). If one finds the solutions of (3.14) for every A € C,
then using the inverse Mellin transformation on these solutions gives solutions that solve
(3.13).

First, consider the Green function (the integral kernel of the inverse operator)

T \lo—
O(la — y|) = Te

of the operator A2 — (d/dz)? on R (see [17, Eq. (5.30) on p.220]). Then the Green function
of (3.14) is given by
> (10— 7+ Bn).

nEZ

The sum of this series gives the needed expression for the Green function of (3.14), which
we denote by I' and is given by

F(e )\) T e—)\\G—‘r\ +6)\|9—T\e—,8 _ T e—k|0—7’| + €A|0—T|e—ﬁ
YT =P TR AT A ()

(3.15)
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It can easily be seen that T" has a double pole at A = 0, and simple poles at A\, = k/(b+ 1),
k=+1,+2,.... It follows that

B ~
u(d,\) = / L0, 7; \)F (1, \) dr.
0
‘We now show that
(-, A); L2 (SHI? < ea| A7 F; LA(SH)1%, (3.16)

with Re(A) # k/(b+1) and for some constant ¢; > 0. Indeed, by Cauchy-Schwarz inequality,
the L*(Sj)-norm of (-, \) satisfies

N 8 8
[, ) L3 SY)|? < || F; L3(Sh) 2 / / T8, 73 \)[2 dr do.
0 0

/ / L0, \)|* drdf < ey|A|~*

holds true for Re(A) # k/(b+ 1). So, estimate (3.16) follows and the constant ¢; is inde-
pendent of A.

Furthermore, the estimate

Meanwhile,
0 70 —7) [ —e M7l AO=Tl=B
Zr ) =
ot TN =g ( 1—e A ’
and, therefore, the estimate
109T(-, A); L2(Sh)II* < ealA| 7% F; L2(Sh) || (3.17)

holds for Re(\) # k/(b+ 1), where ¢ > 0 is independent of A. Also, using (3.14), one can
write R
ofu=—(b+1)*\2u— (b+1)*F,
and, hence, by the triangle inequality,
185a(-, X); L (Sp)| < (0+ 1)2[AP([al, A); L2(Sp)| + (b + 1)* | F; L*(Sp)]-

Thus, it follows from (3.16) that

1853(-, A); L2 (Sp)I1* < esl|F5 L2(Sp)II?, (3.18)
for some positive constant cs. Combining estimates (3.16)-(3.18) yields to the inequality

2
D NP0 IaC, A); LA (SE)I” < CIIF; L2 (Sh)IIP, (3.19)
3=0

for Re(A) # k/(b+1), k =0,£1,£2,... and C > 0 is independent of A\. In particular, if

b is not an integer (or, equivalently, the conical angle £ is not a multiple of 27), inequality
(3.19) remains valid when |)| is replaced by 1, and, therefore, the estimate

D NEYIOTTIAC, N); LS < CI|F; L2(8h) | (3.20)
7=0
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still holds.

Now, let 0 < § < 1/2 be sufficiently small and consider the tip of the cone K5 =
{(r,0) : 0 < r < 26,0 € [0,8]}. Note that all the estimates above remain valid (one may
extend the functions to the whole of K by zero). Using Parseval’s identity (2.10) with
Re(A) = —v # k/(b+ 1), the left-hand side of (3.20) converts to

B 25

/ / v |6u(r 0) + Opulr.0) + Ir, dpur. )
o Jo (3.21)

1r 0 2u(r, 0)[2 + 20ryu(r, 0) + |u(r, 0) 2] dr do,

while the right-hand side of (3.20) satisfies

B 26 B 26
c/ / 212 f(r, 02 drr df < c/ / P 02 drds,  (3.22)
o Jo o Jo
since r < 1. Finally, expressions (3.21) and (3.22) imply the following estimate:
s 2 (50) | < Coll 3 HO4y (5 (3.23)

where Cy > 0.
At this point, note that if b is not an integer, then the ~ in (3.23) can be any integer.
Now, if f € H;, m € N, then it follows from (3.14) that

MU = —(b+1)2X2050 — (b+ 1)20F.

Inductively, with some slight modifications in the computations above, one gets the following
proposition:

Proposition 1. Let m > 0 be an integer. If f belongs to H™ {(X), where y—m # k/(b+1)

y+1
for k = 0,£1,42,..., then there exists a unique solution u € Hg'ff(f]{) of the problem
(3.12). Furthermore, the solution u satisfies the estimate
l[u; HI'H2 (30| < Collf5 H 1 (K] (3.24)

3.3 Main Result
The following proposition is the main result of the present work.

Proposition 2. Let X be a compact Riemann surface equipped with a conformal flat met-
ric m with conical singularities at Py, Py, ..., Pyr. Let A be an unbounded, densely-defined,
symmetric operator in L*(X, m) with domain C§°(Xo) and let A* be its adjoint. For each
J=1,2,...,M, let ¢; denote the distinguished local parameter near P;. Then in the neigh-
borhood of a conical point P;, a function u € dom(A*) has the asymptotics

n; 1 n; 1
w=L;log|¢|+ > H;ym(u)ﬁ + ) Aj,m(u)é—_? + ¢j(u)
m=1 J m=1 J

" o (3.25)
) B+ D ajm (W) + v,
m=1 m=1

where v € dom (A) and has the asymptotics v = o(|¢;|™) as (; — 0.
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Remark 3.1. By definition, the case when n; = 0 implies that all the summations appearing
in (3.25) are equal to 0.

As mentioned in Section 2, the asymptotics (3.25) is in local regime. Therefore, from
here onwards, we let P, 3, b, n, and ( satisfy Assumption 2.2.

Using a standard result from Operator Theory (see, e.g., [15, Section X.1]), the domain
of A* can be decomposed into

dom(A*) = ker(A* + i) & ker(A* — i) & dom(A).
Thus, if u € dom(A*), one can find u; € ker(A* + i), us € ker(A* — ), and uz € dom(A)
such that
U= Uy + U + u3. (3.26)

So, to find the complete asymptotics of u € dom(A*), it suffices to find the asymptotics of
the functions from ker(A* — ¢) (the asymptotics of the functions from ker(A* + ¢) is done

similarly), and the asymptotics of the functions from dom(A).
Let us have the following lemma that we need in proving Proposition 2. A more detailed
proof (cf. [9], Lemma A.2) is provided below.

Lemma 3.2. Let v € ker(A* — ). For some € > 0, one has
/ (r V202 + 12| Vof?) do < oo.
{zeX:|z[<e}

Proof: Tt is enough to show that v belongs to H3(X) near O. Note that since v € ker(A* —1),
it also belongs to L?(X) and C*°(X \ {0}).
Let 0 < x <1 be a smooth cut-off function satisfying

::{ 0, 0<r<$§ (3.27)

1, r>24,

where 0 < ¢ < 1/2 is sufficiently small, and consider v; = yv. Since v € ker(A* — i), it
follows that

Avy = A" (xv) = xA"v +2Vx - Vo + (Ax)v = x(iv) + f =ivy + f, (3.28)

where f € C°(K\{0}). Let k,¢ € C5°(KX\{0O}) be such that ¢x =k, suppr C {z:1/2 <
|z| < 2}, and supp¢ C {x : 1/4 < |z| < 4}. Using the standard elliptic estimates (see, e.g.,
[2, Supplement 2, Theorem 2.1}), one has

lwvr; H*(K)|| < ¢ ([lAvy; L) + v LK) (3.29)

for some constant ¢ > 0.
Choose a partition of unity {«;} and functions ¢; € C5° (K \ {O}) such that x;¢; = k;,

supp r; C {w: 2771 < |o| < 27F1}, (3.30)

supp ¢; C {z: 2972 < || < 2972}

and '
|D%k;| + | DYp;| < Cp2771l.
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The existence of C,, is explained in more details in Appendix 1 of [16]. Then for each j,
using (3.29), the norm (2.6) of H?(X), and (3.28), one obtains

B [e's)
> / / |(ROR)* 110} k5 (R, 0)v1 (R, 0) PR dR do
0 0

lor]<2

<Cl(/f /OOO¢j(R79)Av1(R,9)|2Rde0+/Oﬂ /ooo |¢j(R70)vl(R76‘)\2Rde0)

<Cz(/OB/OOO¢j(R79)v1(R79)|2Rde9—&—/OB/OOO|¢j(R,9)f(R,0)|2Rde9),

(3.31)
for some positive constants C; and Cs. Since supp k; satisfies (3.30), under the change of
variable R = 2777, the left-hand side of (3.31) becomes

B 22t . | |
Z/ / [(27%79,)27 119,k (r, O)vr (r, )2 2777 d(277) dB
laf<2 70 2%t
B 22j+1 ‘ |
= Z / / . 2*4J(2*|0z\)|(7‘67n)2*|oe\8|9a\Kj(r7 9)1)1(7‘, 9)|2 2=201 dr db) (3.32)
laj<2”0 /270
B 2201 -
> Z / / ) 2—101—2|a|7~2\a||(rar)2—\a|aloa\ﬁj(r’ 0)v: (r, 9)‘27“de9.
laj<2”0 271

Note that v; € L?(X) and f € C§°(X \ {O}). Multiplying by 2'%+2lel and summing over
j=0,-1,-2,... imply that the last expression in (3.31) is finite, while the last expression
in (3.32) becomes ||xv1; H3(X)||?. Since x is arbitrary, we conclude that v € H2(X). |

Proof of Proposition 2: Our proof of consists of three steps.

Step 1. Asymptotics for functions from dom(A)
First, we show that if u € dom(A), then u satisfies the asymptotics u = o(|¢|™), as
¢ —= 0. Let u € C§°(X\ {0}) and let x be a cut-off function as in (3.27). Let € > 0 be

sufficiently small. From (3.23), one finds that

lIxus HA(K)|| < e1 [ Axw); H(K)| < ez |A(xu); L (X)

)

for some positive constants ¢; and co. Noting that A(xu) = (Ax)u + 2Vy - Vu + x(Au),
one has

s H2(3)| < 2 ((Ax)us L] +2 [V - s L) + [x(dw); L) ).
The definition of y implies that
| s < o 2@
Also, Mean Value Theorem for Tntegrals gives

25
/ [(Ax)ul*dr < §max |Ax|* |u; LQ(]RJF)H2 .
5
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Finally, using the standard elliptic estimate, one finds that

2
)

26
/ IVx - Vul?dr < C | Au; L*(RY)|
5

for some constant C' > 0. It follows that

[ews WO < € (|| s LAY + |

u; L2 (X))

),

for some constant C' > 0. Since y is arbitrary, the estimate
s H2(XK)| < C (|| Au; LK) || + [lus L2 (K)]]) (3.33)

for some constant C' > 0, holds true.

If u belongs to dom(A), then there is a sequence {u, } C C5°(K\ {O}) such that u, — u
in the graph norm (2.1). Hence, the a priori estimate (3.33) also holds true for this case
and that u also belongs to H?(X) near the tip of X.

Now, using the standard Sobolev lemma, one has

swp  Ju(@)? < C / P2 240D 9oy () P,
1/2<[0]<1 </ 1/25I0l<1

with a positive constant C independent of u € H2(X). Thus, for sufficiently small § > 0,

Z / 7‘2(672H°‘|)\8§‘u(x)|2dx
§/2<z| <6

la|<2

_ g2e-D) / r2(e=2+laD) | 9oy (822 dx
1/2<al<1

la|<2

> 07D sup u(z))?
6/2<|z|<6

and, therefore, a function u € dom(A) satisfies the asymptotics
u=0(r'"°) (3.34)

near O. Moreover, the estimate (3.34) can be improved to u = O(r) in the case of conical
angles not equal to an integer multiple of 2.

Step 2. Elements in dom(A*) Next, we show that if u belongs to dom(A*), then w is of

the form (3.25) in the vicinity of the corresponding conical point.
In the proof Lemma 3.2, one finds that the solution v; to the problem

(A—iw=f in X, (3.35)

with f € C§°(X \ {O}), belongs to the weighted Sobolev space H2(X). In fact, one may
find other solutions to (3.35) in other weighted Sobolev spaces. Moreover, if v; € HZ (X)
and vy € HZ, (X), where 71 < 72, are two solutions of (3.35), then one can write

xv1=xY_ Wi+ xv2,
p
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for some functions W}, which depend on the eigenvalues A, of the pencil (3.2) inside the
strip —v2 < Re(A\) < —v1. Indeed, let vy, ve € L?(K\ B,), where B, is given by (3.4). Then,
the function v; — v, solves the homogeneous problem (3.3), with p? = i. Therefore,

V1 — V2 = Z we, (336)

keZ

where the functions wy’s are given by (3.11) and the index set Z is the set {k € Z : —y2 <
Re(A\g) < —71 }. Particularly, let € > 0 be such that n/(b+1) < 1—e€ < (n+1)/(b+1) (recall
that n is the integer such that 2mn < 8 = 27x(b+ 1) < 2w(n + 1)). Then, if v; € H% (K)
and vy € H2 (X), with 71 = —y2 = € — 1, by (3.36),

-1
v = Z dkK,k/(bH)(reS”i/‘l)rk/(bH)gok(H) + co Ko (re™/4)

k=—n

n
+ Golo(re®™) + Z di i/ (v41) (3R (0D o (0) 4 g,
k=1

n+1

and vo satisfies the asymptotics v = O(r#+1 ). Finally, in the distinguished local parameter
¢ near the vertex O, one has

PR/ 0 (0) = et + &l 7k,

for some constants ¢, and ¢y.

Step 3. Conclusion At this point, the function v, takes the form (3.25), with a remainder

R satisfying the asymptotics R = O(rrb%l) = O(|¢|™*!). This remainder is smooth outside a
n+1
neighborhood of the vertex and the derivative R’ satisfies the asymptotics R’ = O(rﬁl*l).

It remains to prove that R belongs to dom(A). For this, put ¢» = 1 — x, where x is as in
(3.27). For sufficiently small ¢ > 0, one has

A(p(z/€)R(x)) = AW (x/€')) R(x) + 2Vip(a /) - VR(x) + ¢ (z/) A(R(x)).
Now, since 1 is smooth and supp(Av) C [4, 26],

25¢€’

l(Aula/eNR@s PR < [ A/ ar

de’

ronzntzio 1
S c (6 ) bt (6/)4
n+1

for some constant M7 > 0, since T > L Similarly,

20¢€’
IV(a/e) - VR@: RO <c [ [Ful/e)r 5 ar

e’

2§M27
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for some constant M, > 0. Moreover, using the definition of the L?(X)-norm and by
Cauchy-Schwarz inequality, one gets

2

)

[0 (/) ARG); L2(X)|* = /X [(x/¢)AR(x)*dx < c[|AR(x); L*(X))]

for some positive constant c¢. Hence, A(v)(z/¢')R(z)) is uniformly bounded in L?(X) as
€ — 0, say by M. Set ¢ := ¢(-/€'). Finally, for any test function w € dom(A*),

(R, A%w)| = lim [ R, Aw)]|
e’ —=0

= lim [(A(¢e R),w)]

e/’—0

< sup 1AW R); L2X\{ P} [|w; dom(A")]

< M |[w; dom(A®)]],

and, therefore, R € dom((A*)*) = dom(A).
The proof of Proposition 2 is now complete. ]

4 Self-adjoint extensions of the Laplacian

We end this article by defining some self-adjoint extensions of the Laplace operator A on
L?(X, m) with domain C§°(X \ {P,..., Py}). In order to do this, we only need to assign
suitable conditions on the coefficients of the asymptotics in (3.25).

Let Q be the symplectic form on the factor space dom(A*)/dom(A):

Q([u], [o]) == (A", 0) = (u, A™D), (4.1)

where (u,v) = [, uvdS is the usual Hermitian product.
It can be shown that:

Proposition 3. One has

Ion, +1 0

M
Q ([U;], ['U]) _ ZXk(u) ( 0 7]'2774@4‘1 > Xk(,u)t (42)
k=1

where Xy = (L, Hi1,y ooy Hie gy Ak s o5 Ak Co i1 -+ By, Q15 -5 ey, )-

In the preceding proposition, the entries of X correspond to the coefficients of the
asymptotics (3.25), each multiplied by some normalizing factors. For the proof, we refer the
readers to [12], Section 4.2.

Remark 4.1. It is known that the Lagrangian subspaces, with respect to the form Q(u, v),
of the factor space dom(A*)/dom(A) are in one-to-one correspondence with the self-adjoint
extensions of A (see [5, Theorem 3.1]; see also [13, Section 2]). More precisely, the self-adjoint
extensions can be defined by specifying conditions on the coefficients in the asymptotic
expansion (3.25) of a given function u € dom(A*). For instance, a regular extension is
defined on the class of functions u € dom(A*) satisfying £x(u) = 0 (see [7, Definition
5.2]). The Friedrichs extension A is defined on functions u € dom(A*) such that Ly(u) =
Hi(u) = Ag(u) = 0 (see, e.g., [7, Lemma 3.1]). Other self-adjoint extensions that have
been defined are the so-called holomorphic extension, which has the condition that L (u) =
Ag(u) = ar(u) = 0 (see, e.g., [8, Section 2.1]) and the singular extension, with condition
Li(u) = hi(u) = ax(u) = 0 (see [12, Section 3.1]).
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