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Abstract
This study aims to find a good estimate of mortality rates of the Philippine Social
Security System members exposed for ten years. The assumptions and process of establishing the exposure and number of deaths in the population were briefly discussed
in this paper. The estimation of initial mortality rates were done by getting the ratio of deaths and exposure obtained based on the assumptions. Whittaker-Henderson
graduation technique was applied to easily maintain the smoothness as well as the
fitness of the graduated mortality rates relative to the crude mortality rates. Different
values are tested for the parameters in the Whittaker-Henderson graduation formula
which corresponds to the smoothness and fitness to estimate the graduated mortality
rates. Graduated mortality rates were further adjusted using partial credibility theory
to obtain the ideal behavior of the mortality for older ages.
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Introduction

Mortality rate is the probability of dying within a specified period of time. It is usually
calculated by getting the ratio of total number of deaths and exposure. Exposure pertains
to the annual number of units of human life which are subject to death, disability, or some
other decrement, within a defined period of observation.
Mortality rates estimation is crucial for population projections as well as other related
projections such as benefits and contributions for insurance companies. Several mortality
studies and models are already established for specific demographic and economic scales
in developed countries. In the Philippines, private insurance companies usually depend on
published mortality rates made by international statistical organizations to estimate their
own mortality rates.
Data from the Republic of the Philippines Social Security System was used for the mortality rates estimation for years 2003 up to year 2012. Annual observations of deaths and
active lives were used in the determination of exposure and raw mortality rates. Exposure
was estimated using uniform distribution assumption within one year for ten years of observation period. Calculation of exposure and raw mortality rates were further discussed in
the methods and procedure section.
Raw mortality rates (crude mortality rates) were then smoothed and fitted using WhittakerHenderson graduation technique. It is one of the most commonly used smoothing methods
7

8

Marielynn E. Chanco

for crude mortality rates. It has the capacity to explicitly balance the smoothness as well
as the fitness of the smoothed curve relative to the crude rates through its parameters by
minimizing a difference equation.
Partial credibility theory was used to further adjust the graduated mortality rates using
the Whittaker-Henderson graduation technique to obtain the desired curve behavior for
alder ages. Credibility theory is commonly used to deal with the randomness of the data
caused by the adjustments made in the crude mortality rates using the actual experience or
other historical information that are much more credible than the actual graduated rates.

2

Methods

Exposure refers to the annual number of units of human life which are subject to death,
disability, or some other decrement, within a defined period of observation. This will be
used as the denominator in finding the mortality rate or rate of decrement due to some
other cause. The numerator is the number of observed deaths or the number of lives that
left the defined group due to the cause being measured.
For the distribution of deaths over a unit age interval, age x at death is assumed to be
the difference between the calendar year of birth (CYB) and calendar year of death (CYD),
x = CY D − CY B
The occurrence of deaths is assumed to be linear over the age interval [x, x + 1], thus it is
uniformly distributed over a unit age interval.
Members are classified according to how they enter or exit the group under observation
within a specific time interval
• Starters – members who are active upon the commencement of the observation period
• New entrants – members who entered the group during the observation period
• Withdrawals – members who ceased to participate during the observation
• Deaths – members who died during the observation period
• Enders – members who are active through the end of the observation period
Exposure is denoted by Ex .
Let lx y be the number of lives of age x living at the end of calendar year y, mx y the
number of migrants (new entrants less withdrawals) of age x at the end of calendar year y,
and dyx the number of deaths of age x at the end of calendar year y. Then
lx+1 y+1 = lx y + mx y+1 − dx y+1

(1)

Since deaths are assumed to be uniformly distributed over a unit age interval, it is assumed
that migrants are also uniformly distributed. Hence, the exposure, Ex , over a unit age
interval is given by
1
(2)
Ex = lxy + my+1
2 x
Using (1), we can rewrite (2) as
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Assuming the beginning of the calendar year as y + 1 (end of calendar year y) and the end
of calendar year as y + 3, the total exposure is
 1
 1  y+1

1 y
y+2
y+3
+
lx+1 + lx+1
+ lx+1
Ex =
lx + lxy+1 + lxy+2 +
dy+1 + dy+2
+ dy+3
(4)
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and in general,
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1 X i
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d
+
Ex =
2 i=y x 2 i=y x+1 2 i=y x

(5)

where m is the year count up to the end of the valuation period.
The mortality rate qx is a measure of the number of deaths over the exposed lives with
y+m−1
X
dix . After the
age x over a given time interval. It is given by qx = dx /Ex , where dx =
i=y

estimation of mortality rates, mortality rates are graduated using the Whittaker-Henderson
graduation method. In the formula used, M is minimized and the variable q̂x is optimized
using an Excel R solver. The formula goes as follows:
M=

n
X

2

wx (qx − q̂x ) + h

x=1

n−z
X

(∆z q̂x )

2

(6)

x=1

where z = 2, 3, 4, 5 (whichever gives the best fit), h = 10, 50, 100 (for both males and
females), x = 15 to 100 years of age, qx is the crude mortality rate, q̂x is the graduated
mortality rate with initial value set to qx , ∆z q̂x = k · q̂x ,
wx = Pn

e

x=1

Ex

Ex

(7)

and k is an n − z × n matrix containing coefficients of the polynomial corresponding to a
chosen degree,


B ··· 0


k =  ... . . . ... 
0

···

B

with

[1, −2, 1]
if z



[−1, 3, −3, 1]
if z
B=

[1, −4, 6, −4, 1]
if z



[−1, 5, −10, 10, −5, 1] if z

=2
=3
=4
=5

The first term represents an expression for the goodness of fit of the graduated values to the
raw rates; the second term is an expression for the degree of smoothness of the graduated
values. The factor h is determined arbitrarily. A low value of h puts more emphasis on fit
than smoothness and returns the raw rates; there is essentially no graduation. A high value
of h puts more emphasis on smoothness than fit and yields a least squares fit to a polynomial
of degree n − 1. The method calculates directly a complete set of graduated values which
achieve the desired balance between fit and smoothness. Also the total number of deaths
and the average age at death, when the exposures are used as weights, will be the same for
the graduated rates as for the raw rates.
The actual and graduated data on mortality rates have an increasing trend from age 15
to age 80 for males and up to age 86 for females, then gradually decrease at the older ages.
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This behavior tends to contradict the natural phenomenon that mortality rates for older
ages shall be higher than the younger ages. Thus, adjustments are made to come up with
a realistic trend at the older ages. The basis for this trend was the trend of the published
mortality rates from previous SSS Actuarial Valuations. In determining the trend of the
previous mortality rates, the logit function was applied. A logit is a unit of measurement
which reports relative differences between estimates. Logits are equal interval levels of
measurement, which means that the distance between each point on the scale is equal.
Applying the logit function to the previous mortality rates would then result in a series of
linear trends. From these resulting trends, the expected behavior of new mortality rates can
be assumed to follow the same trend, thus expected mortality rates could be determined.
The expected mortality rates are needed in adjusting the graduated mortality rates using
credibility theory which will be discussed later in this paper. Using the published mortality
rates in the previous valuation years 2003, 2007 and 2011, the logit for age x in each of the
valuation year t is calculated as follows:

logittx = log

q̂x
1 − q̂x

(8)

For the resulting curve for each year, a linear function y = mx + b̄, m, b̄ 6= 0, is fitted for
ages 15–54. Coefficients m and b̄ were initially set to arbitrary nonzero values to compute
for initial y values. The square difference of y and logittx , or L = (y − logittx )2 , was then
determined and minimized using an Excel R solver to obtain the optimal values of m and b̄
that would give the best fit.
Due to the nonlinear curve that resulted from the application of logit function at ages
55-99, a cubic polynomial function, y = ax3 +bx2 +cx+d, for a, b, c, d 6= 0, was fitted instead.
The coefficients were determined using the same method as with the fitting of the linear
function. The optimal coefficients obtained from this procedure were denoted by m2003 ,
m2007 , m2011 , b̄2003 , b̄2007 , b̄2011 , for ages 15-54. Then for ages 55-99, the optimal coefficients
are denoted by a2003 , a2007 , a2011 , b2003 , b2007 , b2011 , c2003 , c2007 , c2011 , d2003 , d2007 , and
d2011 . The corresponding values for each of these optimal coefficients were then used to
estimate the coefficients of the linear and cubic polynomial function which corresponds to
the logit of the mortality rates for the 2014 valuation (m2013 , b̄2013 , a2013 , b2013 , c2013 and
d2013 .
Alternatively, Excel R data analysis regression can be used to find the optimal coefficients
in the polynomial functions mentioned earlier. The following equations were used to estimate
the coefficients for ages 15–54:



1
m2007
m2011
m2011
+
2
m2003
m2007


b̄2007
1
b̄2011
+
= b̄2011
2
b̄2003
b̄2007
= m2013 x + b̄2013 ,
x = 15, 16, . . . , 53, 54.

m2013 =
b̄2013
y2013
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For ages 55–99, the following equations were used:


1
a2007
a2011
a2013 = a2011
+
2
a2003
a2007


1
b2007
b2011
b2013 = b2011
+
2
b2003
b2007


1
c2007
c2011
c2013 = c2011
+
2
c2003
c2007


1
d2007
d2011
d2013 = d2011
+
2
d2003
d2007
y2013 = a2013 x3 + b2013 x2 + c2013 x + d2013 , x = 55, . . . , 99.
The adjusted qx can be derived by reversing the logit function used earlier, given by
adjusted qx =

exp(y2013 )
1 + exp(y2013 )

(9)

To complete the construction of mortality rates, the graduated mortality rates were
associated with the adjusted qx using credibility weights. Credibility weights, whose values
depend on the credibility of the observed data (i.e., credibility is 0 if data is too small, and
1 if data is large enough to be fully credible), are factors used in combining observed data
with other information. With the graduated mortality rates as observed data and adjusted
qx as other information, the credibility weighted estimate is given by the following formula:
estimated qx = cred × observed data + (1 − cred) × other information
where

s
cred =

average no. of claims from observed data
expected no. of claims

and
expected no. of claims =

 z 2  σ  2
k

µ

(10)

(11)

(12)

where z is the area under the standardized normal distribution corresponding to the credibility level (probability) chosen, k is the specified frequency value away from the mean, σ
is the standard deviation of the observed data (using frequency rate), and µ is the average
frequency rate per exposure of the observed data. k is selected such that the number of
claims observed falls within ±k% away from the expected number of claims.

3

Results

Mortality data were obtained from Social Security System (SSS), Philippines. As commonly
used in applications, a constant value of 1,082 claims was used as the expected number of
claims which corresponds to a 90% credibility and random error of at least 5%. It was
assumed that there was a 90% chance of being within 5% of the mean, thus, there was also
a 5% chance of being outside on either tail, for a total of 10% probability of being outside
the acceptable range, if there was no variation in the size of claim. The number of expected
claims required for full credibility was increased by a factor of σ 2 /µ2 if there was variation
in the claim severity.
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Figure 1: Crude mortality rates of males vs. females for the year 2013.
The credibility weighted estimates represented mortality rates for year 2013 denoted by
qx2013 were used as base rates in the projection and construction of the mortality table.
Figure 1 shows the crude mortality rates of male vs female for end of year 2013. The male
population had higher rate of mortality than the female population for ages 15 to 82 and
lower than female afterwards. In general, this implies that among the observed population,
males had lower life expectancy relative to the female population.
Figure 2 shows the graduated rates for male participants using h = 10, h = 50 and
h = 100, respectively, for different degrees of fitness. On the other hand, Figure 3 shows the
graduated rates for female participants using h = 10, h = 50 and h = 100, respectively, for
different degrees of fitness.
Table 1 shows the different values of M in the Whittaker-Henderson graduation formula.
Recall that Whittaker-Henderson graduation formula minimizes M to obtain the optimal
values of graduated mortality rates with respect to the arbitrarily assigned h and z. The
table shows that the minimum value for M was obtained by assigning h = 10 and z = 4.
These rates will be adjusted using mortality trend model and partial credibility theory to
attain the desirable values for the mortality rates of older ages.
Table 1: Minimized M for all scenarios.

h
10
50
100

z=2
3.64E-05
1.31E-04
2.31E-04

Male
z=3
z=4
4.99E-06 4.18E-06
1.05E-05 9.06E-06
2.10E-05 1.61E-05

z=5
7.00E-06
2.29E-05
4.12E-05

z=2
5.00E-05
1.48E-04
2.23E-04

Female
z=3
z=4
7.08E-06 5.23E-06
2.60E-05 1.98E-05
4.95E-05 3.81E-05

z=5
1.00E-05
4.38E-05
8.60E-05

Figure 4 shows the evolution of the final mortality rates from the crude mortality rates
for males and females as a result of the adjustments made to obtain the desired estimate.
The graduated mortality rates under the assumption of h = 10 and z = 4 were chosen. It
was adjusted using mortality trend models based on published mortality rates and partial
credibility theory.
Figure 5 shows the trend of mortality rates for males and females. 2007 and 2011 rates
were used to estimate mortality rates that were used as the expected mortality rates to
adjust the graduated rates using partial credibility.
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Figure 2: Graduated mortality rates of males using h = 10 (top), h = 50 (middle), and
h = 100 (bottom) for the year 2013.
Figure 6 shows the final mortality rates with the desired behavior, without deviating too
far from the actual mortality rates for the younger population.

4

Conclusion

In this paper, mortality rates were estimated using the Whittaker-Henderson Graduation
Technique, based on 10 years of Philippine Social Security System data. Among all the
scenarios tested, the graduated mortality rates under the assumption of h = 10 and z = 4
produced the minimum value of M and produced the best estimate for the 2013 mortality
rates based on the SSS members, a reasonable sample on which to base mortality rates
in the Philippines. Researchers can extend this study by exploring Whittaker-Henderson
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Figure 3: Graduated mortality rates of females using h = 10 (top), h = 50 (middle), and
h = 100 (bottom) for the year 2013.
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Figure 4: Crude and graduated mortality rates of males (top) and females (bottom), assuming h = 10 and z = 4, for the year 2013.
graduation techniques and applying different assumptions. Researchers can also focus on
the credibility testing part of this study to improve the estimation of mortality rates for
older ages.
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