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Abstract

We survey the methods for solving the boundary layer problems(BLPs) of the f ′′′ +
Aff ′′ − B(f ′)2 = C, subjects to certain boundary conditions. The coefficients A or
B are related to the cross-flow Reynolds number, or power-law coefficients, and C is
an integration constant. In addition to the standard shooting method or fixed point
theories, the homogeneity will be discussed for solving BLPs on finite domain. Based
on the homogeneity, we are able to explore the existence of continuums in the plan of
shooting parameters.
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1 Introduction

In physics and fluid mechanics, a boundary layer is the layer of fluid near the surface arising
from the viscosity of the fluid, while the viscous forces effect is related to the Reynolds
number. Laminar boundary layers come in various forms and can be loosely classified
according to their structure and the circumstances under which they are created. For
example, the Blasius boundary layer [1] refers to the well-known similarity solution for the
steady two-dimensional boundary layer attached to a semi-infinity flat plate held in an
oncoming unidirectional flow.

In order to study the boundary layer, the deduction of the governing model is required
and it turns out to be one of the most important advances in fluid dynamics. By applying
the suitable order of magnitude analysis, the well-known governing Navier-Stokes system
can be simplified within the boundary layer. That is, due to the continuity equation, the
flow could be characterized be means of the stream. Therefore, the momentum equations of
the planar flows can be transformed to an autonomous ordinary equation. Such process is
called the similarity transformation. As mentioned earlier, the well-known Blasius boundary
layer problem(BLP) is given by

f ′′′(η) + f ′′(η)f(η)) = 0. (1.1)

subjects to
f(0) = a, f ′(0) = b, f ′(∞) = c. (1.2)

1This work is supported in part by National Sciences Council, Taiwan, under the project NSC-98-2115-
M194-008,NSC-99-2115-M151-004.
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In fact, when setting a = b = 0, c = 2 in (1.2), this leads back to the original Blasius
problem reported in the doctorial thesis of Heinrich Blasius[1].

The Blasius layer was then generalized in various forms. For instance, by considering
there is an attacking angle κ for the flow to the boundary surface, the resulting boundary
layer is referred to another well-known Falkner-Skan problem [2]:

f ′′′(η) + f ′′(η)f(η)) + λ[1− (f ′(η))2] = 0 (1.3)

subjects to

f(0) = α, f ′(0) = β, f ′(∞) = 1. (1.4)

Note that the coefficient λ is related to the the attack angle. It is clear that λ = 0 when
κ = 0 , and the Falkner-Skan problem is reduced to the Blasius problem. Also, eqn. (1.2)
with λ = 1/2 is referred to the Homann equation.

In 1953, A.S. Berman first introduced the study of the steady two-dimensional flows in
a rectangular channel with porous walls [3]. By applying suitable similarity transformation,
the governing Navier-Stokes system was transformed to

f ′′′(η) +R((f ′(η))2 − f(η)f ′′(η)) = K. (1.5)

Here K is an integration constant and R corresponds to the cross flow Reynold number
based on wall velocity (filtration Reynold number), while positive (negative) R represents
the suction (injection) through the walls. By neglecting the slip effect on the porous wall,
the conditions of anti-symmetric flow are imposed by

f(0) = f ′(0) = 0, f(1) = 1, f ′(1) = 0. (1.6)

for the channel with two porous wall. The normalized independent variable η = 1 denotes
the position at porous wall, and η = 0 is related to the center line of porous channel.

In addition, for the flows in the rectangular channel with one porous wall, the associated
conditions are given by

f(−1) = f ′′(−1) = 0, f(1) = 1, f ′(1) = 0. (1.7)

The independent variable η = 1 denotes the position on the porous wall, while η = −1 leads
to the position on the impermeable wall.

Although the shooting methods and fixed point theories are the standard techniques, the
homogeneity may occur for the BLPs defined on the finite domain will be addressed in this
paper. In doing so, some well-known BLPs will be introduced and the strategies for solving
BLPs will also be surveyed in Section 2. The types of homogeneity for BLPs defined on
finite domain will also be remarked in Section 2. Moreover, in Section 3, we will illustrate
the process in utilizing the homogeneity for the classical Berman problem. The concluding
remarks will also be given in Section 4.

2 Type of BLPs

2.1 Problems on semi-infinity domain

In addition to the study of the flows near a semi-infinite horizontal flat plate, another type
of autonomous boundary layer equation was proposed. When study the flows of fluid metal
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in magnetic fields, the governing Navier-Stokes system was simplified and then transformed
to

f ′′′ +
m+ 1

2
ff ′′ −m(f ′)2 = 0, (2.1)

subjects to
f(0) = a, f ′(∞) = 0, f ′(0) = −1. (2.2)

Moreover, the study of free convection along a vertical semi-infinite plate embedded in
porous media with prescribed heat source will lead to

f ′′′ + (m+ 2)ff ′′ − (2m+ 1)(f ′)2 = 0, (2.3)

subjects to
f(0) = a, f ′(∞) = 0, f ′′(0) = −1. (2.4)

Note that, by applying the suitable transformation, eqns. (2.1), (2.3) are equivalent, and
the coefficient m denotes the power-law index derived by the similarity transformation.

By applying the standard shooting methods, numerical solutions could be obtained easily.
That is, the condition at infinity could be approximated by imposing suitable stopping
criteria at some sufficiently large η. Note that the numerical results usually exhibit the
occurrence of some continuous branches in the associated bifurcation diagrams. Therefore,
in addition to the physical interest, it had brought up great attention of mathematical
analysis.

To verify the numerical observation, shooting method is a common choice to employ
the mathematical study. In addition to the standard shooting, Hastings [5] proposed a so
called ”topological shooting method” originally for solving the Falkner-Skan problems. For
example, suppose two-dimensional shootings is to be employed. One should first locate all
nonempty sets of nonexistence. Suppose these sets satisfy certain topological conditions,
then the union of these sets is a proper subset of <2. Therefore, the given problem will
possess a solution. The readers who are interested in topological shooting method can also
refer to Hartman’s book [4].

Another common technique is to apply fixed point theory. One should first setup an
integral operator from the given boundary value problem. By constructing suitable Banach
space under the apriori estimate, one may apply suitable fixed point theories, such as
Schauder or Leray-Schauder, to verify the existence of solutions. For the problem defined on
infinite or semi-infinite domain, one may first restrict the study to certain type of solutions.
For example, to study the existence of monotone solution, one may define a new independent
variable to reduce the given problem to an equivalent problem which is defined on a finite
domain. The reader may refer the recent work of Yang and Lanb[15].

In fact, similar technique can also be employed for solving the Blusius problem and
problems (2.1) − (2.2), or (2.3) − (2.4). In stead of applying the fixed point theory, one
may apply the order reduction technique, such as Crocco change of variable, and the given
third-order equation was reduced a second-order equation or an autonomous system. Then,
the phase portrait analysis can be employed to analyze the character of solutions. The
reader may refer the works in [12-14], [16-18].

2.2 Problems on finite domain

As mentioned earlier, Berman problem, (1.5), (1.6), is defined on the unit interval [0, 1]. For
the convenience, we denote the problem of (1.5), (1.6) by (BVP). In fact, (BVP) could be
solved by applying some fixed point theories, or the topological shooting methods. However,
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the obtained results in general failed to verify the existence of continuums observed from
the numerical simulation. In next two subsections, two types of homogeneity for some
BLPs defined on some finite domains will be introduced. By utilizing the homogeneity, the
standard shooting could be performed efficiently, not only for numerical simulation but also
for mathematical analysis.

2.2.1 Parabolic homogeneity

To illustrate the parabolic homogeneity, we first consider the Berman problem. It is clear
that f(η) = [Kη3 + (6−K)η]/6, with K = −3, is the solution of (BVP) when R = 0. For
nonzero R, as in [6], Hwang and Wang([7]) set f(η) = (b/R)g(ξ), ξ = bη for some positive
b which is to be determined. Then, g(ξ) satisfies the following associated boundary value
problem(BVP1):

g′′′(ξ) + (g′(ξ))2 − g(ξ)g′′(ξ) = RK/b4 ≡ β, (2.5)

g(0) = g′′(0) = 0, (2.6)

g(b) = R/b, g′(b) = 0. (2.7)

By assigning values to α, β with

g′(0) = α, g′′′(0) = β − α2, (2.8)

one can integrate (2.5), with the initial values (2.6) and (2.8). Let g(ξ;α, β) be the solution
of the initial value problem (2.5), (2.6) and (2.8). Suppose g′(b;α, β) = 0 holds at ξ = b∗,
then (BVP) will possess a solution with R = b∗g(b∗;α, β) and K = (b∗)4β/R.

As in [6], let h(ξ) = g(ξ/λ;α, β)/λ, and λ be a positive constant. Then, h(ξ) satisfies
the equation

h′′′(ξ) + (h′(ξ))2 − h(ξ)h′′(ξ) = β/λ4,

subjects to h(0) = 0, h′(0) = α/λ2, h′′(0) = 0 and h′′′(0) = (β − α2)/λ4. This gives the
homogeneity property of g(ξ) as described below.

Lemma 2.1. For all λ > 0, g(ξ;α, β) = λg(λξ;α/λ2, β/λ4).

Also, let a(α, β) be a positive zero of g′(ξ;α, β), if it does exist. Therefore, we have the
following homogeneity properties for a(α, β), R(α, β) and K(α, β) by

a(α, β) = a(α/λ2, β/λ4)/λ, (2.9)

R(α, β) = R(α/λ2, β/λ4), (2.10)

K(α, β) = K(α/λ2, β/λ4), (2.11)

for all λ > 0.
The given homogeneity yields an important property that for any shooting pair (α, β) on

a certain parabolic curve β = kα2, it always leads to the same (R,K) if a(α, β) does exist.
Moreover, instead of choosing the shooting parameters (α, β) randomly, one may follow a
simple path. For example, let it be close path along the boundary counterclockwise of a
square, which is centered at origin with the vertices (±1,±1) as shown in Figure 2.1.

In fact, the parabolic homogeneity also occurred for other studies, such as the laminar
flows in a rectangular porous channel with two equally accelerating walls([11]), and the
surface-tension driven flows in floating rectangular cavities([10]). For the later study, by
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Figure 2.1: The equivalence along a parabola.

applying the Boussinesq approximation to the governing momentum and energy equations,
the resulting problems is given as follows:

f ′′′ +R((f ′)2 −Aff ′′) = K, (2.12)

f(0) = f ′′(0) + 1 = 0, f(1) = f ′′(1) = 0. (2.13)

Here R is related to the Prandtl number and A = 2m/(m+ 1), where m denotes the power
law exponent of heat radiation along the free surface. The parabolic homogeneity of the
form (2.10), (2.11) could also be obtained.

2.2.2 Quasi-parabolic homogeneity

For the study of laminar flows in the rectangular channel with one porous wall([9]), the
boundary condition (1.7) yields the following semi-parabolic homogeneity:

R(α, β) = R(α/λ3, β/λ4), (2.14)

K(α, β) = K(α/λ3, β/λ4), (2.15)

for all λ > 0.
Note that semi-parabolic homogeneity also occurs in some studies, such as laminar flows

in a rectangular channel with one accelerating wall ([11]) and the surface-tension driven
flows in a rectangular cavity with one insulated bottom ([7]).

3 Process of utilizing homogeneity

To verify the existence of solutions, one should first classify the types of solutions, and then
analyze the existence to the continuum corresponding to the given type of solution. To
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illustrate the procedure, we sketch the process for solving (BVP) in the following sections.

3.1 Classification

It is clear that g(ξ;α, α2) = αξ is not a solution of (BVP1). Therefore, the classification the
types of solutions of (BVP) can be performed by assigning α, β from the following sets:

D1 = {(α, β) ∈ R2 : α ≤ 0, β < α2},
D2 = {(α, β) ∈ R2 : α > 0, β < α2},
D3 = {(α, β) ∈ R2 : α ≥ 0, β > α2},
D4 = {(α, β) ∈ R2 : α < 0, β > α2}.

For the convenience, we denote the problem of (2.5), (2.6) and (2.8) by (IVP). We first
quote the qualitative properties obtained in [7].

Proposition 3.1. ([7]) Suppose β 6= α2. Then, the following properties hold:

(a). g(iv)(ξ) < 0 for all positive ξ;

(b). g′(ξ) has no positive zero for (α, β) ∈ D1;

(c). g′(ξ) has exactly one positive zero for (α, β) ∈ D2;

(d). g(k)(ξ) has exactly one positive zero dk, k = 1, 2, 3, respectively, with d3 < d2 < d1,
for (α, β) ∈ D3;

(e). g′(ξ) has exactly two positive zeros, 0 < a1 < a2, and g(k)(ξ) has exactly one positive
zero d∗k for k = 2, 3, if (α, β) ∈ D4. Furthermore, a1 < d∗3 < d∗2 < a2.

From Proposition 3.1, the selected graphs of g(ξ;α, β) for some (α, β) ∈ Di’s are shown
in Figure 3.1, respectively.

From the distribution of a(α, β), the types of solution of f(η) can be characterized by
the following remarks:
Remark 3.1: From Proposition 3.1(c), we have g(a(α, β)) > 0, and it yields that R =
a(α, β)g(a;α, β) is positive. Furthermore, K = a4(α, β)β/R is positive if β > 0, and negative
if β < 0. In fact, from f(η) = a(α, β)g(ξ;α, β)/R with ξ = aη, the corresponding solution
f(η) of (BVP) is nonnegative and concave for (α, β) ∈ D2.
Remark 3.2: From Proposition 3.1(d), it is clear that g(a(α, β);α, β) > 0, which leads to
the corresponding R(α, β) > 0 and K(α, β) > 0. That is, the corresponding solution f(η)
of (BVP) is nonnegative and non-concave on (0, 1) for (α, β) ∈ D3.
Remark 3.3: It is clear that the corresponding pair (R,K) from a1(α, β) satisfies R <
0, K < 0 for (α, β) ∈ D4. Also, from f(η) = a1(α, β)g(ξ;α, β)/R with ξ = a1η, this
implies that the corresponding injective solution of (BVP) is non-negative, and concave for
(α, β) ∈ D4. Moreover, from the fact that g(a2) > 0, the existence of a2’s will lead to the
non-monotone suctive solutions f(η) of (BVP) with R > 0, K > 0.

Therefore, we conclude that (BVP) can only possess the following types of solutions:

(I) f is a nonnegative and concave ;

(II) f is nonnegative and non-concave, on which there exists an η1 ∈ (0, 1) such that f ′′ > 0
on (0, η1) and f ′′ < 0 on (η1, 1);
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Figure 3.1: The selected graphs of g(ξ;α, β) for some (α, β) ∈ D′is

(III) f is non-monotone on which
(i) there exist an η1 ∈ (0, 1) such that f ′′ > 0 on (0, η1) and f ′′ < 0 on (η1, 1);
(ii) there exist an η2 ∈ (0, η1) such that f < 0 on (0, η2) and f > 0 on (η2, 1).

Furthermore, also from Remarks 3.1 and 3.3, (BVP) possesses no nonnegative and con-
cave solution for any pair (R, K) when R < 0 and K > 0.

3.2 Existence of continuums
From the classification given in Section 3.1, g′(ξ) possesses the unique positive zero a(α, β)
for (α, β) ∈ D2, D3, or two positive zeros a1(α, β) < a2(α, β) for (α, β) ∈ D4. All the zeros
of g′(ξ) will lead to the solutions of (BVP) with the corresponding R(α, β), K(α, β). For
the convenience, define the solution sets for (BVP) in the R−K plane by

Γ1 = {−→x (α, β) : (α, β) ∈ D2}, Γ2 = {−→x1(α, β) : (α, β) ∈ D4},

Γ3 = {−→x (α, β) : (α, β) ∈ D3}, Γ4 = {−→x2(α, β) : (α, β) ∈ D4},

where−→x (α, β) = (R(α, β),K(α, β)) for (α, β) ∈ D2∪D3 and−→xi(α, β) = (Ri(α, β), Ki(α, β)),
i = 1, 2, corresponding to a1(α, β) < a2(α, β) for (α, β) ∈ D4.

Recall that the obtained homogeneity yields that the corresponding (R(α, β),K(α, β))’s
are the same for any (α, β) lying on a given parabola β = γα2 for some γ 6= 1 in D2, D3 or
D4. Therefore, Γk’s can be rewritten as

Γ1 = {−→x (1, γ) : −∞ < γ < 1}, Γ2 = {−→x1(γ, 1) : γ ∈ (−1, 0)},

Γ3 = {−→x (γ, 1) : γ ∈ [0, 1)}, Γ4 = {−→x1(γ, 1) : γ ∈ (−1, 0)}.
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From the rewritten forms of Γ′is, the existence of continuums could be expected and will
be sketched in the following subsections.

3.2.1 Non-negative and concave solutions

It is clear that, from Remark 3.1, the corresponding (R,K)’s for (α, β) ∈ D2 will lead
to the type (I) solutions of (BVP). Therefore, we first have the following theorem for the
suctive solutions.

Theorem 3.1. (BVP) possesses a nonnegative and concave solution with suction if and
only if (R,K) ∈ Γ1.

To explore the connected property of Γ1, one should first study the limiting behavior of
a(1, γ) as γ tends to 1− and −∞ in next corollary.

Corollary 3.1. (a). limγ→1− a(1, γ) = +∞; (b). limγ→−∞ a(1, γ) = 0.

Now by tracing the behavior of a(1, γ) on (−∞, 1), the limits of (R,K) can be obtained
from next corollary, as γ tends to 1− and −∞.

Corollary 3.2. (a). limγ→1− R(1, γ) = +∞, limγ→1− K(1, γ) = +∞;
(b). limγ→−∞R(1, γ) = 0, limγ→−∞K(1, γ) = −3.

Note that, from the continuity, it is clear that Γ1 is a continuum of one parameter in the
half plane of R > 0, K ∈ R connecting limit points (0,−3) and (∞,∞). Moreover, (BVP)
possesses at least one type (I) suctive solution for any positive R.

As in Theorem 3.1, the existence of type (I) injective solutions is obtained from the next
theorem.

Theorem 3.2. (BVP) has a nonnegative and concave solution with injection if and only if
(R,K) ∈ Γ2.

To explore the connected property of Γ2, the limiting behavior of a1(γ, 1) as γ tending
to −1+ and 0− should be discussed.

Corollary 3.3. (a). limγ→−1+ a1(γ, 1) = +∞; (b). limγ→0− a1(γ, 1) = 0.

Now the limits of R, K can be obtained easily.

Corollary 3.4. (a). limγ→−1+ R1(γ, 1) = −∞, limγ→−1+ K1(γ, 1) = −∞;
(b). limγ→0− R1(γ, 1) = 0, limγ→0− K1(γ, 1) = −3/(1 + 3ϕ).

Note that Γ2 is a continuum in the quadrant of R < 0, K < 0, connecting two limit
points (−∞,−∞) and (0,−3). Set Γ∗ = Γ1 ∪ (0,−3) ∪ Γ2. This shows that (BVP) has at
least one nonnegative, concave solution for every real R.
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3.2.2 Non-negative and non-concave solutions

The existence of type (II) solutions can be obtained from the next theorem.

Theorem 3.3. (BVP) possesses a nonnegative and non-concave solution with suction if
and only if (R,K) ∈ Γ3.

Now the limits of R,K can be obtained from the following corollaries.

Corollary 3.5. (a). limγ→1− a(γ, 1) = +∞;
(b). limγ→0+ a(γ, 1) = c(0, 1), for some positive a(0, 1).

Corollary 3.6. (a). limγ→1− R(γ, 1) = +∞, limγ→1− K(γ, 1) = +∞;
(b). limγ→0+ R(γ, 1) = R(0, 1), limγ→0+ K(γ, 1) = K(0, 1), for some positive R(0, 1),
K(0, 1).

It is clear from Corollary 3.5, 3.6 that Γ3 is also a continuum in the quadrant of R > 0,
K > 0 with the endpoint (R(0, 1),K(0.1)) and the limit point (∞,∞).

3.2.3 Non-monotone solutions.

Recall that the second roots a2(α, β) of g′(ξ) = 0, for (α, β) ∈ D4, will lead to the non-
monotone solutions of (BVP) with positive R, K, since g(a2(α, β)) > 0. therefore, the
existence of type (III) solutions can be obtained easily from the next theorem.

Theorem 3.4. (BVP) has a non-monotone solution with suction if and only if (R,K) ∈ Γ4.

As in Sections 3.2, 3.4, the limits of a2(γ, 1), and the corresponding R2(γ, 1), K2(γ, 1)
on Γ4 can be obtained from next two corollaries.

Corollary 3.7. (a). limγ→−1+ a2(γ, 1) = +∞; (b). limγ→0− a2(γ, 1) = a(0, 1).

Now the limiting points (R(0, 1),K(0, 1)), (+∞,+∞) of Γ4 can be obtained from the
next Corollary, where (R(0, 1),K(0, 1)) is defined in Corollary 3.6.

Corollary 3.8. (a). limγ→−1+ R2(γ, 1) = +∞, limγ→−1+ K2(γ, 1) = +∞;
(b).limγ→0− R2(γ, 1) = R(0, 1), limγ→0− K2(γ, 1) = K(0, 1), for some positive R(0, 1), K(0, 1).

Note that the point (R(0, 1),K(0, 1)) on Γ3 corresponds to a non-negative, non-concave,
suctive solution, and therefore, it is a limit point of the continuum Γ4. Moreover, (+∞,+∞)
is also a limit point of Γ3. Furthermore, Γ∗ = Γ3 ∪ Γ4 forms a continuum in the quadrant
of R > 0, K > 0 and consists of at least one turning pint.

4 Concluding Remarks

By applying the parabolic homogeneity of (BVP), the existence of continuums do exhibit
the existence of continuous families of solutions. In fact, from the limiting behaviors of
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(R,K) on the continuums, one can conclude that (BVP) possesses at least one solutions for
any R ∈ <. In particular, there is a positive R∗ such that the solutions of type (I), (II),
(III) coexist for any R > R∗.

Note that Kuo and Wang ([19]) studied the existence of steady flows with the slip effect
on two porous wall in a rectangular channel. By utilizing the parabolic homogeneity, similar
results as the ones in (BVP) are obtained. Recently, Kuo and Wang ([20]) also study the
flows with slip effect in a rectangular channel with one porous wall. The existence of the
resulting flows is also obtained, on which the semi-parabolic homogeneity also plays the
crucial role of analysis.

In contrast to the classical shooting methods and fixed point theories, the homogene-
ity indeed exhibits the continuums observed from the numerical simulation. In fact, the
verification of precise multiplicity of solutions remains open, and it requires more delicate
analysis. It should be pointed out that the homogeneity may not occur for non-autonomous
boundary layer problem which may arising from the flows resulted from mixed convection,
and the analysis strongly relies on the qualitative property of certain type of solutions.
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