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Abstract
We consider a modified parareal algorithm for solving time-dependent partial dif-

ferential equations (PDEs), which uses coarse meshes in space and time for the coarse
scheme and fine meshes in space and time for the fine scheme. The modified parareal
algorithm was used to solve a linear PDE, the heat equation, and a nonlinear PDE,
the Kortewegde VriesBurgers (KdVB) equation. The averaging operator was used to
get the projection from the fine mesh to the coarse mesh in space. Two methods were
used to reconstruct the solution from the coarse mesh to the fine mesh in space: (1)
piecewise constant functions, and (2) pseudoinverse of the averaging operator. It was
observed that for solving the heat equation, the convergence of the modified parareal
algorithm slows down as we increase the coarse mesh size in space. This is consistent
with the numerical results obtained in [9, 19]. However, we can no longer use this
approach in solving the KdVB equation that displays highly oscillatory solutions.
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1 Introduction

The parareal algorithm is a method to find an approximate solution of time-dependent dif-
ferential equations (ordinary or partial) by dividing the time domain into sub-intervals and
solving the problem on each subinterval in parallel. It was introduced by Lions, Maday
and Turinici in 2001 [13], and generalized by Farhat and Chandesris (referred to as parallel
implicit time-integrator or PITA) in [8]. The algorithm was reformulated in 2002 by Bal and
Maday [4], equivalent to the original implementation in [13] for linear problems but gives
better results for nonlinear problems. Unlike the first version of the algorithm, the new ver-
sion can tackle non-differentiable problems like the Black-Scholes equation for an American
put option. A mathematically equivalent but simplified version was finally formulated by
Baffico, et. al. in [2], and most literature on the algorithm refer to this formulation. Gander
and Vandewalle have shown in [11] that the parareal algorithm can be interpreted both as
a particular multiple shooting method and a time-multigrid method. Staff [20] presented
the proof of the equivalence of the parareal algorithm in [4], [8] and [2] for a simple linear
problem {

u′ (t) = Au (t) , t ∈ (0, T ]

u (0) = u0.
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To further improve the efficiency of the parareal algorithm, the coarse scheme can be
solved using a large time step ∆t and a large mesh ∆x in the space domain, while the fine
scheme is solved using a small time step δt and a fine mesh δx in the space domain. This
would also address the problem arising from solving certain problems (hyperbolic equations,
for example) where convergence is only observed when the ratio of the mesh widths for space
and time satisfy the Courant-Friedrichs-Lewy (CFL) inequality (see [7] for a more detailed
discussion on this property). This was first implemented by Fisher, Hecht and Maday [9]
to solve the two-dimensional Navier-Stokes equations. Solving the problem in the fine mesh
δx in space would require the use of projection operators from the fine mesh to the coarse
mesh, and vice versa.

In this work, we study the effect of using projection operators on the parareal algorithm
that uses fine and coarse discretizations in the time and space domains. We make use of
averaging operators to go from the fine mesh to the coarse mesh in space, and use piecewise
constant functions and the pseudoinverse of the averaging operator from go from the fine
mesh to the coarse mesh in space. To test the effect of the application of projection operators
to the parareal algorithm, we first test this method to a simple linear PDE, the heat equation:

∂tu = κ∂2
xxu.

We then use this method to solve the nonlinear Korteweg-de Vries-Burgers (KdVB) equation:

∂tu+ αu∂xu+ β∂2
xxu+ s∂3

xxxu = 0.

This is the simplest nonlinear PDE that has a diffusion term and a dispersion term. For
certain combinations of the parameters, the solution displays many oscillations at the wave
front. Hence, it is necessary to take very small time steps in order to capture these oscil-
lations. We attempt to accelerate the computations by applying the parareal algorithm to
solve this problem.

1.1 The Parareal Algorithm

We present the parareal algorithm as discussed by Baffico et al. in [2]. Suppose we want to
find u such that {

∂tu = A (t,u) , t ∈ (t0, T ] ,

u = u0, t = t0,
(1)

where A : R× V → V ′ (V a Hilbert space) and t0 ≥ 0. For a unique solution to exist, the
following conditions on the operator A must be satisfied [16, 14]: There exists a constant C
such that

|A (t, x)| ≤ C (1 + |x|) ,
|A (t, x)−A (t, y)| ≤ C (|x− y|) .

The solution to (1) can be written using the flow operator E as follows: ∀τ > 0,

u (t+ τ) = E (t+ τ ; t,v) .

This flow operator follows the semigroup property: ∀µ, τ > 0,

E (t+ τ + µ; t+ τ, E (t+ τ ; t,v)) = E (t+ τ + µ; t,v) . (2)
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In addition, we have the following stability result:

|E (t+ τ ; t, x)− E (t+ τ ; t, y)| ≤ (1 + Cτ) |x− y| .

In most cases, the exact solution to (1) cannot be expressed in closed form. In these
cases, we solve the discrete problem instead. Divide the interval [t0, T ] into N equally-spaced
intervals. Let t0 = T0 < T1 < · · · < TN = T with Tn+1 − Tn = δT = (T − t0) /N . Let
Un be an approximation of u (Tn), the solution to (1) at t = Tn. Then U0 = u0 and for
n = 0, . . . , N − 1,

Un+1 = F (Tn+1;Tn,Un) , (3)

where F is a discretization scheme (for example, Euler, Runge-Kutta, etc). This scheme
also follows the semigroup property described in (2).

Observe that the discretization scheme in (3) describe the sequential nature of the prob-
lem, which means to find the solution at time t = Tn, the solution at time t = Tn−1 should be
known. In general, we choose small time steps to get a good approximation of the solution,
but it takes longer to find the solution due to repeated applications of (3).

To reduce the computation time, the parareal algorithm uses two discretization schemes:
an accurate but computationally costly scheme F (we will call this the fine scheme), and a
less accurate but computationally cheap scheme G (we will call this the coarse scheme). We
use the notation Uk

n for the approximate solution of (1) at time t = Tn using the parareal
algorithm at iteration k. Initially, the coarse scheme G is used to approximate the solution,
so at iteration 0, U0

0 = u0 and

U0
n+1 = G

(
Tn+1;Tn,U

0
n

)
. (4)

This is still solved sequentially, but not as computation-intensive as the fine scheme F . Since
we are sacrificing accuracy to reduce the computation time, we correct the solution for the
succeeding iterations (k = 1, 2, . . . ) in the following manner: Uk

0 = u0 and

Uk+1
n+1 = G

(
Tn+1;Tn,U

k+1
n

)
+ F

(
Tn+1;Tn,U

k
n

)
−G

(
Tn+1;Tn,U

k
n

)
. (5)

This puts the parareal algorithm in the category of predictor/corrector algorithms, with the
first term of equation (5) being the predictor and the corrector includes the last two terms
of (5). Note that the corrector part requires only the values from the previous iteration, and
hence can be solved using parallel processors. Alternatively, one can rearrange the terms of
equation (5) as follows:

Uk+1
n+1 = F

(
Tn+1;Tn,U

k
n

)
+
[
G
(
Tn+1;Tn,U

k+1
n

)
−G

(
Tn+1;Tn,U

k
n

)]
.

This indicates that as we take more iterations of the parareal algorithm, the last two terms
converge to 0 and the approximation is as good as the approximation using only the fine
scheme F . With a good choice of the coarse and the fine schemes, the parareal algorithm
converges quickly to the fine scheme solution.

In the simplest version of the parareal algorithm, we can use a scheme with a small
time step δt as the fine solver F and another scheme with a larger time step ∆t as the
coarse solver G. For PDEs involving both the space and time domains, we fix the mesh
size δx in space for both schemes F and G. However, previous work have shown that the
parareal algorithm does not always offer advantages in computation. In particular, when it
was applied to the Burgers equation where the the viscosity term approaches 0, it has been
shown that this affects the convergence of the parareal algorithm, and can be unstable in
some cases (see [14]).
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To fix the problems with the implementation of the parareal algorithm, the scheme is
usually modified to suit certain problems. For instance, in the work of Baffico et. al. in [2],
the definition of G is based on a “reduced problem” Â instead of the full problem A. In
the work of Maday and Turinici in [17], the authors used rotation (instead of translation)
to maintain normalization of the wave function. In the work of Fischer, Hecht and Maday
in [9], they used a coarse spatial grid for G and a fine spatial grid for F to further reduce
the computation cost. In the work of Bal in [3], the author proposed a multi-level strategy
in implementing the parareal algorithm.

1.2 Convergence

Several papers have discussed the convergence of the parareal algorithm. For the current
version of the parareal algorithm (Eqs. (4) – (5)), the solution obtained with this method is
only as good as the fine scheme used in the algorithm. If the time interval [t0, T ] is divided
into N subintervals, the solution using N iterations of the parareal algorithm is exactly the
same as the solution obtained using only the fine scheme. This result was mentioned in
several works (for instance [2, 12, 14]) and a detailed proof is presented in [5].

For simple problems and a good choice for the coarse and the fine schemes, the solution
using the parareal algorithm converges much more quickly to the solution using the fine
scheme. Gander and Vandewalle discussed this in great detail in [11, 12]. The authors have
shown that in solving a simple linear problem, under the assumption that the operator F of
the parareal algorithm is exact, the parareal algorithm displays a superlinear convergence
for bounded intervals. However, the parareal algorithm converges linearly on an infinitely-
long time interval. The authors also discussed the convergence results for partial differential
equations, in particular the one-dimensional heat equation and the advection equation.
Similar to the results on the linear problem, the parareal algorithm displays superlinear
convergence on bounded intervals and linear convergence on unbounded intervals. Gander
and Hairer [10] extended the discussion and shown superlinear convergence of the parareal
algorithm for a nonlinear system of ordinary differential equations,{

u′ (t) = f (u (t)) , t ∈ (0, T ) ,

u (0) = u0,

where f : Rm → Rm and u : R→ Rm.
In [18], Maday and Turinici presented the general convergence results for the parareal

algorithm in solving problem (1). We state the results of their paper as a formal theorem:

Theorem 1. Assume that the time nodes are uniformly distributed, i.e., Tn+1 − Tn =
δT for any n. Suppose the fine solver F (Tn+1;Tn,Un) approximates problem (1) using
a fine time-step δt and a fine mesh δx in space (if applicable). Suppose the coarse solver
G (Tn+1;Tn,Un) is based on either:

• a coarse time-step ∆t (as originally intended),

• a simpler model of the original problem (as presented in [2]), or

• a coarse time-step ∆t and a coarse mesh ∆x in space (used in [9]).

The following assumptions are made on the solvers F and G:

(H1) ‖D (F −G)‖ ≤ cε∆t, where ε > 0 depends on ∆t, δt, ∆x and δx (if applicable), and
goes to 0 when ∆t and ∆x goes to 0 (D refers to the first derivative with respect to
the last variable),
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(H2) ‖D (G)‖ ≤ c.

If Un is the approximate solution of problem (1) at time t = Tn using only the fine scheme
F , and Uk

n is the approximate solution at time t = Tn at the kth iteration of the parareal
algorithm, then

max
0≤n≤N

∥∥Un −Uk
n

∥∥ ≤ C (T ) εk.

where C (T ) > 0 is a constant that depends on the final time T .

Maday, Rønquist and Staff [16, 14] studied the convergence of the parareal algorithm to
the exact solution E of (1). Let δF = E − F and δG = E −G. Assume that for any τ > 0,
the schemes G and F satisfy

|δF (t+ τ ; t, x)| ≤ Cτη (1 + |x|) ,
|δG (t+ τ ; t, x)| ≤ Cτε (1 + |x|) .

(6)

for some positive constants C, η and ε. In addition, assume that for any τ > 0,

|δF (t+ τ ; t, x)− δF (t+ τ ; t, y)| ≤ Cτη |x− y| ,
|δG (t+ τ ; t, x)| − δG (t+ τ ; t, y) ≤ Cτε |x− y| .

(7)

The authors proved the following result:

Theorem 2. Assume that the discrete propagators F and G satisfy (6) and (7). Assume
also that k ≤ K with some fixed K ≤ n/2 and that we have a constant C dependent on u0,
T and k. Then the error between the exact solution and the solution provided by the parareal
scheme satisfies ∣∣Uk

n − u (Tn)
∣∣ ≤ C (εk + η

)
, for all Tn < T.

Similar to Theorem 1, the coarse propagator G can make use of a coarse time step ∆t,
a reduced model of problem (1), or a coarse mesh ∆x in space (if applicable).

1.3 Parareal With Projection Operators

To further improve the efficiency of the parareal algorithm, the coarse scheme makes use
of a larger time step ∆t and a larger mesh ∆x in the space domain as well. Since the
solution should be computed on the fine mesh δx in the space domain, projector operators
are needed to go from one mesh to the other. If Π∆x

δx is the projection operator from the fine
mesh to the coarse mesh in the spatial domain, and Πδx

∆x is the projection operator from
the coarse mesh to the fine mesh in the spatial domain, then the parareal algorithm in (5)
will be modified as follows:

Uk+1
n+1 = Πδx

∆xG
(
Tn+1;Tn,Π

∆x
δx Uk+1

n

)
+ F

(
Tn+1;Tn,U

k
n

)
−Πδx

∆xG
(
Tn+1;Tn,Π

∆x
δx Uk

n

)
. (8)

This variation of the parareal algorithm was first presented by Fischer, Hecht and Maday
[9] in solving the incompressible Navier-Stokes equations. Discretization in the time domain
made use of a high-order splitting method presented by Maday, et. al. [15]. The space
domain was discretized using two methods: (1) finite element approximation, and (2) spec-
tral approximation. When using the finite element method, the authors discovered that
the simple projection and interpolation operators for Π∆x

δx and Πδx
∆x appears to be unstable.

However, they got good numerical results with the use of an L2 projection on discretely
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divergence-free functions. Using the spectral method, the authors used the L2 projection
operator for Π∆x

δx and the L2 prolongation operator for Πδx
∆x.

It was briefly mentioned in [18, 16] that Theorems 1 and 2 can be still be used to show
convergence of this parareal algorithm variation. Ruprecht [19] observed numerically the
convergence of the parareal algorithm with projection operators on the one-dimensional
linear advection-diffusion equation{

ut (t, x) + aux (t, x) = νuxx (t, x) ,

u (0, x) = u0 (x) = sin (2πx) ,

on x ∈ [0, 1] with periodic boundary conditions, where a = ν = 0.25. The derivatives
in the space domain are approximated using second-order central difference formula. A
second-order implicit trapezoidal rule was used for the fine scheme F and a first-order
implicit Euler scheme was used for the fine scheme G. The author observed that the use of
projection operators made the parareal algorithm converge slower than the original version
of the algorithm. However, the order of interpolation can influence the rate of convergence
of this variation of the parareal algorithm.

2 Projection Methods

In this work, we observe the effect of the projection operators on the parareal algorithm.
The fine scheme F of the parareal algorithm (eqs. (4) to (5)) will be computed using a
small time step δt and a small mesh in space δx. The coarse scheme G will be solved using
a large time step ∆t = Ntδt and a coarser mesh ∆x in the space domain. The solution is
eventually obtained at the nodes in the fine mesh, so projection is needed to go from the
fine mesh to the coarse mesh and back, as presented in (8).

We generate the fine mesh in space by dividing the space domain [a, b] into Nx equally-
spaced subintervals of length δx = (b− a) /Nx. We denote each node by xj = a + jδx.
The coarse mesh is generated so that each node is ∆x = 2Nδx from each other, essentially
dividing the domain into Nx/ (2N) subintervals. We situate each coarse node Xi at the
center of each coarse subinterval (see Figure 1). Hence, we have Xi = a+Nδx+(i− 1) ∆x =
x(2i−1)N .

Figure 1: The coarse mesh and the fine mesh in the space domain.

The fine scheme will be solved on the nodes xj , j = 0, 1, . . . , Nx. The coarse scheme
will be solved on the nodes Xi, i = 1, 2, . . . , Nx/ (2N). We approximate the average value
ūi = ū (Xi) = ū

(
x(2i−1)N

)
using the composite trapezoidal rule (discussed in standard
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numerical analysis books like [6]):

ūi =
1

x2iN − x(2i−2)N

∫ x2iN

x(2i−2)N

u (s) ds

≈ 1

2Nδx

δx

2

(
u
(
x(2i−2)N

)
+ u (x2iN ) + 2

2iN−1∑
j=(2i−2)N+1

u (xj)

)

≈ 1

4N

(
u
(
x(2i−2)N

)
+ u (x2iN ) + 2

2iN−1∑
j=(2i−2)N+1

u (xj)

)
. (9)

Given Uk
n =

[
Uk
n (x0) . . . Uk

n (xNx)
]T

, this will give us a rectangular matrix M̃ to
compute the average solution and bring us to the coarse mesh. Hence,

Π∆x
δx Uk

n = M̃Uk
n. (10)

The other operator Πδx
∆x is trickier, because we only have the information on the coarse

mesh and we will try to interpolate the solution on the fine mesh. We tried several ap-
proaches for this operator:

1. Piecewise Constant Functions. First, we assumed that the original function is piece-
wise constant. If we look at Figure 1, the value of the average solution at x = Xi gives
us the average of the solution on the interval

[
x(2i−2)N , x2iN

]
. We then assumed that

the value of the solution on that interval is the same as the average value at x = Xi.

2. Pseudoinverse. The Moore-Penrose pseudoinverse of a matrix M is a matrix B such
that

MBM = M

BMB = B

and both BM and MB are Hermitian. We denote B = M† as the pseudoinverse of
matrix M . For more information on the pseudoinverse, see (for example) [1]. We use
the pseudoinverse of the matrix M̃ defined in equation (10) to interpolate the solution
from the coarse mesh to the fine mesh. Hence, we have Πδx

∆xu = M̃†u for function u
defined on the coarse mesh nodes {Xi}i.

For illustration purposes, we test these projection operators on the function

f (x) =


1, x ≤ −50,
1
30 |x+ 20| , x ∈ (−50, 10] ,

cos 0.05π (x− 10) , x ∈ (10, 50] ,

0, x > 50.

(11)

on the domain x ∈ [−400, 400]. Consider a uniform fine mesh on the domain with δx = 1
and a uniform coarse mesh with ∆x = 10. The projection and reconstruction implemented
on this test function is shown in Figure 2. Observe that the reconstruction for both methods
are close to each other, except for the big discrepancy at x = −400. Using piecewise constant
functions yielded f(−400) = 1, while using the pseudoinverse yielded f(−400) = 0.5. This
could pose some problems when using the pseudoinverse for the operator Πδx

∆x.
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Figure 2: Projection and reconstruction on the test function f defined in (11). The black line represents
the original function f . The averaging operator was used to get the projection of the function f from the
fine mesh to the coarse mesh. Two methods were used for the reconstruction of the function f from the
coarse mesh to the fine mesh: using piecewise constant functions (in blue), and using the pseudoinverse of
the averaging operator (in red). We present the plot on the entire domain x ∈ [−400, 400] in the first figure.
In the second figure, we present the plot on the domain x ∈ [−400, 100] to see the difference of the two
reconstruction methods.

3 Test Problems

We compare the performance of the parareal algorithm using projection operators with the
original version of the parareal algorithm. We will use two problems (a linear and a nonlinear
problem) and compare the results.

3.1 One-Dimensional Heat Equation

First, we solve the one-dimensional heat equation with Dirichlet boundary conditions,
∂tu (t, x) = κ∂xxu (t, x) , t ∈ (0, 10] , x ∈ [0, π/2]

u (0, x) = u0 (x) , x ∈ [0, π/2]

u (t, 0) = u (t, π/2) = 0, t ∈ [0, 10]

(12)

where κ = 0.01 and u0 (x) = 6 sin 2x. The space domain [0, π/2] is divided into Nx = 128
equally-spaced intervals, while the time domain t ∈ [0, 10] is divided into Nt = 16 equally-
spaced intervals. A second-order finite difference scheme is used to approximate the second
derivative in the space domain.

In this work, the parareal algorithm used to solve the one-dimensional heat equation
(12) makes use of a one-step implicit Euler scheme for the coarse scheme G and an 8-step
implicit Euler scheme for the fine scheme F .

We present the results of the approximation using the different variations of the parareal
algorithm and compare it with the approximation using the fine scheme, with the same fine

time step δt = 10
8Nt

= 0.078125 and fine mesh size in space δx = π/2
Nx
≈ 0.012272. For the

modified parareal algorithm using projection operators (8), we chose the coarse mesh size
∆x = 4δx and used the averaging operator to get the projection of the solution from the
fine mesh to the coarse mesh in space. To reconstruct the solution from the coarse mesh to
the fine mesh in space, we made use of 2 methods: (1) using piecewise constant functions,
and (2) pseudoinverse of the averaging operator. If Ufine denotes the approximation using
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Iteration Relative Error

simple piecewise pseudoinverse
constant

0 0.0103977 0.1246370 0.1412561
1 0.0000165 0.0388707 0.0478934
2 1.773× 10−8 0.0128259 1.0183851
3 1.387× 10−11 0.0045454 0.0073729
4 8.475× 10−15 0.0015529 0.0028435
5 9.933× 10−16 0.0005051 0.0010409
6 1.060× 10−15 0.0001545 0.0003572
7 8.422× 10−16 0.0000439 0.0001133
8 7.616× 10−16 0.0000114 0.0000327
9 7.252× 10−16 0.0000026 0.0000084

Table 1: Relative error values for the different variations of the parareal algorithm to approximate
the solution to the heat equation (12).

the fine scheme and Uparareal denotes the approximation using the parareal algorithm, the
relative error values of each variation of the parareal algorithm are computed as follows:

relative error =
‖Ufine −Uparareal‖2

‖Ufine‖2
. (13)

The relative error values for the first 9 iterations of the parareal algorithm are presented in
Table 1. See Figure 3 for the graph of the evolution of the relative errors at every iteration
of the parareal algorithm.

If we consider a relative error of 10−4 as a minimum threshold for a good approximation,
it only takes us 1 iteration of the simple parareal algorithm to get a good approximation
of the solution. When using projection operators, however, it takes us longer to achieve
convergence. We need 7 iterations of the modified parareal algorithm when piecewise con-
stant functions are used to reconstruct the solution from the coarse mesh to the fine mesh in
space. Using the pseudoinverse of the averaging operator for reconstruction now makes use
of 8 iterations of the modified parareal algorithm. This indicates that even though the so-
lution still converges to the approximation using only the fine scheme, the use of projection
operators with the parareal algorithm slows down the convergence of the solution.

We now test what happens when we change the value of the mesh size ∆x. Refer to
Figure 4 for the plot of the relative errors when using the parareal algorithm with projection
operators. We used the following values for the coarse mesh size ∆x in space:

∆x = 2δx, 4δx, 8δx, 16δx, 32δx, 64δx.

As we increase the value of ∆x, we observe that the convergence rate of the parareal algo-
rithm slows down. Observe that from ∆x = 2δx up to ∆x = 8δx, the plots are decreasing but
decreases more slowly as we increase ∆x. We start to see a different trend when ∆x = 16δx
and above, since we observe a slight increase in the relative errors initially before the values
eventually decrease. Actual values indicate that we get relative errors greater than 0.5 at
the first few iterations when ∆x = 16δx, 32δx, 64δx.

We see the same behavior when we decrease the mesh size δx (refer to Figure 5). This
time, the space domain [0, π/2] is divided into Nx = 1024 equally-spaced intervals. We used
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Figure 3: Evolution of the relative errors for the different variations of the parareal algorithm to approximate
the solution to the heat equation (12). We use the averaging operator to get the projection of the solution
from the fine mesh to the coarse mesh. Two methods were used to reconstruct the solution from the coarse
mesh to the fine mesh: (a) piecewise constant functions, and (b) pseudoinverse of the averaging operator.

We used the fine mesh size δx =
π/2
Nx

with Nx = 128, and the coarse mesh size ∆x = 4δx.

the following values for the coarse mesh size ∆x in space:

∆x = 2δx, 4δx, 8δx, 16δx, 32δx, 64δx, 128δx, 256δx, 512δx.

We also observe that the convergence of the parareal algorithm slows down as we increase
the value of ∆x.

We now fix ∆x = 4δx and observe the error values using different values of δx. We
divide the domain [0, π/2] into Nx subintervals for the following values of Nx:

Nx = 128, 256, 512, 1024.

Figure 6 displays the plot of the error values when we consider different values for Nx. We
observe that as we take higher values for Nx, the approximation becomes slightly more
accurate and converges faster to the approximation using the simple parareal algorithm.

3.2 KdVB Equation

We are interested in finding the solution to the KdVB equation

∂tu+ u∂xu =
1

R
∂2
xxu− ∂3

xxxu (14)

(R > 0), with initial conditions

u (0, x) =

{
1, x < 0

0, x ≥ 0
(15)



The Use of Projection Operators with the Parareal . . . 51

(a) piecewise constant (b) pseudoinverse

Figure 4: Evolution of the relative errors for the modified parareal algorithm with projection operators to
approximate the solution to the heat equation (12). To reconstruct the solution from the coarse mesh to the
fine mesh, figure (a) made use of piecewise constant functions while figure (b) made use of the pseudoinverse

of the averaging operator. We used the fine mesh size δx =
π/2
Nx

with Nx = 128, and made use of different

values for the coarse mesh size ∆x.

and boundary conditions

u (t,−∞) = 1, u (t,+∞) = 0, ux (t,−∞) = 0 (16)

for R = 60. As we take large values of R, we get many oscillations at the wave front, and
hence the contribution of the dispersion term is significant. The oscillations in the solution
of (14) requires the use of small time steps δt in order to get a good approximate solution.

We use a splitting scheme to solve the KdVB equation (14). The linear part

∂tu =
1

R
∂2
xxu− ∂3

xxxu

is solved using the 4th-order Runge-Kutta scheme, while the nonlinear part

∂tu+ u∂xu = 0

is solved using the Lax-Wendroff scheme.
Similar to the heat equation, we use the parareal algorithm and the modified parareal

algorithm using projector operators to solve problem (14). We use a one-step splitting
scheme (∆t = 0.04) for the coarse scheme G and a 20-step splitting scheme (δt = 0.002) for
the fine scheme F . We use the fine mesh of length δx = 1, while the coarse mesh of length
∆x = 20. We also use the same projection and reconstruction operators as before. We
compare the solution using the parareal algorithm with the solution using the fine scheme
by getting the relative error defined in equation (13). We consider a relative error of 10−4

as a minimum threshold for a good approximation.
Using the simple parareal algorithm requires only one iteration to get a good approxi-

mation of the solution. Unfortunately, the modified parareal algorithm that makes use of
projection operators did not converge. Refer to Table 2 to see the relative error values at
several iterations of the parareal algorithm. We can see that the error using the simple
parareal algorithm decreases at a fast rate. We can no longer see this behavior when projec-
tion operators are used together with the parareal algorithm. Figure 7 presents the graph
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(a) piecewise constant (b) pseudoinverse

Figure 5: Evolution of the relative errors for the modified parareal algorithm with projection operators to
approximate the solution to the heat equation (12). To reconstruct the solution from the coarse mesh to the
fine mesh, figure (a) made use of piecewise constant functions while figure (b) made use of the pseudoinverse

of the averaging operator. We used the fine mesh size δx =
π/2
Nx

with Nx = 1024, and made use of different

values for the coarse mesh size ∆x.

(a) piecewise constant (b) pseudoinverse

Figure 6: Evolution of the relative errors for the modified parareal algorithm with projection operators to
approximate the solution to the heat equation (12). To reconstruct the solution from the coarse mesh to the
fine mesh, figure (a) made use of piecewise constant functions while figure (b) made use of the pseudoinverse
of the averaging operator. We fixed the coarse mesh size ∆x = 4δx and used different values for the fine
mesh size δx by dividing the domain into Nx = 126, 256, 512, 1024 subintervals.

of the evolution of the relative errors at every iteration of the parareal algorithm.
We observe the the same trend of non-convergence when we use different values for ∆x.

Figure 8 presents the plot of the relative errors when using the parareal algorithm with
projection operators. We used the following values for the coarse mesh size ∆x in space:

∆x = 2, 4, 8, 10, 16, 20, 32.

For both cases, observe that the relative errors are relatively constant even though different
values of ∆x are used. This seems to indicate that the problem does not lie on the coarse
mesh size ∆x, but rather on the choice of projection and reconstruction operators. Further
work can be done to explore other projection and reconstruction operators that can be used
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Iteration Relative Error

simple piecewise pseudoinverse
constant

0 0.0002548 0.0707077 0.0297068
1 0.0000020 0.0314245 0.0291909
2 1.353× 10−8 0.0264694 0.0286186
3 5.739× 10−11 0.0250832 0.0280195
4 6.252× 10−13 0.0238598 0.0273902
5 1.116× 10−14 0.0226169 0.0267276
10 1.022× 10−16 0.0161677 0.0228521
15 9.553× 10−17 0.0096293 0.0179942
20 8.310× 10−17 0.0037736 0.0119852
25 9.025× 10−17 2.236× 10−16 2.582× 10−16

Table 2: Relative error values for the different variations of the parareal algorithm to approximate
the solution to the KdVB equation (14).

to solve the KdVB equation (14).

4 Conclusions

In this work, we used projection operators with the parareal algorithm and observed the
convergence when solving a linear problem (heat equation) and a nonlinear problem (KdVB
equation). We made use of the averaging operator to get the approximation from the fine
mesh to the coarse mesh in space, and used two methods to reconstruct the solution from the
coarse mesh to the fine mesh: (a) piecewise constant functions, and (b) the pseudoinverse
of the averaging operator. We have shown the effect of different mesh sizes for the space
domain in implementing the parareal algorithm using projection operators. We observed
that using these projection and reconstruction operators slows down the convergence of the
parareal algorithm. This is consistent with the results of the previous work done on this
variation of the parareal algorithm [9, 19]. For simple problems like the heat equation (12),
this is not a significant problem. However, this approach does not guarantee convergence, as
demonstrated by the results obtained when the method was applied to the KdVB equation
(14) for large values of R. To get better results in approximating the KdVB equation,
one could explore other projection and reconstruction operators to use with the parareal
algorithm. One could also use other variations of the parareal algorithm, like the reduced
model approach discussed in [5].
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Figure 7: Evolution of the relative errors for the different variations of the parareal algorithm to approximate
the solution of the KdVB equation (14). We use the averaging operator to get the projection of the solution
from the fine mesh to the coarse mesh. Two methods were used to reconstruct the solution from the coarse
mesh to the fine mesh: (a) piecewise constant functions, and (b) pseudoinverse of the averaging operator.
We used the fine mesh size δx = 1 and the coarse mesh size ∆x = 20.
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