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Abstract

Set J =

[
0 In
−In 0

]
. Let A ∈ C2n×2n and define AJ = J−1ATJ . The matrix A is

skew-Hamiltonian if AJ = A; The matrix A is Hamiltonian if AJ = −A; The matrix
A is symplectic if AJ = A−1; and the matrix A is symplectically diagonalizable if
there exists a symplectic P such that PAP−1 is diagonal. We show that every (skew)-
Hamiltonian matrix A is a sum of two diagonalizable (skew)-Hamiltonian matrices. We
show that every even-sized matrix is a sum of four symplectically diagonalizable matri-
ces. We show that every even-sized matrix is a product of symplectically diagonalizable
matrices. We also show that every even-sized matrix with zero trace is a sum of matrices
of the form XY − Y X, where both X and Y are symplectically diagonalizable matri-
ces and that every even-sized matrix with unit determinant is a product of matrices of
the form XYX−1Y −1, where both X and Y are symplectically diagonalizable matrices.
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1 Introduction

A matrix A ∈ Cn×n is respectively Hermitian, skew-Hermitian, and unitary, if respectively
A∗ = A, A∗ = −A and A∗ = A−1. These structured matrices are important examples
of normal matrices: AA∗ = A∗A. It is well-known that every matrix A ∈ Cn×n may be
written uniquely as a sum of a Hermitian and a skew-Hermitian matrix. The preceding
decomposition of A is also known as the Toeplitz decomposition [3, Theorem 4.1.2] and is
given by

A =
1

2
(A+A∗) +

1

2
(A−A∗). (1)

Since every normal matrix is unitarily diagonalizable [3, Theorem 2.5.3], then every matrix
A is a sum of two unitarily diagonalizable matrices.

Another decomposition of matrices that involves normal matrices is the well-known Sin-
gular Value Decomposition (SVD) [3, Theorem 7.3.2]. The SVD of a matrix A is

A = UΣV, (2)

where U and V are unitary matrices and Σ is a diagonal matrix having nonnegative diagonal
entries, which are also called the singular values of A. Observe that (2) implies that every
matrix is a product of three unitarily diagonalizable matrices.
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A matrix A ∈ C2n×2n is respectively skew-Hamiltonian, Hamiltonian, and symplectic, if

respectively AJ = A, AJ = −A and AJ = A−1, where J :=

[
0 In
−In 0

]
and AJ := J−1ATJ .

These structured matrices are important examples of symplectic-normal matrices, where
we say that a matrix A is symplectic-normal if AAJ = AJA. Analogous to the Toeplitz
decomposition, we may write A uniquely as a sum of a skew-Hamiltonian and a Hamiltonian
matrix as follows

A =
1

2
(A+AJ) +

1

2
(A−AJ). (3)

Not all symplectic-normal matrix is (symplectically) diagonalizable (one may take A⊕AT ,
for any nondiagonalizable matrix A as an example), and so we cannot deduce directly from
(3) that every even-sized matrix is a sum of symplectically diagonalizable matrices. In this
work we prove the following theorem.

Theorem 1. Every even-sized matrix is a sum of four symplectically diagonalizable matri-
ces.

The proof follows from the following theorem and (3).

Theorem 2. Every (skew)-Hamiltonian matrix is a sum of two symplectically diagonalizable
(skew)-Hamiltonian matrices.

To discuss the products of symplectically diagonalizable matrices, we also prove the
following theorem.

Theorem 3. Every unitary matrix is a product of two symplectically diagonalizable matri-
ces.

The preceding theorem and (2) then imply the following.

Theorem 4. Every even-sized matrix is a product of five symplectically diagonalizable ma-
trices.

As a related result, we consider the sums of additive Commutators of Symplectically
Diagonalizable (CSD) matrices and the products of multiplicative CSD matrices. A matrix
A is an additive commutator of matrices if we can write A = XY − Y X for some matrices
X and Y . A nonsingular matrix A is a multiplicative commutator of matrices if we can
write A = XYX−1Y −1 for some nonsingular matrices X and Y . It is known that a matrix
is an additive commutator if and only if it has zero trace [6] while a nonsingular matrix is
a multiplicative commutator if and only if it has unit determinant [4, Theorem 4.5.5], see
also [7].

We give some preliminary results in Section 2. We give the proofs of Theorem 2 and
Theorem 3 in Section 3. We consider the commutators of CSD matrices in Section 4.

2 Preliminaries

Let A =

[
A1 A2

A3 A4

]
, where each Ai ∈ Cn×n for i = 1, 2, 3, 4. We have that

AJ =

[
AT4 −AT2
−AT3 AT1

]
(4)

and so we have the following ways to check whether a block matrix is skew-Hamiltonian,
Hamiltonian or symplectic.



On Sums, Products and Commutators of Symplectically .... 35

� A is skew-Hamiltonian if and only if A1 = AT4 and both A2 and A3 are skew-symmetric.

� A is Hamiltonian if and only if A1 = −AT4 and both A2 and A3 are symmetric.

� A is symplectic if and only if A1A
T
4 − A2A

T
3 = I and both A1A

T
3 and A2A

T
4 are

symmetric.

In particular, if M = A⊕B, where A,B ∈ Cn×n, then M is respectively, skew-Hamiltonian,
Hamiltonian, and symplectic if and only if we respectively have B = AT , B = −AT , and
B = (A−1)T . It is also easy to check that M is symplectic-normal if and only if ABT = BTA.

The function (·)J : C2n×2n → C2n×2n is linear, involutory (that is, (AJ)J = A for every
A ∈ C2n×2n) and antihomomorphic, (that is, (AB)J = BJAJ for every A,B ∈ C2n×2n).
For any matrix A ∈ C2n×2n, we also have that (AT )J = (AJ)T , (A∗)J = (AJ)∗, and if A
is nonsingular, (A−1)J = (AJ)−1. The preceding properties of (·)J imply that the sets of
Hamiltonian and skew-Hamiltonian matrices are subspaces of C2n×2n, and that the set of
symplectic matrices is a group under multiplication.

Theorem 5 ([5, Corollary 22]). Let A,B ∈ C2n×2n be both Hamiltonian or be both skew-
Hamiltonian. Then A and B are similar if and only if they are symplectically similar.

The preceding theorem is used extensively in this work, and in [2] to prove the following
theorem.

Theorem 6 ([2, Theorem 13]). Let A ∈ C2n×2n be symplectic-normal. Then A is diago-
nalizable if and only if A is symplectically diagonalizable.

Thus, we only need to check that a matrix is symplectic-normal and diagonalizable to
determine if it is symplectically diagonalizable.

Let A =

[
A1 A2

A3 A4

]
∈ C2m×2m and B =

[
B1 B2

B3 B4

]
∈ C2n×2n be such that Ai ∈ Cm×m

and Bi ∈ Cn×n for each i. The expanding sum of A and B is defined to be

A�B =

[
A1 ⊕B1 A2 ⊕B2

A3 ⊕B3 A4 ⊕B4

]
∈ C2(m+n)×2(m+n).

If C ∈ C2m×2m and D ∈ C2n×2n are partitioned conformal to A and B respectively, then
(A� B)(C �D) = AC � BD. We also have that A� B is respectively skew-Hamiltonian,
Hamiltonian, or symplectic if and only if both A and B are respectively skew-Hamiltonian,
Hamiltonian, or symplectic. Finally, A ⊕ B is similar to A � B, and so A and B are
diagonalizable if and only if A�B is diagonalizable.

For any λ ∈ C, we denote by Jk(λ) the k-by-k Jordan block with eigenvalue λ, and we
denote by El,k the n-by-n matrix whose only nonzero entry is 1 which is in its (l, k)-entry.

Theorem 7 ([1, Lemma 5]). Every skew-Hamiltonian matrix is symplectically similar to
an expanding sum of matrices of the form

Fk(λ) := Jk(λ)⊕ Jk(λ)T . (5)

Every Hamiltonian matrix is symplectically similar to an expanding sum of matrices of the
form

Gk(λ) := Jk(λ)⊕−Jk(λ)T (λ ∈ C) and Hk :=

[
Jl(0) El,l

0 −Jl(0)T

]
. (6)

We also deal with matrices which are both symplectic-normal and normal. To this end,
we have the following theorem.

Theorem 8 ([2, Theorem 31]). If A is symplectic-normal and normal, then there exists a
matrix U which is both symplectic and unitary such that UAU−1 is diagonal.
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3 Sums and Products of Symplectically Diagonalizable
Matrices

For k ∈ N and λ ∈ C, we define

� Lk :=



1 1 0 . . . 0
0 2 1 0 . . .

. . .
. . . 0
. . . 1

0 k

⊕


1 1 0 . . . 0
0 2 1 0 . . .

. . .
. . . 0
. . . 1

0 k



T

, and

� Mk(λ) := diag(λ− 1, λ− 2, . . . , λ− k, λ− 1, λ− 2, . . . , λ− k)

Observe that both Lk and Mk are skew-Hamiltonian. The first direct summand of Lk
has k distinct eigenvalues, and so is diagonalizable. By Theorem 6, we have that Lk is
symplectically diagonalizable. One can similarly show that the Hamiltonian matrices

� Nk :=



1 1 0 . . . 0
0 2 1 0 . . .

. . .
. . . 0
. . . 1

0 k

⊕

−



1 1 0 . . . 0
0 2 1 0 . . .

. . .
. . . 0
. . . 1

0 k



T


� Pk(λ) := diag(λ− 1, λ− 2, . . . , λ− k, 1− λ, 2− λ, . . . , k − λ), and

� Qk := Pk(0) + Ek,2k

are all symplectically diagonalizable.

Proof of Theorem 2: Let A be skew-Hamiltonian. By Theorem 7, there exists a symplectic
P such that

PAP−1 = Fk1(λ1) � · · ·� Fkj (λj). (7)

Define
A1 := Lk1 � · · ·� Lkj and A2 := Mk1(λ1) � · · ·�Mkj (λj). (8)

Since each Lki and Mki(λi) is diagonalizable, so are A1 and A2. The preceding statement
is still true if the word ‘diagonalizable’ is replaced by ‘skew-Hamiltonian’. By Theorem
6, A1 and A2 are symplectically diagonalizable. The desired decomposition of A is then
A = P−1A1P + P−1A2P .

Let A be Hamiltonian. By Theorem 7, there exists a symplectic matrix P such that

PAP−1 = (Gk1(λ1) � · · ·�Gkj (λj)) � (Hl1 � · · ·�Hlm). (9)

Define
A1 := (Nk1 � · · ·�Nkj ) � (Nl1 � · · ·�Nlm) and (10)

A2 := (Pk1(λ1) � · · ·� Pkj (λj)) � (Ql1 � · · ·�Qlm). (11)

Since each Nki , Nli , Pki(λi), and Qli is diagonalizable, so are A1 and A2. The preceding
statement is still true if the word ’diagonalizable’ is replaced by ’Hamiltonian’. By Theorem
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6, A1 and A2 are symplectically diagonalizable. The desired decomposition of A is then
A = P−1A1P + P−1A2P .

We now prove Theorem 3. Note that for A ∈ C2n×2n, we have (AAJ)J = (AJ)JAJ =
AAJ , that is, AAJ is skew-Hamiltonian.

Proof of Theorem 3: Let A ∈ C2n×2n be a unitary matrix. We show that A has a symplectic
polar decomposition in which the factors are unitary, that is, we write A = BC where B is
both unitary and symplectic, and C is both unitary and skew-Hamiltonian. Observe that

AJ(AJ)∗ = J−1ATJJ−1AJ = I,

that is, AJ is unitary, and so is AAJ . Now AAJ is unitary and skew-Hamiltonian, and
so by Theorem 8, there exists a matrix U which is both unitary and symplectic such that
U(AAJ)UJ = D is unitary and diagonal. Now DJ = (UJ)J(AAJ)JUJ = D, that is, D is
also skew-Hamiltonian. Thus, there exists a diagonal D0 = diag(d1, . . . , dn) with diagonal
entries of modulus 1, such that D = D0 ⊕D0. Set

D1 = diag(
√
d1, . . . ,

√
dn,
√
d1, . . . ,

√
dn) (12)

for any square root
√
di of di. Setting B := UJD1U which is both unitary and skew-

Hamiltonian, we get B2 = AAJ . Thus, B, and hence B−1, commute with AAJ . Set
C = B−1A. Observe that C is unitary since both A and B are unitary, and that

CCJ = B−1AAJ(B−1)J = AAJB−1(BJ)−1 = AAJB2 = I. (13)

Thus, C is unitary and symplectic and we have that A = BC is a decomposition of A as a
product of two symplectically diagonalizable matrices.

4 Commutators of Symplectically Diagonalizable Ma-
trices

Let A,B ∈ Cn×n. The additive commutator of A and B, denoted [A,B], is [A,B] =
AB − BA. If A and B are nonsingular, then the multiplicative commutator of A and B,
denoted (A,B), is (A,B) = ABA−1B−1. In this section, we show that every even-sized
matrix A with zero trace is a sum of additive CSD matrices and every even-sized matrix
with unit determinant is a product of multiplicative CSD matrices.

In Section 3, we have shown that every skew-Hamiltonian matrix A ∈ C2n×2n may be
written as

A = A1 +A2 (14)

where both A1 and A2 are symplectically diagonalizable skew-Hamiltonian matrices. If
trA = 0, then α := trA1 = − trA2, and we may write A as

A =
(
A1 −

α

2n
I
)

+
(
A2 +

α

2n
I
)

(15)

a sum of trace-zero matrices. Moreover, one checks that both A1 − α
2nI and A2 + α

2nI are
symplectically diagonalizable matrices. We note that every Hamiltonian matrices have zero
trace since they are similar to their negatives.
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Lemma 9. Every trace-zero (skew)-Hamiltonian matrix is a sum of two matrices, both of
which are trace-zero, symplectically diagonalizable, and (skew)-Hamiltonian matrices.

The following result simplifies our computations. Observe that if A = XY − Y X is an
additive CSD matrix for some symplectically diagonalizable matrices X and Y , and P is a
symplectic matrix, then B = P−1AP = (P−1XP )(P−1Y P ) − (P−1Y P )(P−1XP ) is also
an additive CSD matrix. One can prove an analogous statement for multiplicative CSD
matrices. The next lemma follows from this discussion immediately.

Lemma 10. If A and B are symplectically similar, then

(a) A is a sum of additive CSD matrices if and only if B is a sum of additive CSD
matrices.

(b) A is a product of multiplicative CSD matrices if and only if B is a product of multi-
plicative CSD matrices.

The following can be proved by direct computation.

Lemma 11. If A and B are additive (multiplicative) CSD matrices, then so is A� B. In
particular,

(a) A� 02m is an additive CSD matrix whenever A is.

(b) I2m �A is a multiplicative CSD matrix whenever A is.

Let A ∈ C2n×2n be trace-zero, symplectically diagonalizable, and skew-Hamiltonian. We
show that A is a sum of additive CSD matrices by induction. By Theorem 5 and Lemma 10,
we may assume that

A = diag(a1, . . . , an, a1, . . . , an) (16)

in which an = −a1−· · ·−an−1. If n = 1, then trA = 0 implies that A = 0 and so A = [0, 0]
is an additive CSD matrix. If n = 2, then trA = 0 implies a2 = −a1 and so we can write

A =

[
1

2

([
0 a1
−a1 0

]
⊕
[

0 a1
−a1 0

])
,

[
0 1
1 0

]
⊕
[
0 1
1 0

]]
(17)

where both
1

2

([
0 a1
−a1 0

]
⊕
[

0 a1
−a1 0

])
and

[
0 1
1 0

]
⊕
[
0 1
1 0

]
are symplectically diagonal-

izable matrices, and so A itself is an additive CSD matrix. Assume that every 2(n− 1)-by-
2(n − 1) matrix which is trace-zero, symplectically diagonalizable, and skew-Hamiltonian,
is a sum of CSD matrices. Going back to (16), we can write A as

A =
1

2
(diag(a1,−a1)⊕ 0n−2 ⊕ diag(a1,−a1)⊕ 0n−2) + ([0]⊕D1 ⊕ [0]⊕D1), (18)

whereD1 := diag(a2+a1, a3, . . . , an). By (17) and Lemma 11, the first summand of (18) is an
additive CSD matrix, and by the induction hypothesis and Lemma 11, the second summand
of (18) is a sum of additive CSD matrices. We have thus shown that A is a sum of additive
CSD matrices. The case when A is symplectically diagonalizable and Hamiltonian can be
proved similarly.

Theorem 12. Every (skew)-Hamiltonian matrix with zero trace is a sum of additive CSD
matrices.
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Theorem 13. Every even-sized matrix with zero trace is a sum of additive CSD matrices.

Let A ∈ C2n×2n have unit determinant and be symplectically diagonalizable. We show
that A is a product of multiplicative CSD matrices by induction. By Lemma 10, we may
assume that

A = diag(a1, . . . , an, b1, . . . , bn) (19)

for some a1, . . . , an ∈ C. If n = 1, then A = diag(a1, a
−1
1 ) and we may take

A =

([
0

√
a1√

a1
−1 0

]
,

[
0 1
1 0

])
(20)

and observe that the matrices in the multiplicative commutator are symplectically diag-
onalizable matrices. Hence A is a multiplicative CSD matrix. Assume that that every
2(n−1)-by-2(n−1) matrix which has unit determinant and is symplectically diagonalizable
is a product of multiplicative CSD matrices. We have that A is the matrix([

0
√
a1√

a1
−1 0

]
⊕ I2n−2, [ 0 1

1 0 ]⊕ I2n−2
)(

In ⊕
[

0
√
b1√

b1
−1

0

]
⊕ In−2, In ⊕ [ 0 1

1 0 ]⊕ In−2
)
D,

(21)
where D = diag(1, a2a1, . . . , an, 1, b2b1, . . . , bn). One checks that the matrices in the mul-
tiplicative commutators in (21) are symplectically diagonalizable. Also, by the induction
hypothesis and Lemma 11, D is a product of multiplicative CSD matrices. Theorem 4 and
the preceding give us the following theorem.

Theorem 14. Every even-sized matrix with unit determinant is a product of multiplicative
CSD matrices.
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