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Abstract

We study three methods of deriving the parity check matrix of a rate-k/n con-
volutional code over a commutative ring R with identity. In each method, a parity
check matrix H(D) is obtained from a given convolutional encoder G(D), where H(D)
possesses certain desirable structural properties that are induced by G(D). First, we
consider a k × n standard generator matrix G(D) = (Ik, A). Then, an (n − k) × n
systematic parity check matrix H(D) = (−AT , In−k) is obtained. In this method,
the systematicity of G(D) gives rise to a systematic, right-invertible, basic, noncatas-
trophic, and minimal H(D). Secondly, from a given (n−1)×n generator matrix G(D),
we derive a 1×n parity check matrix H(D) and prove that, if G(D) is basic then H(D)
is also basic. If G(D) is a polynomial encoder, the overall constraint length of H(D) is
equal to the maximum among the degrees of the minors of G(D). The third method
is accomplished by completing a k× n basic G(D) into an n× n invertible polynomial
matrix B over the polynomial ring R[D], and by getting an (n − k) × n basic H(D)

from the last n − k rows of
(
B−1

)T
. Further we show that the minors of G(D) and

H(D) are equivalent up to units in R[D], and that each constraint length of H(D) is
bounded above by the sum of the row degrees of B and deg (detB).

1 Introduction

The theoretical and practical aspects of convolutional coding play a key role in achieving
reliable data transmission. Convolutional codes are commonly applied in digital imaging,
radio communication, and deep space navigations. The Pioneer 9 solar orbiter launched
in 1968 was equipped with a rate-1/2 convolutional code of memory 24. In various radio
communication technologies, the Code Division Multiple Access (CDMA) digital system is
used. CDMA technology increases the capacity up to ten times that of an analog system,
improves call quality by producing better and more consistent sound, enhances privacy, and
widens network coverage. The IS-95 CDMA cellular standard uses a convolutional code with
memory equal to 8. The reader is referred to [13] for a detailed discussion of the applications
of convolutional codes.
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The theory of convolutional codes over rings was initiated by Massey and Mittelholzer
[7] when they found out that the most appropriate codes for phase modulation are the
linear codes over the residue class ring ZM . Moreover, Fagnani and Zampieri [1] gave a
complete characterization and analysis of the structural properties of generator matrices
and convolutional codes over Zpr . Johannesson, Wan, and Wittenmark [4] studied some
structural properties of convolutional codes over rings and they obtained significant results
on convolutional codes over Zpr . In addition, Wittenmark [14] discussed completely the
basicity, noncatastrophicity, minimality, and predictable degree property of convolutional
codes over Zpr .

The parity check matrix of a code has a specific application in syndrome decoding, and
it is a tool in the analysis of the dual of the code and the code itself. In particular, Forney
[3] used the syndrome former, the transpose of a parity check matrix, of a convolutional
code over a field to track the encoder states of the code. This is done by mirroring the
encoder states using the sydrome former states. In this way, the structural analysis of a
convolutional code is obtained through the dual of the given code.

In the field case, a parity check matrix is usually derived from the convolutional encoder.
Specifically, a parity check matrix can be derived from a systematic encoder, from the minors
of an encoder, and by considering the invariant factor decomposition of the given encoder.
For instance, see [2], [8], and [5], accordingly. In this paper, we present three methods of
deriving parity check matrices of convolutional codes over rings which can be considered as
the ring counterpart of the field case. In addition, we study the structural properties of the
resulting parity check matrices of the codes.

The material is organized as follows. Section 2 introduces the definition of convolutional
codes over rings, the structural properties of convolutional encoders, and the definition of the
parity check matrix of a code. In Section 3, the proposed methods of deriving a parity check
matrix from an encoder of a code are discussed. The structural properties of the resulting
parity check matrices are considered in Section 4. The summary is given in Section 5.

2 Preliminaries

2.1 Convolutional codes over rings

Let R be a commutative ring with identity 1R 6= 0. We let R[D] be the ring of polynomials
in the delay operator D with coefficients ring R. Moreover, consider the ring of rational
functions R(D) whose elements are of the form

p(D)

q(D)
(1)

where p(D), q(D) ∈ R[D], and such that the trailing coefficient of q(D) is a unit in R. The
trailing coefficient is the coefficient of the smallest power of D with a nonzero coefficient.

We adopt the following definition due to Massey.

Definition 1. The R(D)-submodule of R(D)n given by

C =
{
u(D)G(D)|u(D) ∈ R(D)k

}
(2)

where G(D) is a k×n matrix over R(D) whose rows are free over R(D), is called a rate-k/n
convolutional code C over R. The matrix G(D) is a generator matrix (encoder) of C if all
entries in G(D) are realizable.
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Note that the convolutional code C as defined is completely determined and characterized
by the k × n matrix G(D). Two encoders are equivalent if they generate the same code.
Moreover, two encoders G(D) and G′(D) of C are equivalent if and only if there exists a
k × k invertible matrix T (D) over R(D) such that G′(D) = T (D)G(D) [14].

An encoder G(D) is said to be systematic if it causes the information symbols to appear
unchanged among the code symbols, or equivalently, if some k of its columns form the k×k
identity matrix.

The encoder G(D) is said to be a polynomial generator matrix for C if its entries are
all polynomial. We say that G(D) is basic if it is polynomial and has a polynomial right
inverse.

Consider a polynomial encoder G(D). The ith constraint length of G(D), denoted by νi,
is defined to be the maximum among the degrees of the component polynomials of the ith

row of G(D). The overall constraint length of G(D) is given by ν =

k∑
i=1

νi.

An encoder G(D) is minimal-basic if it is basic and the overall constraint length ν is
minimal over all equivalent basic encoders.

If a k×n encoder G(D) has rational entries, then the derivatives of its k×k submatrices
are called as the k × k subdeterminants of G(D). If G(D) is a polynomial encoder, then
its k × k subdeterminants are simply called as minors of G(D). Fagnani and Zampieri [1]
reported that a polynomial encoder G(D) is basic if and only if the minors of G(D) generate
1R.

The reader is referred to [14], [12], [8] and [1] for a complete discussion of structural
properties of convolutional encoders.

2.2 The Parity Check Matrix of a code

The (n− k)×n matrix H(D) over R(D), of full rank, is a parity check matrix of a rate-k/n
convolutional code C generated by a k× n encoder G(D) if and only if v(D)H(D)T = 0 for
all v(D) ∈ C, or equivalently, if and only if G(D)H(D)T = 0, where H(D)T is the transpose
of H(D). In other words, the rows of G(D) and H(D) are orthogonal.

It is known that a convolutional code over a field can be characterized by a parity check
matrix. In the ring case, it only happens if the ring satisfies the descending chain condition
(DCC) [9]. Henceforth, we assume the ring R satisfies DCC.

3 Deriving the Parity Check Matrices

Consider an encoder G(D) of a rate-k/n convolutional code C over R that satisfies DCC.
Then, we have the following results.

Proposition 1. If G(D) = (Ik, A) ∈ R(D)k×n, then an (n − k) × n parity check matrix
H(D) of C is given by

H(D) = (−AT , In−k).

Example 1. Consider a systematic encoder of a rate-2/3 convolutional code C over Z4

given by

G(D) =

(
1 0 1 + 3D +D2

0 1 1 +D +D2

)
.



60 Herbert S. Palines and Virgilio P. Sison

By Proposition 1, a parity check matrix H(D) is given by

H(D) =
(
3 +D + 3D2 3 + 3D + 3D2 1

)
.

Consider a k×n, k = n−1, encoderG(D) of C. We let the (n−1)×(n−1) subdeterminants
of G(D) to be detGj(D), j = 1, . . . , n, where Gj(D) is a submatrix of G(D) obtained by
removing the jth column of G(D).

Proposition 2. If G(D) ∈ R(D)(n−1)×n and if δj = (−1R)n+j detGj(D), j = 1, . . . , n,
then the 1× n matrix given by

H(D) =
(
δ1 δ2 · · · δn

)
is a parity check matrix of C.

It can be verified that parity check matrix H(D) in Example 1 can also be obtained
using Proposition 2.

In general, since R[D] is not a principal ideal domain, then the invariant factor decom-
position of G(D) ∈ R[D]k×n is unachievable. Thus, we offer Proposition 3 which is basically
equivalent to the generalized result of Serre (see [6]) except that we consider the specified
ring R as coefficients ring instead of a field.

Proposition 3. An encoder G(D) ∈ R[D]k×n is basic if and only if G(D) is a submatrix

of an n × n invertible matrix B =

(
G(D)
L(D)

)
over R[D]. The last n − k rows of

(
B−1

)T
=(

P (D)
H(D)

)
, given by H(D), constitute an (n− k)× n parity check matrix for C.

Proof:

Suppose G(D) is a submatrix of an n×n invertible matrix B over R[D]. Without loss of

generality, let B =

(
G(D)
L(D)

)
, G(D) ∈ R[D]k×n and L(D) ∈ R[D](n−k)×n. Since B is invert-

ible, we can compute for its inverse B−1 and let B−1 =
(
S(D) K(D)

)
, S(D) ∈ R[D]n×k,

K(D) ∈ R[D]n×(n−k). Now, since BB−1 = In, then by block matrix multiplication(
G(D)S(D) G(D)K(D)
L(D)S(D) L(D)K(D)

)
=

(
Ik 0k×(n−k)

0(n−k)×k In−k

)
. (3)

Since G(D)S(D) = Ik, by definition G(D) is basic.
Now, suppose G(D) ∈ R[D]k×n is basic. Let

B =

(
G(D)
L(D)

)
=



g11 g12 · · · g1n
g21 g22 · · · g2n
...

... · · ·
...

gk1 gk2 · · · gkn
lk+1,1 lk+1,2 · · · lk+1,n

lk+2,1 lk+2,2 · · · lk+2,n

...
... · · ·

...
ln1 ln2 · · · lnn


.
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The problem at this point is to find for the polynomials lij ∈ R[D] such that B is invertible
over R[D]. By Laplace’s expansion of detB with respect to the first k rows of B, we get

detB =

N∑
i=1

(−1R)Ki detG
(i)
k detL

(i)
n−k (4)

where it is clear that detG
(i)
k is a minor of G(D) corresponding to the columns indexed by

b = {j1, j2, · · · , jk}, 1 ≤ j1 < j2 < · · · < jk ≤ n. The number N is given by N =

(
n
k

)
and Ki = 1 + 2 + · · ·+ k + j1 + j2 + · · ·+ jk. The columns of the submatrix L

(i)
n−k of L(D)

is indexed by l = {1, 2, . . . , n}\{j1, j2, · · · , jk}. The pair of index sets b and l is labeled as
(i). Since we want B to be invertible over R[D], we let detB to be a unit in R[D]. The
minors of G(D) generate 1R since G(D) is basic. Thus, there exist polynomials lij ∈ R[D],
k + 1 ≤ i ≤ n, 1 ≤ j ≤ n, such that the equation given in (4) holds. From the first part of
this proof, G(D)K(D) = 0k×(n−k) given in (3). Thus, we can take H(D) = K(D)T . 2

Example 2. Consider the 2× 4 basic generator matrix G(D) over Z4[D] given by

G(D) =

(
3 D2 +D + 1 D2 + 2D + 1 D + 1
0 D + 1 1 D

)
.

Then, G(D) can be completed into a 4× 4 invertible matrix B over Z4[D], with detB = 1,
given by

B =


3 D2 +D + 1 D2 + 2D + 1 D + 1
0 D + 1 D 1
0 3D 3 0
0 0 0 1

 .

Its inverse is given by

B−1 =


3 3D3 + 3D2 + 1 3D3 + 2D2 + 2D D4 +D3 + 1
0 1 1 3D
0 3D 3D + 3 D2

0 0 0 1

 .

Thus, by Proposition 3, a parity check matrix H(D) is given by

H(D) =

(
3D3 + 2D2 + 2D 1 3D + 3 0
D4 +D3 + 1 3D D2 1

)
.

The detailed constructive proofs of Propositions 1, 2, and 3 are found in [11].

4 Structural Properties of H(D) induced by G(D)

We focus on the structural properties of a parity check matrix H(D) derived from an encoder
G(D) of a convolutional code over R. In this context, H(D) is considered as an encoder of
a rate-(n− k)/n convolutional code over R.

A parity check matrixH(D) obtained from a systematic encoderG(D), using Proposition
1, is systematic. Thus, H(D) is right-invertible, basic, noncatastrophic, and minimal (see
[9], [14], and [10]).
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In Proposition 2, if G(D) is basic, then the minors of G(D) generate 1R. Since the
components δj of H(D) are exactly the minors of G(D), except for a factor ±1R, then δj
will also generate 1R. Thus, H(D) is basic. In addition, from a polynomial encoder G(D),
the overall constraint length of H(D) is the maximum degree among the minors of G(D)
since δj are equivalent to the minors of G(D), up to the factors ±1R.

It is immediate that H(D) in Proposition 3 is basic since H(D) is a submatrix of an in-

vertible matrix over R[D]. We further write matrices B and B−1 as B =

(
G1(D) G2(D)
L1(D) L2(D)

)
and B−1 =

(
S1(D) K1(D)
S2(D) K2(D)

)
where G1(D) and K2(D) are arbitrary k × k and (n− k)×

(n−k) submatrices of G(D) and H(D)T , respectively. We can consider arbitrary submatri-
ces G1(D) and K2(D) since we can apply elementary column and row operations on B and

B−1, respectively. Note that H(D) =
(
K1(D)T K2(D)T

)
. Let P =

(
Ik 0k×(n−k)

S2(D) K2(D)

)
.

Since BB−1 = B−1B = In, then PBB−1 = PIn is equivalent to(
G1(D) G2(D)

0(n−k)×k In−k

)
B−1 = P. (5)

Getting the determinants of both sides of (5),

detG1(D) detB−1 = detK2(D).

Since detB−1 is a unit in R[D], hence detG1(D) is equal to detK2(D) up to units in R[D].

The idea of this result is found in [2]. Each component of B−1 can be computed as
Bij

detB
where Bij = (−1)i+j detMij and Mij is an (n − 1) × (n − 1) submatrix of B obtained by
deleting the ith row and jth column of B. Thus, the constraint lengths of H(D) is bounded
above by the sum of the row degrees of B and deg (detB).

It can be verified that the parity check matrices given in Examples 1 and 2 are both
basic since the given encoders are both basic. In Example 2, each constraint length of H(D)
is less than or equal to four, the sum of the row degrees of B and deg(detB).

5 Summary

Convolutional codes over rings and parity check matrices have been defined. Three methods
of deriving the parity check matrix from an encoder of the code were presented. In each
method, the structural properties of the resulting parity check matrices were studied.
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