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Abstract

In 1999, Ding and Pless [2] presented a cyclotomic approach to the construction of
all binary duadic codes of prime lengths. They have also calculated the number of all
binary duadic codes for a given prime length and the number of those binary duadic
codes that are not quadratic residue codes. In 2000, Xin Li et.al [5] constructed and
enumerated all binary duadic codes of length n = p]"*p3'? - - - p/*” where each p; is a
prime.

In this paper, we use the results in [2] and [5] to give a formula for the number
of ternary duadic codes for a given prime length. We also illustrate the results by
enumerating all ternary duadic codes of lengths p = 13 and p = 61.
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1 Introduction

Duadic codes are an important class of cyclic codes. They include the quadratic residue codes
which are known for their good error-correcting capabilities. Whereas quadratic residue
codes exist only for prime lengths, duadic codes can be defined for composite lengths.

Binary duadic codes were first introduced by Leon, Masley, and Pless in 1984 (see []).
A cyclotomic approach in constructing binary duadic codes of prime lengths was introduced
by Ding and Pless [2]. This was used to count the number of all binary duadic codes for
a given prime length. In 2000, Xin Li et.al [5] extended the results in [2] and enumerated
all binary duadic codes of length n = p*'p5? - - pI"r where each p; is a prime. Then in
2010, Tada, Nishimura and Hiramitsu [6] proved the conjecture of Ding and Pless that there
are infinitely many cyclotomic duadic codes of prime lengths that are not quadratic residue
codes of prime length p.

In this paper, we consider ternary duadic codes of prime lengths. Following the tech-
niques in [2] and [5], we count the number of ternary duadic codes of length p where p is
prime. The paper is organized as follows. We present preliminary results on cyclic codes
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20 GERONIMO MAGCANTA II AND LILIBETH VALDEZ

and duadic codes over finite fields in the subsequent section. In section 3, we show that
every ternary duadic code of prime length is cyclotomic. In the last section, we describe
a construction of ternary duadic codes of prime lengths and calculate the number of such
codes. Some example are presented at the end of this section.

2 Preliminaries

The basic results discussed in this section can be found in [3]. We assume that the reader
is familiar with the theory of cyclic codes (see e.g. [I, [3]).

Let I, denote a field with ¢ elements. An [n, k] linear code C' over I, is a k-dimensional
subspace of Fy. The elements of C' are called codewords. A code C' is cyclic if for every
codeword cgcy - -+ cp—1 € C its cyclic shift ¢,_1cgcy - - ¢—2 is a codeword in C'. Using the
natural bijective correspondence between codewords cycy - -+ ¢,—1 € C' and polynomials ¢ +
1w+ ezt € Fylx], cyclic codes over IF, are seen as ideals in R, = F,[z]/ (2™ — 1).

The ring R,, = IF,[z]/ (™ — 1) is a principal ideal. For a cyclic code C, the unique monic
polynomial which divides ™ — 1 and which generates the ideal C is called the generator
polynomial of C. Furthermore, when ged(n,q) = 1, the ring R, is a semi-simple ring.
It follows then from the Wedderburn Structure Theorems that each cyclic code C' in R,
contains a unique idempotent which generates the code C. We call this the generating
idempotent of C.

We equip 'y with the usual inner product z -y = 2?21 z;y;- The dual of a code C over
F,isCt ={ye Fylz -y =0Vx € C}. It can be shown that if C is a cyclic code, then so
is C+.

A vector x = xzgx1...2pH—1 In Iy is even-like if Z?z_ol x; = 0. A code C is said to be
even-like if all its vectors are even-like. Otherwise, C' is said to be odd-like. Let ¢, denote
the subcode of all even-like vectors in IFy. The code &, is an [n,n — 1] cyclic code with
generating idempotent 1 — j(z) where j(z) = L(1+ x4+ 22 +...a"}).

Let C be a cyclic code with generator polynomial g(z). Then the following are equivalent:

1. C is an even-like code.
2. j(x) ¢ C.

3. (z—1)]| g(x).

Let a be an integer such that ged(a,n) = 1. A multiplier is a permutation u, : i — ai
(mod n) defined on {0,1,...,n — 1}. The multiplier y, is a permutation of the coordinate
positions of a cyclic code in Fy. Equivalently, the multiplier y, acts on R, by pa(f(z)) =
f(@®*) (mod z™ — 1).

Let €7 and Cy be a pair of even-like cyclic codes in [Fy' with associated even-like gener-
ating idempotents e;(z) and es(z), respectively. Then C; and Cs form a pair of even-like
duadic codes if

1. e1(x) + ea(z) =1 —j(x), and
2. there is a multiplier u, such that p,(C1) = Cy and p,(Cs) = Ci.

In this case, we say that p, gives a splitting for the even-like duadic codes C; and Cs.
Associated to the pair C; and Cy is the pair of odd-like duadic codes Dy = (1 — ea(x)) and
DQ = <]. — 61($)>.
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Theorem 1. [3] Let C1 = (e1(x)) and Cy = {(ea(x)) be a pair of even-like duadic codes in
Iy given by the splitting pa. Then:

1. e1(x)ez(z) = 0.

2. (4 QCQZ{O} and C1 +Cy = ¢,.

3. n is odd and C7 and Cy each have dimension ”Tfl

4. D1 and D+ each have dimension %

5. C; is the even-like subcode of D; fori=1,2.
6. p1a(D1) = Do and jiq(D2) = D;.

7. D;N Dy = (j(z)) and Dy + Dy = R,,.

8 D;i=C;+ (j(x)) = (j(@) + ei(x)) fori=1,2.

Let ged(n,q) = 1 and let s be a non-negative integer less than n. The g-cyclotomic coset
of s modulo n is the set Cs = {s, sq, 5¢°, ..., 5¢" "1} where each element is computed modulo
n and r is the smallest positive integer such that s¢" = s (mod n). The element s is usually
taken as the smallest number in the set. Note that the distinct g-cyclotomic cosets modulo
n partition the set {0,1,...,n — 1}.

Fix a primitive nth root of unity « in some extension of IF,. Then 2™ —1 = H;L:_ol x—at.

Let C be a cyclic code with generator g(z). It can be shown that g(z) = [],c,(z — o) for
some set T which is a union of g-cyclotomic cosets. We refer to the set T as the defining
set of C. It should be noted that C' is an even-like code if and only if 0 € T'.

Duadic codes can also be described in terms of their defining sets. Let C7 and C5 be
a pair of even-like cyclic codes in Fj with defining sets 71 = 0 U 51 and Tp = 0 U S,
respectively, where 0 ¢ S; and 0 ¢ S3. Then C; and Cs form a pair of even-like duadic
codes if and only if

1. $5US={1,2,...,n} and S;NSy=0, and

2. there is a multiplier u, such that p,(S1) = Sz and p4(S2) = 5.

In this case, we say that the pair of subsets S; and Sy of {1,2,.....,n — 1} forms a splitting
of n given by piq. Note that |S1| = |S2| = (n —1)/2.
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3 Cyclotomic Duadic Codes

In this section, we generalize the methods in [2] and [5] to show that all ternary duadic
codes of prime length are cyclotomic. Throughout the rest of the paper, we consider the
ternary field IFs.

Fix an odd prime p = 2ef + 1, and let g be a primitive root modulo p. The cyclotomic
classes of order 2e are defined as

Dy = (g%)
D; = ¢'Dy, i=1,2,...,2¢e — 1,

where < g2€> denotes the multiplicative group generated by g2¢.

Note that ‘D0| = |Dz‘ ,i = ].,2, ...726 —-1. If -Dz 7é Dj, then D,L N Dj = .

Let Zse denote the ring {0, 1, ..,2e — 1} with integer addition and integer multiplication
modulo 2e. For our aim of enumerating the ternary duadic codes of prime lengths, we need
to find all pairs (I1, I5), where I; and I are subsets of Zs, such that

1) L] =¢
2) there exists nonzero z € Zy, satisfying
L+tz=Land L +z=1 (1)
where Iy = Zo. \ I1.

Such a pair (I, I5) is called a splitting of Zs. given by z.

Set
S= D S=JDi

i€l i€ls

Then Lemma 1 of [2] states that g*S; = So and g*Ss = Si.
Lemma 2. If D; = D; theni = j.

Proof: Suppose D; = D; for some ¢,j € {0,1,2,...,2e — 1}. Then for each z, =
0,1,2,...., f — 1, g°g>**2 = g/ g™ for some z; € {0,1,2,..., f —1}. Thus p divides i+ 2exs —
(j + 2exq). Letting x = 29 — 21 and h = i — j, we see that 2ef + 1 divides 2ex + h. Note
that |z| < f — 1, and so |2ex| < 2ef — 2e. Also, |h| < 2e — 1. Hence |2ex + h| < 2ef — 1|.
But 2ef + 1 divides 2ex + h, and so 2ex + h = 0. Noting that |h| < 2e < |2ez| if  # 0, we
see that 2ex + h = 0 will only hold if x = 0. Thus h =0 and ¢ = j.

Lemma 3. S is the union of 3-cyclotomic cosets if and only if 35 = S.

Proof:

(=) This is clear.

(<) Suppose that 35S = S. For any a € S, we have 3'a € S for any positive integer i.
Hence a = 3a for some positive integer k. Thus the 3-cyclotomic coset C, is a subset of S
for each a € S. Hence S = J,cgCa-

For the rest of the sections, we let (I1,1I2) be a splitting of Zg. given by z. Let S; =
Uier, D; and Sy = UiGIQDi'

The next results show that the methods in [2] for the binary case also works for the
ternary case.
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Lemma 4. Assume3 = gh (mod p) where1 < h < p—1. Then S; is a union of 3-cyclotomic
cosets for i = 1,2 if and only if

I+h=11 and Is + h = I. (2)

Proof: By the preceding lemma, S; is the union of 3-cyclotomic cosets if and only if
35; = S;. Note that

Si = U Dj, and 351 = ghSi = U Dj.
Jel; Jjeli+h

Clearly, if I; = I; + h then 35; = 5;.
Suppose that 35; = 5;, then

UD]»: U Dy..

jel; kel;,+h

Let a € D; then a € Dy, for some k € I; +h. Thus D; = Dy,. By Lemma for all j € I;,
j =k for some k € I; + h. Hence I; C I; + h. Analogous arguments show that I; + h C I;.

Lemma 5. If 3 € Dy then 3D; = D; and 3S; = S; fori=1,2.
Proof: The proof is straightforward.

Theorem 6. If and are satisfied or and 3 € Dy are satisfied, then (S1,S52) is a
splitting of p given by pg=. (These codes are called cyclotomic duadic codes of order 2e).

Proof: By the previous lemmas, 3 € D, implies 3S5; = S;, which means that S; is a
union of 3-cyclotomic cosets. Invoking Lemma [4] we see that 3 € Dy if and only if equation
holds. Now implies ¢*S1 = S2 and ¢*Sy = S1, while implies S; is a union of
3-cyclotomic cosets by Lemma

Now since I} N Iy = @ then D; # D;. Hence D; N D; = &. Thus

SlﬁSQZ(U Dl)ﬂ(U Dj)ZQ.
i€l jel>

Also,
SlLJSQ:(UDi)U(UDj): U Dy = UDkCZ;

i€ly JEI2 kel, U I k€Zse

Note that if ¢ # j then D; # D;. Thus for any fixed j € I,

1S1] = | | Dil = [11IDs| = ||| Do| = ef-
i€l

Similarly, |S2| = ef. Since S; NSy = @, then
‘51U52| = |Sl|+|52| =ef+ef=2ef=p—1= |Z;|
Hence Sy U Sy = Zy = {1,2,...,p — 1}.

Lemma 7. Let p be a prime such that p = £1 (mod 12). Then (p — 1)/ord,(3) is even,
where ordy(3) denotes the multiplicative order of 3 modulo p.
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Proof:

By the Law of Quadratic Reciprocity, 3 is a quadratic residue modulo p. Let @ be the
set of quadratic residues modulo p. Then @ is a multiplicative group of order (p — 1)/2.
Since 3 € Q, ordp(3) | (p —1)/2. Hence

k]

ordy(3)
Thus (p — 1)/ordy,(3) is even.
Lemma 8. Let p be a prime such that p = £1 (mod 12) and f = ord,(3). Then {C,} forms

the set of cyclotomic classes of order 2e, where C, is the 3-cyclotomic coset containing a for
1<a<p-1.

Proof: By Lemma [7} we can let p — 1 = 2ef. Let g be a primitive root of unity
modulo p, i.e., Zy = (g) and ord,(g) = p— 1. Then g =3 (mod p) for some integer b with
1 <b<p-—2. Since ordy(3) = f, we have

¢’ =3"=1=¢""! (mod p).

Hence (p — 1) | bf, which implies 2ef | bf. That is, 2e | b. Hence b = 2ex, for some = € Z.
Define Dy = <g23>, the subgroup generated by g2¢. Then 3 € Dy since 3 = ¢g” (mod p).
But ¢° = ¢%¢* = (¢%¢)*. Thus

C1=1{1,3,32,...,3 "1} C D,.

But | <gze> | = f = Dy, hence C; = Dy. Note that C, = aC; for each a € Zy. Therefore,
Co =aCy =aDy = ¢'Dy = D;

where a = g* (mod p).

Theorem 9. FEach ternary duadic code of prime length is cyclotomic.

Proof: Duadic codes of prime length p exist if and only if there exists a multiplier
which gives a splitting of p. Let (S7, S2) be that splitting of p = 2ef + 1 given by p,, where
a € Z; = <g> Then Sl @] 52 = {1,2,...,])— 1}, Sl OSQ = J, |Sl‘ = ISQ| = (p— 1)/2 = €f,
g%S1 = Sy and ¢*Ss = Sy, where ¢ = a (mod p).

Let S = Uaer Cq, where C, is a cyclotomic coset containing a and Ag is a set of
representatives of distinct cyclotomic cosets. We have

ef =151 =1 | Cl =1 acil =| |J aDol = | ¢'Dol

a€Ap a€Ap a€Ap i€l
= U Dil = [L||D;| = |L||Do| = [IL||Ch| = [T1lf,
i€l

where j € I, a = ¢' (mod p) and i = 1,2, ...,2e—1. Thus || = e. Similarly, Sy = |J
and |I3| = e. Now,

pa($1) = pa(|J Di) = *(|J D) = J °Di = |J Div- = |J D

el el i€l i€l i€l1+z

i€ly Di

Hence Uieh+z D; = Ujefz D since 14(S1) = Sa. Thus I + z = I,. Similarly, I + z = I.
By Lemma 4] S; is a union of 3-cyclotomic cosets for ¢ = 1,2 if and only if I, + h = I,
where 3 = g" (mod p),i <h<p— 1.
Thus (S1, S2) is a splitting of p given by ¢* and gives cyclotomic duadic codes.
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4 Constructing ternary duadic codes of prime lengths

We will now present a cyclotomic construction of all ternary duadic codes of odd prime
lengths and then calculate the number of such codes. In this section, the methods for
constructing binary duadic codes of prime length in [2] are shown to also hold true for the
ternary case. By invoking the results in the previous section, most of the proofs follow
exactly the same arguments as those in [2] and are hence omitted.

Note that we need to consider only cyclotomic classes instead of 3-cyclotomic cosets. In
our case, each cyclotomic class is the union of some 3-cyclotomic cosets.

It is well-known that duadic codes of length n over IF, exist if and only if ¢ is a square
modulo n (see for example [3]). Moreover, ternary duadic codes of length n = p{*p5? ... p%r
exist if and only if p; = £1 (mod 12) for 1 <1 <.

Let p be a prime such that p = +1 (mod 12). Note that 3 is a quadratic residue (mod p)
and (p — 1)/ordy(3) is even. Define

Pe=A{p|(p—1)/ordy(3)) = 2¢}

for each e > 1.

Our discussion in the previous section shows that for all primes p within the same class
P., we get the same number of duadic codes. Hence we need only to determine all pairs
(I1, Is) which are splittings of Zs, given by z. That is, we need to determine all pairs (11, I5)
such that

1) Il C Z2e with |I1| =€
2) 3z € Zsg, satistying , where Iy = Zo. \ I1.

Let N(e) denote the number of such pairs.

Ternary duadic codes of length p exist if and only if there is a multiplier which gives a
splitting of p. Hence it is sufficient to calculate the number of splittings of p to determine
the number of ternary duadic codes of length p.

Lemma 10. If I; + 2z =I5 and I + z = I; then

L+az=1; and Iy+az=1if«a is even;
L+az=1, and Iy+az=1; if a is odd.

Proof: Note that Iy +2z =11 + z+ z = Iy + z = I;. Similarly, Is + 2z = I>. Hence
I +az=1;if ais even fori=1,2.
If o is odd then o = 2n + 1 for some integer n. Thus,
L4+az=L+2n+lz=L+2nz4+z=0LH+z=1.
Similarly, Is + az = I if « is odd.
Lemma 11. Suppose that the subgroups (d) and {d1) of Za. are equal. Then
L+di=1, and Ib+d =1

if and only if
Il +d:IQ and]2+d:11.
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Proof: Assume I} +d =1 and Iz +d = I;. Since (d) = (d;), then
dy = ad(mod 2¢e) and d = Bd; (mod 2e).

Suppose that « is even. Then I} + ad = I; and I + ad = I, by Lemma Note
that if Iy +x = I; and Is + x = I then for all o, I; + ax = I and I, + ax = I>. Hence
Iy + Bad = Iy and Is + Bad = I, for all 5. Thus Iy + Bd; = I and Is + Bdy = I, which
implies that Iy +d = I; and Is + d = I5, a contradiction. So o must be odd. By Lemma
Il+ad:I2 and IQ+C¥dZIl, and so Il+d1 :IQ and IQ+d1 :Il.

Conversely, suppose I1 + d; = I and Iy + d; = I;. By a similar argument, we can also
show that (3 is odd. By Lemmal [I0} I + 8d; = Is and Is + 3dy = I. Hence I1 +d = I, and
Ih+d=1.

Theorem 12. Let e = 2°e1, where ey is odd. Then

N(e) =Y 2% 1> 9071,
j=0
Proof:
Consider the equation
L +d=1, L+d=1. (3)

Let I(d) denote the set of solutions (I, I5) of (3).

If dy € Zge, then (d) = (dy) for some d dividing 2e. Hence when counting pairs (11, I2)
satisfying Equation , it suffices to assume that d | 2e by Lemma Suppose d | 2e but
dfe. Then o = 2e/d is odd and so ad = 0 ( mod 2e) for some odd . Hence by Lemma [10}
I +d= 15 and Is + d = I, implies Iy + ad = I and Is + ad = I;. Hence I; + 0 = I5 and
I + 0 = I, a contradiction. Thus d | e. It follows that we only need to consider Equation
for values of d dividing e.

Let d € Zo. divide e. We first calculate the cardinality of I(d). Define h = e/d. By
Equation 7 we have I; + 2d = I; for i = 1,2. Thus there are d integers ag, a1, ..., ag—1 of
Z9e such that

a; # aj + d(mod 2e) Vi, j

and
-1 -1
Il _ U Agl) 1'2 — U AgL)
i=0 i=0
where

AY = {a; +2dk | k=0,1,...h— 1}, and

AV ={a;+2dk+d | k=0,1,...,h—1}.
Thus Zs,. is partitioned into d pairs
AP AN, i=0,1,..,d—1

where , . . 4
AY 4+ d=A40 and AP +d=AY.

Hence I; includes one and only one of each pair (A(li), Ag))7 and there are 2¢ choices for I;.
But we regard (I1, I2) and (I2, 1) as the same. It follows that

|I(d)| =2¢/2 =271, (4)
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Let d; and ds be two divisors of e such that dy | do. We now investigate the relationship
between I(dy) and I(ds). Define m = dy/d;.

Suppose m is odd. Let (I1,I3) € I(dy), then I +dy = I and Iy + dy = I;. Hence
I, + mdy = Iy and Is + mdy = I, which implies I; + dy = I and Is + do = I;. Thus
(11,12) € I(dg) and hence I(dl) - I(dg)

Suppose m is even. Let (I1,I3) € I(dy), then I + dy = I and Iy +dy = I;. Thus
Il + md1 = Il and 12 —|—md1 = IQ. This implies Il + dg = Il and 12 + dz = 12. And so
(11,12) ¢ I(dg) Thus I(dl) N I(dg) = J.

We then consider the divisors of e. For each pair (dy,ds) from the set

H= {617 2eq, 2261, ceey 2861}

where dy < ds, we see that do/d; is even. Thus I(dy) N I(d2) = @. On the other hand, for
any divisor dy of e, there exists do € H such that ds/d; is odd. In this case, I(d1) C I(dz).
Hence the set of solutions of Equation for all d is

U 1(27er).
j=0

Thus

s—1

N(e) =Y |[1(Zey)| =Y 2%t =oeml 4 Y g¥er-t > 9ot
=0

Jj=0 7=0
Corollary 13. N(e) =271 if and only if e is odd.

Example 14. Let p = 13. Then

Therefore, e = 2.
Applying Theorem to solve for N(e), where e = 2, we have e = 2%¢; = 2, where e is
odd. Hence, e1 =1 and s = 1. Thus,

s 1

NE) =Y 2¥a =320 1=142=3

Jj=0 Jj=0

The 3-cyclotomic cosets modulo 13 are Co = {0}, C1 = {1,3,9}, C2 = {2,6,5},Cy =
{4,12,10}, C; = {7,8,11}. The splittings are

(Cl UCs,Cy U C7)

(C1UCyq,CoUCH)

(Cl U C7,CQ U 04),
showing that there are indeed three splittings.

Example 15. Let p = 61. Then




28 GERONIMO MAGCANTA II AND LILIBETH VALDEZ

Therefore, e = 3. By Corollary[13,
N3)=23""1=4.
The 3-cyclotomic cosets modulo 61 are
C(] = {0}7
1 ={1,3,9,27,20,60, 58,52, 34,41},
Ce = {2,6,18,54,40,59,55,43,7,21},
Cy = {4,12,36,47,19,57,49, 25, 14,42},
Cs = {5,15,45,13,39, 56, 46, 16, 48, 22},
Cs = {8,24,11, 33, 38,53, 37,50, 28, 23},
Cio = {10,30,29,26,17,51, 31,32, 35,44}.
The splittings are

(C1UC3UCy,C5UCs U Cyp)
(C1UCLUC5,C2UCs U Cyp)
(C1UC5UCqy0,C5 UCa UCy)
(C1UCyUCq0,Cs UC5UCy),
which shows that there are indeed four splittings.

Next we give an explicit description of the construction of ternary duadic codes of prime
length. The construction follows from the proof of Theorem and is taken from the
methods explicitly described in [2] for the binary case.

To construct all ternary duadic codes of prime length p € P,, we let e = 2%¢;, where e;
is odd, and let H = {e1, 2e1,22%¢1, ...,2%¢1 }. The procedure of this construction is as follows.

Step 1 : For each d € H do the following;:

1. Partition Zs, into d pairs (Aéi), Agi)) as described in the proof of Theorem 12 of
2].
2. Without loss of generality, we require that 0 € Aéo). Then fix Aéo) as the root

of a complete binary tree of depth d. Write A((f) and Agi) as the two children of
each node at level i — 1 for all <. This completes the binary tree associated with
d € H. Taking the union of all subsets of each branch gives an Iy and therefore
a splitting (Io, I1) € I(d).

Step 2 : Form the union | J e I1(d).
When e is odd, the above procedure is simplified as follows.
Step 1 : Divide the elements of Zs. into the following groups:

(0,e),(l,e+1),...,(e—1,2e —1).
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Step 2 : Fix ag = 0 as the root of a binary tree. Each a; takes i and i 4+ e for ¢ > 1, and the
values are written at level i. Doing this at each level completes the binary tree. The
branches of the binary tree give all 2¢~! possible Ijs.

The next examples illustrate how we can construct ternary duadic codes of prime length
p € P..

Example 16. We will construct the 22 ternary duadic codes of length p € Ps. This includes
the case when p = 61 (see Example . Here e = 3, so we partition Zse into the following
groups: (0,3),(1,4),(2,5). Thus (I, z) can be one of ({0,1,2},3), ({0,1,5},3), ({0,2,4},3)
or ({0,4,5},3).

For instance, when p = 61, each (Iy, z) corresponds to a desired splitting of 61 as given

in Ezample 15

Example 17. We will construct the 3 ternary duadic codes of length p € Py. (This includes
p =13 as in Ezample[I]). In this case, H = {1,2}.
If d =2 then h =1, so we have

Ag={0},  AV={2}

Ap={1}, A ={3}
Thus (Ip,2) = ({0,1},2), ({0, 3},2).
If d =1 then h =2, so we have
Af={02}, A} ={13}

Thus (1o, 1) = ({0,2},1).

Therefore (1o, z) can be any of ({0,1},2),({0,3},2) or ({0,2},1).

When p = 13, the three possible (1o, z)s correspond to the three splittings of p = 31 as in
Ezample [T}}
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