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Abstract

In this research, the adjoint of the Laplace operator on a compact Riemann surface
with conical singularities is considered. The functions from the domain of the adjoint
operator shall be described in terms of asymptotic expansions near the conical points
of the Riemann surface. In particular, it shall be shown that for a function from this
domain, the coefficients of the powers of the chosen local parameter of the asymptotics
can be written in terms of the solutions of the Bessel equation. Using the asymptotics,
we will define several self-adjoint extensions of the Laplacian.
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1 Introduction

In the recent years, the Laplacian on a compact Riemann surface with singularities is studied
more often compared to the ones on smooth Riemann surfaces. Among the reasons is that
in the former case, the Laplacian is not essentially self-adjoint. In this case, in order to
study the Laplacian, one has to consider its self-adjoint extensions, which can be obtained
in several ways, for example, via quadratic forms (see, e.g., [5] or [15], Theorem X.23). In
several research studies such as in [6], [7], [8], and [13], the self-adjoint extensions were
defined in terms of the asymptotic behavior of the functions from the domain of the adjoint
of the given Laplacian.

In the literature, Mooers [14] proved a closely related problem using a different approach.
In her work, Mooers considered the Laplacian acting on k-forms on a conic manifold N .
Under some rescaling, the Laplacian can be written as

∆ = −∂2
r + r−2A(r),

where A(r) is a family of second-order elliptic operators on C∞(Λk(N)⊕Λk−1(N)) depend-
ing smoothly on r, where Λk(N) is the space of k-forms on N . The Laplacian is not, in
general, an essentially self-adjoint operator, and so one can define two distinct domains of
the Laplacian, namely, the minimal domain, Dmin, and the maximal domain, Dmax. Mooers
showed that if u belongs to Dmax, then u has the form

u(z) = u1(z) + u2(z),

where u1 ∈ Dmax is formally harmonic at the singular set, and u2 ∈ Dmin. On one hand,
in order to get the function u1, she used an expansion for A(r) at r = 0 to solve

(−∂2
r + r−2A(r))ũ(r, x) = 0 (1.1)
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asymptotically in r at the singular set. On the other hand, a sequence of functions {ũn}
was constructed such that they converge in the L2-norm to a function u2 ∈ Dmin, and that
u− u2 solves (1.1) asymptotically in r at the singular set.

In [13], Loya, McDonald, and Park followed closely the works of Brüning and Seeley, e.g.
[3], Cheeger [4], and also that of Mooers, and considered the case of n-dimensional manifolds.
In their work, they described two natural self-adjoint extensions of the Laplacian via the
asymptotics of the functions from the maximal domain of the Laplacian. We refer the
readers to [13], Section 2 for the details.

The present study is motivated by the works of Hillairet, Kalvin, and Kokotov. In [6]
and [8], the authors considered compact Riemann surfaces with conical singularities, where
each singularity has conical angle a multiple of 2π. In contrast, we consider a compact
Riemann surface with conical singularities having conical angles not necessarily equal to a
multiple of 2π. We will look at the asymptotic expansions of the functions from the domain
of the adjoint Laplacian. It will be shown that the coefficients of the asymptotics can be
related to the solutions of the Bessel equation. The results presented here can also be found
in [12] with more details.

The proof of the main result of this paper was outlined in the appendix of [9]. Here,
we discuss the details, adapting the methods used in [10] (see also the references therein).
Briefly, we start by discussing the solutions of the Helmholtz equation through the solutions
of the Bessel equation and obtain some a priori estimates. Then using the solutions of the
Bessel equation and the estimates, we shall find the asymptotic expansions of the functions
from the domain of the adjoint of the Laplacian and from the domain of the closure of the
Laplacian.

The paper is organized as follows. In Section 2, we shall recall some concepts that will
serve as important tools in obtaining our main result. We shall recall the definition of Mellin
transformation and some of its properties, which will play a big role in our computations.
We also recall the Bessel equation as well as its modified solutions. In Section 3, we shall
present our main result. We start by discussing the solutions of the homogeneous (in Section
3.1) and nonhomogeneous (in Section 3.2) Helmholtz equation and obtain some auxiliary
results. Then, in Section 3.3, we state our main result and then prove it via several steps
with the help of the auxiliary results. Finally, in Section 4, we shall define some self-adjoint
extensions of the Laplace operator on a compact Riemann surface with conical singularities.

2 Preliminaries

In this section, we recall some important concepts that will help prove our results. We begin
by introducing the setting of the paper.

Let X be a compact Riemann surface equipped with a conformal flat metric m with
conical singularities at P1, P2, . . . , PM (see Figure 2.1 for the case of one singularity) and
let X0 = X \ {P1, . . . , PM}. Let ∆ be an unbounded, densely-defined, symmetric operator
in L2(X,m) with domain C∞0 (X0) and let ∆ be its closure with domain dom(∆) which is
the completion of C∞0 (X0) in the graph norm

‖u; dom(∆)‖ =
(∥∥u;L2(X,m)

∥∥2
+
∥∥∆u;L2(X,m)

∥∥2
)1/2

. (2.1)

Let ∆∗ be the adjoint of ∆ in L2(X,m) with domain C∞0 (X0) and denote by dom(∆∗)
its domain. For a conical point Pj , j = 1, 2, . . . ,M , let βj = 2π(bj + 1) > 0, for some
bj > −1, be its conical angle and let nj be the integer such that nj < bj + 1 ≤ nj + 1. Let
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ζj be the holomorphic local parameter in the vicinity of Pj such that the metric m takes
the form

m(ζj , ζ̄j) = |ζj |2bj |dζj |2 (2.2)

in the vicinity of Pj . In this local parameter, the adjoint ∆∗ can be written as

∆∗ = −4|ζj |−2bj∂ζj∂ζ̄j .

Definition 2.1 (see [7], Definition 1). A local parameter is called distinguished if, in the
vicinity of a conical point Pj , the metric has the form (2.2).

In polar coordinates (r, θ), where r =
|ζj |bj+1

bj + 1
and θ = arg(ζj), one has

m = dr2 + (bj + 1)2r2dθ2 (2.3)

and

∆∗ = − 1

r2

(
(r∂r)

2 +
1

(bj + 1)2
∂2
θ

)
.

In (2.3), the symbols dr2 and dθ2 denote the second-order differentials of r and θ, respec-
tively. In some references, higher-order differentials are denoted using parentheses. For
instance, for the second-order differentials of r and θ, they are denoted as (dr)2 and (dθ)2,
respectively, which can easily be mistaken as squares of the differentials dr and dθ, respec-
tively.

The asymptotic expansion of a function is a local phenomenon, and, so, it suffices to
consider one conical point. Therefore, unless stated otherwise, we shall remove the subscripts
j appearing in the preceding paragraphs and work under the following assumptions:

Assumption 2.2. Let P be a conical point of the compact Riemann surface with conical
angle

β = 2π(b+ 1), (2.4)

for some real number b > −1. Let n be the integer such that

n < b+ 1 ≤ n+ 1,

and denote by ζ the distinguished local parameter near P .

P

Figure 2.1: A compact Riemann surface of genus 2 with one conical singularity
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The part of the Riemann surface X near any conical point is isometric to a neighborhood
of the tip of a Euclidean cone (see, e.g., [5]). So for the given conical point P , let K be the
standard cone with vertex at O = ζ(P ). In polar coordinates, K has the representation

K = {(r, θ) : r > 0, θ ∈ S1
β := [0, β]}. (2.5)

The notation S1
β is analogous to the notation for the 2-dimensional sphere. While S1 (or

S1) denotes the unit circle in R2, the S1
β in (2.5) is the circle at the base of the cone with

one complete revolution equal to the conical angle β.
We introduce the function spaces that we will be using in the present work.

Definition 2.3. Let l ≥ 0 be an integer and α be a multi-index.

1. We define the space H l(K) as the set of all functions u ∈ L2(K) such that all the
generalized derivatives Dα

xu, where |α| ≤ l, are elements of L2(K). The space H l(K),
also known as the Sobolev space of order l, is a Hilbert space with norm

‖u;H l(K)‖ =

(∫
K

∑
|α|≤l

|Dα
xu(x)|2 dx

)1/2

. (2.6)

In particular, when l = 0, we let H0(K) := L2(K).

2. Let γ be any real number. We define the space H l
γ(K) as the closure of the space

C∞0 (K̄ \ {O}) with respect to the norm

‖u;H l
γ(K)‖ =

( ∑
|α|≤l

∫
K

r2(γ−l+|α|)|Dα
xu(x)|2 dx

)1/2

. (2.7)

The space H l
γ(K) is called the weighted Sobolev space of order l with weight γ.

Remark 2.4. 1. The norm (2.7) is equivalent to the norm

‖u;H l
γ(K)‖ =

( l∑
j=0

l−j∑
k=0

∫ β

0

∫ ∞
0

r2(ν+j)−1|(r∂r)j∂kθ u(r, θ)|2 dr dθ
)1/2

, (2.8)

where ν = γ − l + 1.

Proof : We prove this for the case H2
γ , i.e., for l = 2. The case of l > 2 can be done

similarly, while the cases of l = 0 and l = 1 are trivial. So let u ∈ H l
γ(K). Note that
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in polar coordinates, dx = rdr dθ and Dx = (r∂r, ∂θ). Then

‖u;H l
γ(K)‖2 =

∑
|α|≤l

∫
K

r2(γ−l+|α|)|Dα
xu(x)|2 dx

=

∫
K

r2(γ−l)|u|2rdr dθ +

∫
K

r2(γ−l+1)
(
|r∂ru|2 + |∂θu|2

)
rdr dθ

+

∫
K

r2(γ−l+2)
(
|(r∂r)2u|2 + |r∂r ∂θu|2 + |∂2

θu|2
)
rdr dθ

=

∫
K

r2(γ−l)+1|u|2dr dθ +

∫
K

r2(γ−l)+3
(
|r∂ru|2 + |∂θu|2

)
dr dθ

+

∫
K

r2(γ−l)+5
(
|(r∂r)2u|2 + |r∂r ∂θu|2 + |∂2

θu|2
)
dr dθ

=

∫
K

r2(γ−l+1)−1|u|2dr dθ +

∫
K

r2(γ−l+2)−1
(
|r∂ru|2 + |∂θu|2

)
dr dθ

+

∫
K

r2(γ−l+3)−1
(
|(r∂r)2u|2 + |r∂r ∂θu|2 + |∂2

θu|2
)
dr dθ.

Setting ν = γ − l + 1, the last expression becomes

‖u;H l
γ(K)‖2 =

∫
K

r2(ν+0)−1|u|2dr dθ +

∫
K

r2(ν+1)−1
(
|r∂ru|2 + |∂θu|2

)
dr dθ

+

∫
K

r2(ν+2)−1
(
|(r∂r)2u|2 + |r∂r ∂θu|2 + |∂2

θu|2
)
dr dθ

=

∫ β

0

∫ ∞
0

l∑
j=0

r2(ν+j)−1

l−j∑
k=0

|(r∂r)j∂kθ u|2dr dθ.

2. If u ∈ H l
γ(K), then rγu ∈ H l(K). In fact, an equivalent definition of H l

γ(K) is the

space of all functions u on K such that rγu belongs to H l(K). We refer the readers
to [11], Section 5.2 for the details.

Next, we introduce Mellin transformation and state some of its basic properties.

Definition 2.5. For a given function u ∈ C∞0 (R+), its Mellin transformation is given by

û(λ) = (Mr→λu)(λ) =

∫ ∞
0

r−λ−1u(r)dr. (2.9)

The following properties are helpful in the computations below.
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Lemma 2.6 (See [11], Lemma 6.1.3).

1. The Mellin transformation is a linear and continuous mapping from C∞0 (R+) into the
space of analytic functions on C.

2. Every function u ∈ C∞0 (R+) satisfies

Mr→λ(r∂r)u = λMr→λu.

Furthermore, for all u, v ∈ C∞0 (R+), the Parseval equality∫ ∞
0

r2γ−1u(r)v(r) dr =
1

2πi

∫
Reλ=−γ

û(λ)v̂(λ) dλ, (2.10)

is valid.

3. The inverse Mellin transformation is given by

u(r) = (M−1
λ→rû)(r) =

1

2πi

∫
Reλ=−γ

rλû(λ) dλ.

4. If rγi−1/2u ∈ L2(R+) for i = 1, 2, where γ1 < γ2 are arbitrary real numbers, then û is
holomorphic in the strip −γ2 < Re(λ) < −γ1.

Finally, we recall the modified Bessel equation and its solutions.

Definition 2.7. The differential equation

y2Θ′′(y) + yΘ′(y)− (y2 + ν2)Θ(y) = 0, (2.11)

where ν is a complex parameter, is called the modified Bessel Equation. Its solutions are
linear combinations of the modified Bessel functions of the first kind Iν(y) and of the second
kind Kν(y), where

Iν(y) =

∞∑
m=0

(y/2)2m+ν

m!Γ(m+ ν + 1)
, (2.12)

and
Kν(y) =

π

2 sin(πν)

[
I−ν(iy)− Iν(iy)

]
. (2.13)

The Bessel functions of the second kind Kν has the asymptotics (see, e.g., [1, eq. (9.7.2)
on p. 378])

Kν(z) =
( π

2z

)1/2

exp(−z)

[
N−1∑
m=0

cν,m(2z)−m +O(|z|−N )

]
, (2.14)

as |z| → +∞.

3 Asymptotics on dom(∆∗)

In this section, we shall present our main result. To do this, we first study the solutions
of the Helmholtz equation. In Section 3.1, we shall find the solutions of the homogeneous
Helmholtz equation via the modified Bessel equation. Then in Section 3.2, we shall consider
a nonhomogeneous Helmholtz equation and derive some estimates. The results that we will
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obtain are essential in the proof of our main proposition, which will be discussed in Section
3.3.

Let L be the self-adjoint Laplace operator

L = −(b+ 1)−2∂2
θ on L2(S1

β), (3.1)

where S1
β is as in (2.5), and consider Assumption 2.2. It is easy to show that its eigenvalues

µk are of the form µk = k2/(b + 1)2 with corresponding eigenfunctions ϕk = eikθ, k =
0,±1,±2, . . . .

For λ ∈ C, we introduce the operator pencil

A(λ) = L+ (iλ)2 = L− λ2, (3.2)

which is defined on the Sobolev space H2(K). One easily finds that the spectrum of the
pencil consists of λk = k/(b+ 1), k = 0,±1,±2, . . . .

3.1 Solutions to the homogeneous equation (∆∗ − ρ2)u = 0

Consider the homogeneous Helmholtz equation(
∆∗ − ρ2

)
u = 0 in K, (3.3)

where ρ is a complex parameter. Let ε > 0 be sufficiently small and let

Bε := {x ∈ R2 : |x| < ε} (3.4)

be an open ball in R2 of radius ε. We aim to find the explicit solutions to (3.3).

Case 1. For k > 0, let λ−k = −√µ−k = −k/(b+1). We shall find a solution u in L2(K\Bε)
of the problem (3.3) such that

u ∼ rλ−kϕ−k,

as r → 0. To do this, set
u(r, θ, ρ) = rλ−kζ(rρ)ϕ−k(θ), (3.5)

where ζ is some function to be determined. Simple computation shows that(
(r∂r)

2 + (b+ 1)−2∂2
θ

)
(rλ−kϕ−k(θ)) = 0.

Thus,

0 = −r2
(
∆∗ − ρ2

)
u(r, θ, ρ) =

(
(r∂r)

2 + (b+ 1)−2∂2
θ + (rρ)2

)
(rλ−kζ(rρ)ϕ−k(θ))

= ϕ−k(θ)
[
λ2
−kr

λ−kζ(rρ) + (2λ−k + 1)rλ−k(rρ)ζ ′(rρ) + rλ−k(rρ)2ζ ′′(rρ)
]

−λ2
−kr

λ−kζ(rρ)ϕ−k(θ) + (rρ)2rλ−kϕ−k(θ)ζ(rρ)

= ϕ−k(θ)rλ−k

(
(rρ)2ζ(rρ) + (2λ−k + 1)(rρ)ζ ′(rρ) + (rρ)2ζ ′′(rρ)

)
,
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which implies
(rρ)2ζ(rρ) + (2λ−k + 1)(rρ)ζ ′(rρ) + (rρ)2ζ ′′(rρ) = 0. (3.6)

Put y = rρ and ζ(y) = yνξ(y), where ν = −λ−k = k/(b+ 1). It follows from (3.6) that

y2ξ′′(y) + yξ′(y) + (y2 − ν2)ξ(y) = 0. (3.7)

Another change of variable, Θ(y) = ξ(−iy), turns (3.7) to the modified Bessel’s equation
(2.11). Thus, taking Θ(y) = Kν(y), one obtains

ζ(rρ) = c(rρ)νKν(irρ),

where c is a constant satisfying the condition ζ(0) = 1. In particular,

c−1iν = lim
z→0

(iz)νKν(iz) = lim
z→0

π(iz)ν

2 sin(πν)

[
I−ν(iz)− Iν(iz)

]
= lim

z→0

π(iz)ν

2 sin(πν)

[ ∞∑
m=0

(iz/2)2m−ν

m!Γ(m− ν + 1)
−
∞∑
m=0

(iz/2)2m+ν

m!Γ(m+ ν + 1)

]

=
π2ν−1

sin(πν)Γ(1− ν)
,

and, therefore, c = π−1 sin(πν)Γ(1 − ν)iν21−ν . Now, recalling the asymptotics (2.14) for
Kν and since exp(−z) decreases rapidly as |z| → +∞, it follows that the solution

u(r, θ, ρ) = c(rρ)νrλ−kKν(irρ)ϕ−k(θ)

belongs to L2(K \Bε). Thus, for k = 1, 2, . . . , the functions

w−k(r, θ, ρ) =
21−ν

Γ(ν)
(irρ)νrλ−kKν(irρ)ϕ−k(θ), (3.8)

where ν = k/(b+ 1) solve (3.3).

Case 2. Next, let λk = k/(b+ 1), k > 0. We now find a solution u of (3.3) such that

u ∼ rλkϕk,

as r → 0. As in the first case, we set

u(r, θ, ρ) = rλkζ(rρ)ϕk(θ),

where ζ(rρ) is a function to be determined and such that ζ(0) = 1 (cf. (3.5) above). With
some modifications in the computations above, one gets

u(r, θ, ρ) = 2νΓ(1 + ν)(irρ)−νIν(irρ)rλkϕk(θ),

where ν = k/(b+ 1). Hence, for k = 1, 2, . . . , the functions

wk(r, θ, ρ) = 2νΓ(1 + ν)(irρ)−νIν(irρ)rλkϕk(θ)

= Γ(1 + ν)rλkϕk(θ)

∞∑
m=0

(irρ/2)2m

m!Γ(m+ ν + 1)

(3.9)
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also solve (3.3).

Case 3. Finally, we shall find a solution u of (3.3) such that u ∼ ln r as r → 0. This solution
corresponds to the eigenvalue λ0 = 0 of the operator pencil (3.2). Since the eigenvalue λ0

has algebraic multiplicity 2, one finds two linearly independent solutions, namely,

w01(r, θ, ρ) = c1βI0(irρ) and w02(r, θ, ρ) = c2βK0(irρ), (3.10)

where c?β depend only on the conical angle β. These solutions can be achieved by setting
u(r, θ, ρ) = ζ(rρ) and doing similar computations as in the first case.

In summary, the solutions of the problem (3.3) are of the form

wk(r, θ, ρ) =


21−ν

Γ(ν)
(irρ)νKν(irρ) rλkϕk(θ), if k < 0

2νΓ(1 + ν)(irρ)−νIν(irρ) rλkϕk(θ), if k > 0
c2βK0(irρ) + c1βI0(irρ), if k = 0.

(3.11)

3.2 Some a priori estimates

Let us now consider the nonhomogeneous Helmholtz equation

∆∗u = f in K, (3.12)

where f ∈ L2(K). Unlike the problem (3.3) in Section 3.1, we are not interested in the
explicit solutions of problem (3.12). Our goal is to find some estimates that are satisfied by
the solutions of problem (3.12).

Writing in polar coordinates, equation (3.12) is equivalent to the problem

−
(
(r∂r)

2 + (b+ 1)−2∂2
θ

)
u(r, θ) = r2f(r, θ) =: F (r, θ). (3.13)

If one applies the Mellin transformation (2.9) to (3.13), then (3.13) turns to an ordinary
differential equation with parameter problem

(L− λ2)û(λ, θ) = F̂ (λ, θ), (3.14)

where L is the self-adjoint Laplacian (3.1) and û, F̂ ∈ L2(S1
β) (compare the operator in

(3.14) with the operator pencil (3.2)). If one finds the solutions of (3.14) for every λ ∈ C,
then using the inverse Mellin transformation on these solutions gives solutions that solve
(3.13).

First, consider the Green function (the integral kernel of the inverse operator)

Φ(|x− y|) =
π

λ
e−λ|x−y|

of the operator λ2 − (d/dx)2 on R (see [17, Eq. (5.30) on p.220]). Then the Green function
of (3.14) is given by ∑

n∈Z
Φ(|θ − τ + βn|).

The sum of this series gives the needed expression for the Green function of (3.14), which
we denote by Γ and is given by

Γ(θ, τ ;λ) =
π

λ

(
e−λ|θ−τ | + eλ|θ−τ |e−β

1− e−βλ

)
= − π

λ2

(
e−λ|θ−τ | + eλ|θ−τ |e−β∑∞
n=1(−β)nλn−1(n!)−1

)
. (3.15)
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It can easily be seen that Γ has a double pole at λ = 0, and simple poles at λk = k/(b+ 1),
k = ±1,±2, . . . . It follows that

û(θ, λ) =

∫ β

0

Γ(θ, τ ;λ)F̂ (τ, λ) dτ.

We now show that

‖û(·, λ);L2(S1
β)‖2 ≤ c1|λ|−4‖F̂ ;L2(S1

β)‖2, (3.16)

with Re(λ) 6= k/(b+1) and for some constant c1 > 0. Indeed, by Cauchy-Schwarz inequality,
the L2(S1

β)-norm of û(·, λ) satisfies

‖û(·, λ);L2(S1
β)‖2 ≤ ‖F̂ ;L2(S1

β)‖2
∫ β

0

∫ β

0

|Γ(θ, τ ;λ)|2 dτ dθ.

Furthermore, the estimate ∫ β

0

∫ β

0

|Γ(θ, τ ;λ)|2 dτ dθ ≤ c1|λ|−4

holds true for Re(λ) 6= k/(b + 1). So, estimate (3.16) follows and the constant c1 is inde-
pendent of λ.

Meanwhile,

∂

∂θ
Γ(θ, τ ;λ) =

π(θ − τ)

|θ − τ |

(
−e−λ|θ−τ | + eλ|θ−τ |e−β

1− e−βλ

)
,

and, therefore, the estimate

‖∂θû(·, λ);L2(S1
β)‖2 ≤ c2|λ|−2‖F̂ ;L2(S1

β)‖2 (3.17)

holds for Re(λ) 6= k/(b + 1), where c2 > 0 is independent of λ. Also, using (3.14), one can
write

∂2
θ û = −(b+ 1)2λ2û− (b+ 1)2F̂ ,

and, hence, by the triangle inequality,

‖∂2
θ û(·, λ);L2(S1

β)‖ ≤ (b+ 1)2|λ|2‖û(·, λ);L2(S1
β)‖+ (b+ 1)2‖F̂ ;L2(S1

β)‖.

Thus, it follows from (3.16) that

‖∂2
θ û(·, λ);L2(S1

β)‖2 ≤ c3‖F̂ ;L2(S1
β)‖2, (3.18)

for some positive constant c3. Combining estimates (3.16)-(3.18) yields to the inequality

2∑
j=0

|λ|2j‖∂2−j
θ û(·, λ);L2(S1

β)‖2 ≤ C‖F̂ ;L2(S1
β)‖2, (3.19)

for Re(λ) 6= k/(b + 1), k = 0,±1,±2, . . . and C > 0 is independent of λ. In particular, if
b is not an integer (or, equivalently, the conical angle β is not a multiple of 2π), inequality
(3.19) remains valid when |λ| is replaced by 1, and, therefore, the estimate

2∑
j=0

(1 + |λ|2)j‖∂2−j
θ û(·, λ);L2(S1

β)‖2 ≤ C‖F̂ ;L2(S1
β)‖2 (3.20)
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still holds.
Now, let 0 < δ < 1/2 be sufficiently small and consider the tip of the cone Kδ =

{(r, θ) : 0 < r < 2δ, θ ∈ [0, β]}. Note that all the estimates above remain valid (one may
extend the functions to the whole of K by zero). Using Parseval’s identity (2.10) with
Re(λ) = −γ 6= k/(b+ 1), the left-hand side of (3.20) converts to∫ β

0

∫ 2δ

0

r2γ−1
[
|∂2
θu(r, θ)|2 + |∂θu(r, θ)|2 + |r∂r∂θu(r, θ)|2

+ |(r∂r)2u(r, θ)|2 + 2|r∂ru(r, θ)|2 + |u(r, θ)|2
]
dr dθ,

(3.21)

while the right-hand side of (3.20) satisfies

C

∫ β

0

∫ 2δ

0

r2γ−1|r2f(r, θ)|2 dr dθ ≤ C̃
∫ β

0

∫ 2δ

0

r2γ−1|f(r, θ)|2 dr dθ, (3.22)

since r < 1. Finally, expressions (3.21) and (3.22) imply the following estimate:

‖u;H2
γ+1(K)‖ ≤ C0‖f ;H0

γ+1(K)‖, (3.23)

where C0 > 0.
At this point, note that if b is not an integer, then the γ in (3.23) can be any integer.

Now, if f ∈ Hm
γ+1, m ∈ N, then it follows from (3.14) that

∂2+m
θ û = −(b+ 1)2λ2∂mθ û− (b+ 1)2∂mθ F̂ .

Inductively, with some slight modifications in the computations above, one gets the following
proposition:

Proposition 1. Let m ≥ 0 be an integer. If f belongs to Hm
γ+1(K), where γ−m 6= k/(b+1)

for k = 0,±1,±2, . . . , then there exists a unique solution u ∈ Hm+2
γ+1 (K) of the problem

(3.12). Furthermore, the solution u satisfies the estimate

‖u;Hm+2
γ+1 (K)‖ ≤ C0‖f ;Hm

γ+1(K)‖. (3.24)

3.3 Main Result

The following proposition is the main result of the present work.

Proposition 2. Let X be a compact Riemann surface equipped with a conformal flat met-
ric m with conical singularities at P1, P2, . . . , PM . Let ∆ be an unbounded, densely-defined,
symmetric operator in L2(X,m) with domain C∞0 (X0) and let ∆∗ be its adjoint. For each
j = 1, 2, . . . ,M , let ζj denote the distinguished local parameter near Pj. Then in the neigh-
borhood of a conical point Pj, a function u ∈ dom(∆∗) has the asymptotics

u = Lj log |ζj |+
nj∑
m=1

Hj,m(u)
1

ζmj
+

nj∑
m=1

Aj,m(u)
1

ζ̄mj
+ cj(u)

+

nj∑
m=1

hj,m(u)ζmj +

nj∑
m=1

aj,m(u)ζ̄mj + v,

(3.25)

where v ∈ dom
(
∆
)

and has the asymptotics v = o(|ζj |nj ) as ζj → 0.
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Remark 3.1. By definition, the case when nj = 0 implies that all the summations appearing
in (3.25) are equal to 0.

As mentioned in Section 2, the asymptotics (3.25) is in local regime. Therefore, from
here onwards, we let P , β, b, n, and ζ satisfy Assumption 2.2.

Using a standard result from Operator Theory (see, e.g., [15, Section X.1]), the domain
of ∆∗ can be decomposed into

dom(∆∗) = ker(∆∗ + i)⊕ ker(∆∗ − i)⊕ dom(∆̄).

Thus, if u ∈ dom(∆∗), one can find u1 ∈ ker(∆∗ + i), u2 ∈ ker(∆∗ − i), and u3 ∈ dom(∆̄)
such that

u = u1 + u2 + u3. (3.26)

So, to find the complete asymptotics of u ∈ dom(∆∗), it suffices to find the asymptotics of
the functions from ker(∆∗ − i) (the asymptotics of the functions from ker(∆∗ + i) is done
similarly), and the asymptotics of the functions from dom(∆̄).

Let us have the following lemma that we need in proving Proposition 2. A more detailed
proof (cf. [9], Lemma A.2) is provided below.

Lemma 3.2. Let v ∈ ker(∆∗ − i). For some ε > 0, one has∫
{x∈K:|x|≤ε}

(
r4|∇2v|2 + r2|∇v|2

)
dx <∞.

Proof : It is enough to show that v belongs to H2
2 (K) near O. Note that since v ∈ ker(∆∗−i),

it also belongs to L2(K) and C∞(K \ {O}).
Let 0 ≤ χ ≤ 1 be a smooth cut-off function satisfying

χ :=

{
0, 0 < r < δ
1, r > 2δ,

(3.27)

where 0 < δ < 1/2 is sufficiently small, and consider v1 = χv. Since v ∈ ker(∆∗ − i), it
follows that

∆v1 = ∆∗(χv) = χ∆∗v + 2∇χ · ∇v + (∆χ)v = χ(iv) + f = iv1 + f, (3.28)

where f ∈ C∞0 (K \ {O}). Let κ, φ ∈ C∞0 (K \ {O}) be such that φκ = κ, suppκ ⊂ {x : 1/2 <
|x| < 2}, and suppφ ⊂ {x : 1/4 < |x| < 4}. Using the standard elliptic estimates (see, e.g.,
[2, Supplement 2, Theorem 2.1]), one has

‖κv1;H2(K)‖ ≤ c
(
‖φ∆v1;L2(K)‖+ ‖φv1;L2(K)‖

)
, (3.29)

for some constant c > 0.
Choose a partition of unity {κj} and functions φj ∈ C∞0 (K \ {O}) such that κjφj = κj ,

suppκj ⊂ {x : 2j−1 < |x| < 2j+1}, (3.30)

suppφj ⊂ {x : 2j−2 < |x| < 2j+2},

and
|Dακj |+ |Dαφj | ≤ Cα2−j|α|.
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The existence of Cα is explained in more details in Appendix 1 of [16]. Then for each j,
using (3.29), the norm (2.6) of H2(K), and (3.28), one obtains

∑
|α|≤2

∫ β

0

∫ ∞
0

|(R∂R)2−|α|∂
|α|
θ κj(R, θ)v1(R, θ)|2RdRdθ

≤ C1

(∫ β

0

∫ ∞
0

|φj(R, θ)∆v1(R, θ)|2RdRdθ +

∫ β

0

∫ ∞
0

|φj(R, θ)v1(R, θ)|2RdRdθ
)

≤ C2

(∫ β

0

∫ ∞
0

|φj(R, θ)v1(R, θ)|2RdRdθ +

∫ β

0

∫ ∞
0

|φj(R, θ)f(R, θ)|2RdRdθ
)
,

(3.31)
for some positive constants C1 and C2. Since suppκj satisfies (3.30), under the change of
variable R = 2−jr, the left-hand side of (3.31) becomes

∑
|α|≤2

∫ β

0

∫ 22j+1

22j−1

|(2−2jr∂r)
2−|α|∂

|α|
θ κj(r, θ)v1(r, θ)|2 2−jr d(2−jr) dθ

=
∑
|α|≤2

∫ β

0

∫ 22j+1

22j−1

2−4j(2−|α|)|(r∂r)2−|α|∂
|α|
θ κj(r, θ)v1(r, θ)|2 2−2jr dr dθ

≥
∑
|α|≤2

∫ β

0

∫ 22j+1

22j−1

2−10j−2|α|r2|α||(r∂r)2−|α|∂
|α|
θ κj(r, θ)v1(r, θ)|2 r dr dθ.

(3.32)

Note that v1 ∈ L2(K) and f ∈ C∞0 (K \ {O}). Multiplying by 210j+2|α| and summing over
j = 0,−1,−2, . . . imply that the last expression in (3.31) is finite, while the last expression
in (3.32) becomes ‖χv1;H2

2 (K)‖2. Since χ is arbitrary, we conclude that v ∈ H2
2 (K).

Proof of Proposition 2: Our proof of consists of three steps.

Step 1. Asymptotics for functions from dom(∆̄)
First, we show that if u ∈ dom(∆̄), then u satisfies the asymptotics u = o(|ζ|n), as

ζ → 0. Let u ∈ C∞0 (K \ {O}) and let χ be a cut-off function as in (3.27). Let ε > 0 be
sufficiently small. From (3.23), one finds that

‖χu;H2
ε (K)‖ ≤ c1

∣∣∣∣∆(χu);H0
ε (K)

∣∣∣∣ ≤ c2 ∣∣∣∣∆(χu);L2(K)
∣∣∣∣ ,

for some positive constants c1 and c2. Noting that ∆(χu) = (∆χ)u + 2∇χ · ∇u + χ(∆u),
one has∣∣∣∣χu;H2

ε (K)
∣∣∣∣ ≤ c2( ∣∣∣∣(∆χ)u;L2(K)

∣∣∣∣+ 2
∣∣∣∣∇χ · ∇u;L2(K)

∣∣∣∣+
∣∣∣∣χ(∆u);L2(K)

∣∣∣∣ ).
The definition of χ implies that∫ ∞

0

|χ(∆u)|2dr ≤ ‖∆u;L2(R+)‖2.

Also, Mean Value Theorem for Integrals gives∫ 2δ

δ

|(∆χ)u|2dr ≤ δmax |∆χ|2
∣∣∣∣u;L2(R+)

∣∣∣∣2 .
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Finally, using the standard elliptic estimate, one finds that∫ 2δ

δ

|∇χ · ∇u|2dr ≤ C̃
∣∣∣∣∆u;L2(R+)

∣∣∣∣2 ,
for some constant C̃ > 0. It follows that∣∣∣∣χu;H2

ε (K)
∣∣∣∣ ≤ C (∣∣∣∣∆u;L2(K)

∣∣∣∣+
∣∣∣∣u;L2(K)

∣∣∣∣) ,
for some constant C > 0. Since χ is arbitrary, the estimate∣∣∣∣u;H2

ε (K)
∣∣∣∣ ≤ C (∣∣∣∣∆u;L2(K)

∣∣∣∣+
∣∣∣∣u;L2(K)

∣∣∣∣) , (3.33)

for some constant C > 0, holds true.
If u belongs to dom(∆̄), then there is a sequence {un} ⊂ C∞0 (K\{O}) such that un → u

in the graph norm (2.1). Hence, the a priori estimate (3.33) also holds true for this case
and that u also belongs to H2

ε (K) near the tip of K.
Now, using the standard Sobolev lemma, one has

sup
1/2≤|x|≤1

|u(x)|2 ≤ C
∑
|α|≤2

∫
1/2≤|x|≤1

r2(ε−2+|α|)|∂αx u(x)|2dx,

with a positive constant C independent of u ∈ H2
ε (K). Thus, for sufficiently small δ > 0,∑

|α|≤2

∫
δ/2≤|x|≤δ

r2(ε−2+|α|)|∂αx u(x)|2dx

= δ2(ε−1)
∑
|α|≤2

∫
1/2≤|x|≤1

r2(ε−2+|α|)|∂αx u(δx)|2dx

≥ C−1δ2(ε−1) sup
δ/2≤|x|≤δ

|u(x)|2

and, therefore, a function u ∈ dom(∆̄) satisfies the asymptotics

u = O(r1−ε) (3.34)

near O. Moreover, the estimate (3.34) can be improved to u = O(r) in the case of conical
angles not equal to an integer multiple of 2π.

Step 2. Elements in dom(∆∗) Next, we show that if u belongs to dom(∆∗), then u is of

the form (3.25) in the vicinity of the corresponding conical point.
In the proof Lemma 3.2, one finds that the solution v1 to the problem

(∆− i)w = f in K, (3.35)

with f ∈ C∞0 (K \ {O}), belongs to the weighted Sobolev space H2
2 (K). In fact, one may

find other solutions to (3.35) in other weighted Sobolev spaces. Moreover, if v1 ∈ H2
γ1(K)

and v2 ∈ H2
γ2(K), where γ1 < γ2, are two solutions of (3.35), then one can write

χv1 = χ
∑
k

Wk + χv2,
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for some functions Wk which depend on the eigenvalues λk of the pencil (3.2) inside the
strip −γ2 < Re(λ) < −γ1. Indeed, let v1, v2 ∈ L2(K\Bε), where Bε is given by (3.4). Then,
the function v1 − v2 solves the homogeneous problem (3.3), with ρ2 = i. Therefore,

v1 − v2 =
∑
k∈Z

wk, (3.36)

where the functions wk’s are given by (3.11) and the index set Z is the set {k ∈ Z : −γ2 <
Re(λk) < −γ1}. Particularly, let ε > 0 be such that n/(b+1) < 1−ε < (n+1)/(b+1) (recall
that n is the integer such that 2πn < β = 2π(b + 1) ≤ 2π(n + 1)). Then, if v1 ∈ H2

γ1(K)
and v2 ∈ H2

γ2(K), with γ1 = −γ2 = ε− 1, by (3.36),

v1 =

−1∑
k=−n

dkK−k/(b+1)(re
3πi/4)rk/(b+1)ϕk(θ) + c0K0(re3πi/4)

+ c̃0I0(re3πi/4) +

n∑
k=1

dkIk/(b+1)(re
3πi/4)rk/(b+1)ϕk(θ) + χv2,

and v2 satisfies the asymptotics v2 = O(r
n+1
b+1 ). Finally, in the distinguished local parameter

ζ near the vertex O, one has

rk/(b+1)ϕk(θ) = ckζ
k + c̃k ζ̄

−k,

for some constants ck and c̃k.

Step 3. Conclusion At this point, the function v1 takes the form (3.25), with a remainder

R satisfying the asymptotics R = O(r
n+1
b+1 ) = O(|ζ|n+1). This remainder is smooth outside a

neighborhood of the vertex and the derivative R′ satisfies the asymptotics R′ = O(r
n+1
b+1−1).

It remains to prove that R belongs to dom(∆̄). For this, put ψ = 1 − χ, where χ is as in
(3.27). For sufficiently small ε′ > 0, one has

∆(ψ(x/ε′)R(x)) = ∆(ψ(x/ε′))R(x) + 2∇ψ(x/ε′) · ∇R(x) + ψ(x/ε′)∆(R(x)).

Now, since ψ is smooth and supp(∆ψ) ⊂ [δ, 2δ],

∣∣∣∣(∆ψ(x/ε′))R(x);L2(R+)
∣∣∣∣2 ≤ c∫ 2δε′

δε′
|∆ψ(x/ε′)|2r

2n+2
b+1 +1 dr

≤ c′(ε′)
2n+2
b+1 +2 1

(ε′)4
≤M1,

for some constant M1 > 0, since n+1
b+1 > 1. Similarly,

‖∇ψ(x/ε′) · ∇R(x);L2(R+)‖2 ≤ c
∫ 2δε′

δε′
|∇ψ(x/ε′)|2r

2n+2
b+1 dr

≤ c′(ε′)
2n+2
b+1 +1 1

(ε′)2
≤M2,
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for some constant M2 > 0. Moreover, using the definition of the L2(K)-norm and by
Cauchy-Schwarz inequality, one gets∣∣∣∣ψ(x/ε′)∆R(x);L2(X)

∣∣∣∣2 =

∫
X

|ψ(x/ε′)∆R(x)|2dx ≤ c
∣∣∣∣∆R(x);L2(X)

∣∣∣∣2 ,
for some positive constant c. Hence, ∆(ψ(x/ε′)R(x)) is uniformly bounded in L2(X) as
ε′ → 0, say by M . Set ψε′ := ψ(·/ε′). Finally, for any test function w ∈ dom(∆∗),

|〈R,∆∗w〉| = lim
ε′→0
|〈ψε′R,∆∗w〉|

= lim
ε′→0
|〈∆(ψε′R), w〉|

≤ sup
ε0

‖∆(ψε′R);L2(X\{P})‖ ‖w; dom(∆∗)‖

≤M‖w; dom(∆∗)‖,

and, therefore, R ∈ dom((∆∗)∗) = dom(∆).
The proof of Proposition 2 is now complete.

4 Self-adjoint extensions of the Laplacian

We end this article by defining some self-adjoint extensions of the Laplace operator ∆ on
L2(X,m) with domain C∞0 (X \ {P1, . . . , PM}). In order to do this, we only need to assign
suitable conditions on the coefficients of the asymptotics in (3.25).

Let Ω be the symplectic form on the factor space dom(∆∗)/ dom(∆):

Ω ([u], [v]) := 〈∆∗u, v〉 − 〈u,∆∗v〉 , (4.1)

where 〈u, v〉 =
∫
X
uv dS is the usual Hermitian product.

It can be shown that:

Proposition 3. One has

Ω ([u], [v]) =

M∑
k=1

Xk(u)

(
0 −I2nk+1

I2nk+1 0

)
Xk(v)t (4.2)

where Xk = (Lk, Hk,1, . . . ,Hk,nk
, Ak,1, . . . , Ak,nk

, ck, hk,1, . . . , hk,nk
, ak,1, . . . , ak,nk

).

In the preceding proposition, the entries of Xk correspond to the coefficients of the
asymptotics (3.25), each multiplied by some normalizing factors. For the proof, we refer the
readers to [12], Section 4.2.

Remark 4.1. It is known that the Lagrangian subspaces, with respect to the form Ω(u, v̄),
of the factor space dom(∆∗)/dom(∆̄) are in one-to-one correspondence with the self-adjoint
extensions of ∆̄ (see [5, Theorem 3.1]; see also [13, Section 2]). More precisely, the self-adjoint
extensions can be defined by specifying conditions on the coefficients in the asymptotic
expansion (3.25) of a given function u ∈ dom(∆∗). For instance, a regular extension is
defined on the class of functions u ∈ dom(∆∗) satisfying Lk(u) = 0 (see [7, Definition
5.2]). The Friedrichs extension ∆F is defined on functions u ∈ dom(∆∗) such that Lk(u) =
Hk(u) = Ak(u) = 0 (see, e.g., [7, Lemma 3.1]). Other self-adjoint extensions that have
been defined are the so-called holomorphic extension, which has the condition that Lk(u) =
Ak(u) = ak(u) = 0 (see, e.g., [8, Section 2.1]) and the singular extension, with condition
Lk(u) = hk(u) = ak(u) = 0 (see [12, Section 3.1]).
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