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Abstract

A linear map between spaces of Banach-valued functions is said to be separating if
it maps any pair of functions with disjoint cozero sets to functions with disjoint cozero
sets. A linear bijective map T is called biseparating if T and T−1 are separating. In this
paper, we provide a complete description of linear biseparating map T between spaces
Llip0(Xα, E) of Banach-valued local little Lipschitz functions vanishing at infinity on
locally compact Hölder metric spaces Xα = (X, dαX) with 0 < α < 1. Moreover, the
continuity of T is also studied.
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1 Introduction

This work is motivated by the classical Banach-Stone Theorem. The classical Banach-Stone
Theorem says that if X and Y are compact and T : C(X)→ C(Y ) is a surjective isometry,
then there is a homeomorphism ϕ : Y → X such that

Tf(y) = h(y)f(ϕ(y))

where h ∈ C(Y ) with |h(y)| = 1 for all y in Y (see, e.g., [11]). In particular, a close relation
between continuous functions leads to a good link between the topological spaces on which
the functions are defined.

Given a nonempty set X and a Banach space E, recall that the cozero set of a function
f : X → E is the set of all x in X at which f(x) 6= 0. By convention we write fg = 0 to mean
the pair of functions f, g having disjoint cozero sets; that is, ‖f(x)‖‖g(x)‖ = 0,∀x ∈ X. A
linear map T between spaces of vector-valued functions is said to be disjointness preserving
or separating if it maps every pair of functions with disjoint cozero sets to functions with
disjoint cozero sets; in other words,

fg = 0 =⇒ TfTg = 0

T is biseparating if it is bijective and both T and T−1 are separating.
Disjointness preserving linear maps are of interests in several areas of mathematics and

carry several names. For example, let µ be a measure on some measure space. In [9, p. 175],
Banach proved that all isometries T : Lp[0, 1] → Lp[0, 1], 1 ≤ p ≤ ∞ and p 6= 2, have the
property that fg = 0, µ-a.e. implies TfTg = 0, µ-a.e.. Lamperti [26] extended Banach’s
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result to the σ-finite case, and Arendt [8] subsequently called such maps Lamperti operators
and investigated their spectrum. People in vector lattice theory (see [35], [36] and [1]) call
those maps T : E → F , where E and F are vector lattices, such that

|f | ∧ |g| = 0 =⇒ |Tf | ∧ |Tg| = 0,

disjointness preserving operators or d-homomorphisms. In recent years, quite a lot of at-
tention has been given to linear biseparating maps on spaces of vector-valued continuous
functions [3, 4, 6, 7, 5, 16, 17]. We refer the readers to the memoir [2] of Abramovich
and Kitover and the survey [29] of Narici and Beckenstein for a throughout account of this
matter.

Let (X, dX) be a metric space, α a real number in (0, 1] and (E, || · ||E) a real or complex
Banach space. Let Xα denote the same set X together with the new metric dαX . We denote
by Lip(Xα, E) the Banach space of all functions f : X → E such that

pα(f) = sup {||f(x)− f(y)||E/dX(x, y)α : x, y ∈ X, x 6= y}

and
||f ||∞ = sup {||f(x)||E : x ∈ X}

are finite, endowed with the sum norm

||f ||α = pα(f) + ||f ||∞.

The little Lipschitz space lip(Xα, E) denotes the closed subspace of functions f in Lip(Xα, E)
such that

lim
dX(x,y)→0

||f(x)− f(y)||E/dX(x, y)α = 0.

A map f : (X, dX) → (E, ‖·‖E) is local little Lipschitz if restricting to every nonempty
compact subset K of X, the function f |K is little Lipschitz. For any compact subset K in
X, we denote

pKα (f) = sup {‖f(x)− f(y)‖E /dX(x, y)α : x, y ∈ K, x 6= y} ,

‖f‖K∞ = sup {‖f(x)‖E : x ∈ K} ,

and
‖f‖Kα = pKα (f) + ‖f‖K∞ .

Let Llipα(X,E) be the space of all local little Lipschitz functions, i.e., those f with ‖f‖Kα <
+∞ for all nonempty compact subset K of X, called the local little Lipschitz function space.
It is a complete locally convex space in the topology generated by the seminorms {||f ||Kα }K .

When (X, dX) is locally compact, let lip0(Xα, E) (Llip0α(X,E)) and lip00(Xα, E) (Llip00α (X,E))
stand for the spaces of functions in lip(Xα, E) (Llipα(X,E)) that vanish at infinity and that
have compact support, respectively. Note that f ∈ Llip0(Xα, E) if f ∈ lip00(Xα, E), and

||f ||α = sup{||f ||Kα : K compact subset in X} := ||f ||∞α .

We drop the letter E when E is the scalar field, and the superscript α when α = 1. In order
to avoid trivial cases, we make a blanket assumption that all metric spaces are nonempty
and that all Banach spaces are nonzero.

The study of these spaces started with de Leeuw [27] and Sherbert [33, 34] for scalar-
valued functions, and with Johnson [25] for vector-valued functions. From then, a rich
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literature exists on this subject. A nice survey is Weaver’s book on Lipschitz Algebras [37].
Recently, considerable information have been obtained in the context of Lipschitz function
spaces concerning preserver problems [12, 15, 20, 21, 22], automatic continuity properties
[30] and existence of discontinuous maps [31]. In this paper, we are interested in disjointness
preserving linear maps between spaces Llip0(Xα, E) for 0 < α < 1.

The study of linear separating maps between Lipschitz function spaces was initiated in
[21]. In that paper, the author described the general form of all linear separating maps be-
tween little Lipschitz algebras lip(Xα) for X compact and 0 < α < 1. Moreover, he proved
that any linear separating bijection between such algebras is biseparating and automati-
cally continuous, and solved the problem of the existence of discontinuous linear separating
functionals from lip(Xα). As a natural generalization, we dealed in [23] with the question
of describing the structure of all linear biseparating maps between spaces lip(Xα, E) for X
and α as above.

The extension of such results to spaces Llip0(Xα, E) for X locally compact and 0 <
α < 1, is the main purpose of this paper. This work basically extended our results in [24],
and the proofs are similar. Here, we sketch the proofs, for detail proofs, see [23, 24]. In
Theorem 3.1, we prove that all linear biseparating maps between spaces Llip0(Xα, E) are
weighted composition operators. More precisely, if T : Llip0(Xα, E) → Llip0(Y α, F ) is
such a map, then there exist a homeomorphism ϕ from Y onto X and a map h from Y
into the set L−1(E,F ) of all linear bijections from E onto F such that the representation
Tf(y) = h(y)(f(ϕ(y))) holds for every f ∈ Llip0(Xα, E) and all y ∈ Y .

However, such maps T need not be continuous. Indeed, it is shown in Theorem 4.2 that
T is continuous if and only if supy∈K ‖h(y)‖ is bounded for any compact subset K ⊂ Y , ϕ is
a locally Lipschitz homeomorphism from Y onto X, and h a locally Lipschitz map from Y α

into the space B−1(E,F ) of all continuous linear bijections from E onto F with the metric
induced by the operator canonical norm.

The arguments given in [21, 23] depend on the concept of support map of a separating
map. We follow here a similar approach as we showed in [24], which proved to be very
fruitful in the work [16] of Gau, Jeang and Wong to whom the introduction of this new
view-point is due.

2 Preliminaries

Our notation is mainly standard. Let (X, dX) be a metric space. For a subset A of X, A
and int(A) stand for the closure and the interior of A in X, respectively. For x ∈ X and
r > 0, B(x, r) denotes the open ball of radius r centred at x, and B(x, r) the corresponding
closed ball. Given a function f defined on X, we write Z(f), coz(f) and supp(f) for the
zero set of f , the cozero set of f and the closure in X of the cozero set of f , respectively.
For each x ∈ X, we denote by δx the evaluation map at the point x.

Lemma 2.1. [24, Lemma 2.1] Let X be a metric space, α ∈ (0, 1) and E a Banach space.
Then

a) Lip(X,E) ⊂ lip(Xα, E).

If, in addition, X is locally compact, we have

b) If k ∈ lip00(Xα) and f ∈ lip(Xα, E), then kf ∈ lip00(Xα, E).

c) If k ∈ lip(Xα) and f ∈ lip0(Xα, E), then kf ∈ lip0(Xα, E).
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d) lip0(Xα, E) is a Banach space which contains lip00(Xα, E).

Lemma 2.2. [24, Lemma 2.2] Let X be a locally compact metric space, α ∈ (0, 1) and E a
Banach space.

i) Let K be a nonempty compact subset of X and let U be an open subset of X with
K ⊂ U . Then there exist a relatively compact open set V with K ⊂ V ⊂ V ⊂ U
and a function f ∈ lip00(Xα) with ‖f‖α ≤ max {1/dX(K,X \ V ), 1} + 1 such that
0 ≤ f ≤ 1, f |K = 1, coz(f) = V and f |X\U = 0.

ii) Given x ∈ X and a neighborhood U of x, there exist relatively compact neighborhoods
V,W of x with V ⊂ W ⊂ W ⊂ U and a function k ∈ lip00(Xα) with ‖k‖α ≤
max

{
1/dX(V ,X \W ), 1

}
+ 1 such that 0 ≤ k ≤ 1, k|V = 1 , coz(k) = W and

k|X\U = 0.

iii) Given x ∈ X, a neighborhood U of x and e ∈ E\{0}, there exists a g ∈ lip00(Xα, E)
such that g(x) = e and g|X\U = 0.

For each x ∈ X define

Ix = {f ∈ Llip0(Xα, E) : x /∈ supp(f)} ,
Mx = {f ∈ Llip0(Xα, E) : f(x) = 0}.

Clearly, ∅ 6= Ix ⊂ Mx. These sets are concerned in the ideal structure of Llip(Xα) for X
compact and 0 < α < 1 (see [34]).

The key idea to prove the sought-after result on the representation of a linear biseparating
map T will be the fact that T preserves the linear subspaces Ix’s and Mx’s. It will not be
hard to show that T preserves the former, but to prove that T preserves the latter, the next
result will be required. Its proof is similar to that of [23, Lemma 3.5].

Lemma 2.3. Let X be a locally compact metric space, let α ∈ (0, 1) and let E be a Banach
space. Let x ∈ X and let {xn} be a sequence of distinct points in X \ {x} converging to
x. Then, for each f ∈ Mx, there exist a subsequence {xnk}, a sequence {sk} in (0, 1), a
sequence {B(xnk , 2sk)} of pairwise disjoint relatively compact open balls in X and a sequence
{gk} in lip00(Xα, E) such that gk|B(xnk ,sk)

= f , coz(gk) ⊂ B(xnk , 2sk) and ‖gk‖∞α ≤ 10/k2

for all k ∈ N.

Proof. Take f ∈Mx. By the locally compactness of X, we may assume B(x, r) is relatively
compact for some r > 0. Since f ∈ Llip(Xα, E), there exists a 0 < δ1 < 1 such that
z, w ∈ B(x, r),

dX(z, w) ≤ δ1 ⇒ ||f(z)− f(w)||E ≤ dX(z, w)α.

Since {xn} converges to x, there exists a natural n1 such that dX(x, xn1
) < min{(3/4)δ1, (2/3)r}.

Let s1 = (1/6)dX(x, xn1), and then B(xn1 , 2s1) ⊂ B(x, r). By the same arguments as [23,
Lemma 3.5], we complete the proof. Moreover, the pairwise disjoint balls B(xnk , 2sk) are in
B(x, r) since 2sk+1 < sk, here sk = (1/6)dX(x, xnk), and dX(x, xnk+1

) < (3/4)δk+1 < 3sk
for all k ∈ N.

We also shall need the following fact.

Lemma 2.4. Let x, y ∈ X. If Ix ⊂ Iy, then x = y.

Proof. Assume x 6= y. Let U be a neighborhood of y such that x ∈ X \U . Given e ∈ E\{0},
Lemma 2.2 iii) provides a g ∈ lip00(Xα, E) such that g(y) = e and g|X\U = 0. Hence
g ∈ Ix \ Iy and Ix is not contained in Iy.
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3 Banach–Stone type representation

After this preparation, we are in a position to prove the main result of this paper. The
proof basically similar as [24, Theorem 3.1].

Theorem 3.1. Let X,Y be locally compact metric spaces, let α be in (0, 1) and let E,F be
Banach spaces. Every biseparating linear bijection T : Llip0(Xα, E) → Llip0(Y α, F ) is a
weighted composition operator of the form Tf(y) = h(y)(f(ϕ(y))) for all f ∈ Llip0α(X,E)
and y ∈ Y . Here, h(y) is a linear bijection from E onto F for each y in Y , and ϕ is a
homeomorphism from Y onto X.

Proof. There are only two parts of the proof in [24, Theorem 3.1] mentioning (global)
Lipschitz norm ‖·‖α, which are Claim 8 and Claim 11. Note that lip00α (X,E) ⊂ lip0α(X,E) ⊂
Llip0α(X,E), and Lemma 2.1, 2.2 and 2.4 in [24] also hold here. By the similar arguments
as Claim 1 to Claim 7 in [24, Theorem 3.1], we can get a homeomorphism ϕ : Y1 → X1 such
that TIϕ(y) = Iy, where

X1 =
⋃

g∈lip00(Y α,F )

coz(T−1g) and Y1 =
⋃

f∈lip00(Xα,E)

coz(Tf).

We will show that TMϕ(y) = My for any y ∈ Y1. Put x = ϕ(y) ∈ X1. First we show
that TMx ⊂ My. Let f ∈ Mx and assume Tf(y) 6= 0. If x is an isolated point of X1, we
deduce that f ∈ Ix and, by the definition of ϕ, Tf ∈ Iy, a contradiction. Assume now that
x is not isolated in X1. Then we may find a sequence {xn} of distinct points in X1 \ {x}
converging to x. Let yn ∈ Y1 be with ϕ(yn) = xn for all n ∈ N. By the continuity of ϕ−1,
{yn} converges to y. Since {Tf(yn)} converges to Tf(y) 6= 0, passing to a subsequence if
necessary, we may assume that ||Tf(yn)||F > (1/2)||Tf(y)||F for all n ∈ N.

Since f ∈Mx, by Lemma 2.3 there exist a subsequence {xnk}, a sequence {sk} in (0, 1), a
sequence {B(xnk , 2sk)} of pairwise disjoint open balls in a relative compact neighborhood U
and a sequence {gk} in lip00(Xα, E) such that gk = f on B(xnk , sk), coz(gk) ⊂ B(xnk , 2sk)
and ‖gk‖∞α ≤ 10/k2 for all k ∈ N. Note that gk also in lip0(Xα, E) and ‖gk‖∞α = ‖gk‖α. As
lip0(Xα, E) is a Banach space by Lemma 2.1 d) and

∥∥k1/2gk∥∥α ≤ 10/k3/2 for all k ∈ N, let

g ∈ lip0(Xα, E) be the function defined by g =
∑+∞
k=1 k

1/2gk. Notice that g ∈ lip00(Xα, E)
since coz(g) ⊂ U . For each k ∈ N, it is clear that g = k1/2f on B(xnk , sk) since the sets
coz(gk) are pairwise disjoint, and therefore g − k1/2f ∈ Ixnk . It follows that Tg(ynk) =

k1/2Tf(ynk), and thus

‖Tg(ynk)‖F = k1/2 ‖Tf(ynk)‖F > (1/2)k1/2 ‖Tf(y)‖F , ∀k ∈ N.

This implies that Tg is unbounded, a contradiction. In this way it is proved that TMϕ(y) ⊂
My.

Applying the same argument to T−1, we have T−1Mφ(ϕ(y)) ⊂ Mϕ(y). Hence T−1My ⊂
Mϕ(y) since φ(ϕ(y)) = y, and thus My ⊂ TMϕ(y).

Therefore, we know that ker δϕ(y) = ker(δy ◦ T ) for any y ∈ Y1. Consequently, there is
a linear bijection h(y) : E → F such that δy ◦ T = h(y) ◦ δϕ(y). In other words, Tf(y) =
h(y)(f(ϕ(y))) for all f ∈ Llip0(Xα, E).

By the fact ‖f‖∞α = ‖f‖α if f ∈ lip00(Xα, E) and the similar arguments as Claim 10, 11
and 12 in [24, Theorem 3.1], we can prove X1 = X and Y1 = Y , and complete the proof.
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4 Continuity

In this section, we shall study some continuity properties of linear biseparating maps between
spaces Llip0(Xα, E).

Let us recall that a map between metric spaces f : X → Y is locally Lipschitz if
each point of X has a neighborhood on which f is Lipschitz. If f is bijective and both f
and f−1 are locally Lipschitz (Lipschitz), f is said to be a locally Lipschitz homeomorphism
(respectively, Lipschitz homeomorphism). In [32, Theorem 2.1], Scanlon showed that f :
X → Y is locally Lipschitz if and only if f is Lipschitz on each compact subset of X.

Given two Banach spaces E,F, let B(E,F ) denote the space of all continuous linear
maps S : E → F . We can consider different topologies in B(E,F ). It is well-known that
the uniform operator topology (UOT) in B(E,F ) is the metric topology induced by its
operator canonical norm

‖S‖ = sup {||S(e)||F : e ∈ E, ||e||E ≤ 1} .

Let us recall that the strong operator topology in B(E,F ) is the topology defined by the
basic set of neighborhoods

N(S;A, ε) = {R ∈ B(E,F ) : ||(R− S)(e)||F < ε, ∀e ∈ A},

where A ⊂ X finite and ε > 0 are arbitrary. Given a topological space Y , it is easy to
see that a map h from Y into (B(E,F ), SOT ) is continuous if and only if for each e ∈ E,
the map y 7→ h(y)(e) from Y to F is continuous. It is evident that the uniform operator
topology is stronger than the strong operator topology. In consequence, every continuous
map from Y into (B(E,F ), UOT ) is also continuous as map of Y to (B(E,F ), SOT ). For
a comprehensive study of these topologies, we refer to [13].

By Theorem 3.1, Tf(y) = h(y)(f(ϕ(y))) for all y ∈ Y if T : Llip0α(X,E)→ Llip0α(Y, F )
is a linear biseparating map. However for any h : Y → B−1(E,F ) and homeomorphism
ϕ : Y → X, the representation h(y)(f(ϕ(y))) for all y ∈ Y and f ∈ Llip0α(X,E) may not
be in Llip0α(Y, F ). A map h : Y → B−1(E,F ) is called lipα-SOT continuous if there exists
a constant ` > 0 such that for any x, y ∈ Y and e ∈ E,

||h(x)e− h(y)e||F ≤ `||e||EdY (x, y)α

and
lim

dY (x,y)→0
||h(x)e− h(y)e||F /dY (x, y)α = 0.

If h|K is lipα-SOT continuous for any compact subset K of Y , h is called local lipα-SOT
continuous. Notice that a local lipα-SOT continuous map is also a SOT continuous map. A
map T : Llip0α(X,E) → Llip0α(Y, F ) is continuous if and only if for any compact subset K
of Y , there exists a compact subset H of X and a constant CK > 0 such that

‖Tf‖Kα ≤ CK ‖f‖
H
α

for all f ∈ Llip0α(X,E).

Lemma 4.1. Suppose supy∈K ||h(y)|| < ∞ for any compact subset K in Y , h : Y →
B−1(E,F ) is a local lipα-SOT continuous map and ϕ is a local Lipschitz. Then the map
T : Llipα(X,E) → Llipα(Y, F ) defined by Tf(y) = h(y)(f(ϕ(y))) for all y ∈ Y and f ∈
Llipα(X,E) is a continuous linear biseparating map.
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Proof. Let MK = supy∈K ‖h(y)‖, and LK and `K be the local Lipschitz constant of ϕ and h
on any given compact subset K ⊂ Y , respectively. By the representation form h(y)(f(ϕ(y)))
and h(y) ∈ B−1(E,F ), it is easy to check T is a linear biseparating map. Next, we check
that Tf ∈ Llipα(Y, F ). For any f ∈ Llipα(X, E) and x, y ∈ K,

‖Tf(y)‖F = ‖h(y)f(ϕ(y))‖F ≤MK ‖f‖ϕ(K)
α

and

‖Tf(x)− Tf(y)‖F = ‖h(x)[f(ϕ(x))− f(ϕ(y))] + h(x)f(ϕ(y))− h(y)f(ϕ(y))‖F
≤ ‖h(x)‖ ‖f‖ϕ(K)

α dX(ϕ(x), ϕ(y))α + `K ‖f(ϕ(y))‖E dY (x, y)α

≤ MK ‖f‖ϕ(K)
α LαKdY (x, y)α + `K ‖f‖ϕ(K)

α dY (x, y)α

= (MKL
α
K + `K) ‖f‖ϕ(K)

α dY (x, y)α.

Therefore,

‖Tf‖Kα ≤ (MK +MKL
α
K + `K) ‖f‖ϕ(K)

α < +∞.

It is clear that limdY (x,y)→0 ||Tf(x)−Tf(y)||F /dY (x, y)α = 0, and hence Tf ∈ Llipα(Y, F ).
Moreover, T is continuous and complete the proof.

Theorem 4.2. Let T : Llip0(Xα, E) → Llip0(Y α, F ) be a linear biseparating map and let
h : Y → L−1(E,F ) and ϕ : Y → X be as in Theorem 3.1. Then T is continuous if and only
if

(i) supy∈K ||h(y)|| < +∞ for all compact subset K of Y

(ii) h : Y → B−1(E,F ) is local lipα-SOT continuous

(iii) ϕ is a local Lipschitz.

Proof. Assume T is continuous. Notice that for any compact subset K of Y , there exists a
compact subset H of X and a constant CK > 0 such that

‖Tf‖Kα ≤ CK ‖f‖
H
α ≤ CK ‖f‖

∞
α = CK ‖f‖α for all f ∈ lip00α (X,E).

For any compact subset K ⊂ Y , by the similar arguments as [24, Theorem 4.1], we can
get h(y) is continuous for all y ∈ K, h|K is lipα-SOT continuous and ϕ|K is Lipschitz. By
the similar proof as Claim 11 in [24, Theorem 3.1], we have lim sup ‖h(yn)‖ < +∞ for any
sequence {yn} of distinct points in Y1. It implies supy∈K ||h(y)|| < +∞ since Y1 = Y .

Conversely, it is clear by Lemma 4.1.
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[15] M. Isabel Garrido and Jesús A. Jaramillo, Lipchitz-type functions on metric spaces, J.
Math. Anal. Appl., 340 (2008), 282–290.

[16] H.-L. Gau, J.-S. Jeang and N.-C. Wong, Biseparating linear maps between continuous
vector-valued function spaces, J. Aust. Math. Soc., 74 (2003), 101–109.

[17] S. Hernández, E. Beckenstein and L. Narici, Banach–Stone theorems and separating
maps, Manuscripta Math., 86 (1995), 409–416.

[18] K. Jarosz, Automatic continuity of separating linear isomorphisms, Canad. Math. Bull.,
33 (1990), 139–144.

[19] J.-S. Jeang and N.-C. Wong, Weighted composition operators of C0(X)′s, J. Math.
Anal. Appl., 201 (1996), 981–993.
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