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Abstract

In [5], Hintermüller and Kunisch introduced path-following methods for primal-dual
active set strategies requiring a regularization parameter. In this paper, we formulate
a path-following method that approximates a solution to a regularized dual problem
of an L1 total variation model.
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1 Introduction

Let Ω be an open connected set of R2 with Lipschitz boundary. Consider the problem

min
s∈BV (Ω)

∫
Ω

|s− d| dx+ α

∫
Ω

|∇s| dx, (P)

where d ∈ L1(Ω), and for v ∈ R2 we have |v| =
√
v2
x + v2

y. BV (Ω) is the space of functions

of bounded variations in Ω. Problem (P) is an L1 total variation (TV) model that is used
in image reconstruction. Nikolova showed that this model has the capability of recovering
original image pixels, making it suitable for removing outlier or impulse noise in corrupted
images [8]. However, the L1-problem is nondifferentiable. Direct methods like the gradient
method and the Newton method cannot be applied. Moreover, the problem is not strictly
convex, and hence, the solution is not unique.

One approach to obtain a unique solution is to regularize the fidelity term
∫

Ω
|s−d| with a

small positive parameter ε (for instance, see [1]). The resulting functional is globally smooth
and the regularized L1 model admits a unique solution. With the global regularization,
however, comes the loss of the distinct property of the L1 model to recover noise-free pixels.
Other methods to use on (P) are median filtering [10] and a relaxation approach [9]. In
[2] an efficient noise detector was combined with the edge preserving method in [11] to
remove impulse noise. In this research, one of our goals is to develop a primal-dual active
set method with underlying theory that will generate a solution to (P) while preserving
noise-free pixels. We mention here that in [7], the authors proposed an active set method
on the L1-model with a squared norm in the TV-term.

Hintermüller, Ito, and Kunisch [4] introduced generalized primal-dual active set (PDAS)
methods to obtain solutions for semismooth convex problems. In [6], the authors developed
a PDAS strategy to solve a regularized L2 TV model used in removing white noise. A
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similar approach was constructed in [3] to solve a regularized version of the L1 TV problem
wherein the authors developed a primal-dual active set method.

In this paper, we present a new regularized version of the dual of (P). Further, we
develop a path-following method to solve the resulting problem. The method we construct
is based on [5].

2 Dual of the L1 TV model

We consider here the discrete version of problem (P);

min
s∈Rn
‖s− d‖1 + α

n∑
k=1

|[∇s]k|2 (P )

where n is number of image pixels, ‖·‖1 is the `1 vector-norm, [v]k := (vk; vk+n)> for v ∈ R2n,

and |[v]k|2 :=
√
v2
k + v2

k+n. We define ∇v =

[
∇xv
∇yv

]
as the array of discrete derivatives in

the x- and y-directions. The Fenchel dual of problem (P ) is given in [3] as

min
p∈R2n

〈d,∇>p〉

s.t. |(∇>p)k| ≤ 1, k = 1, . . . , n
|[p]k|2 ≤ α, k = 1, . . . , n

With div := −∇>, the dual problem can be rewritten as

min
p∈R2n

−〈d, div p〉+ I|div p|≤1 + I|p|2≤α (P ∗)

where I is the indicator function. Note that problem (P ∗) is convex, but not strictly, and it
has a nonunique solution. To obtain an approximate unique solution, we smoothen problem
(P ∗) by adding to it one or more regularizing terms.

3 A regularization of (P ∗)

Let p1 be the subvector of the first n components of p, and let p2 be the subvector of the
last n components. For positive γ̃, an approximate solution to (P ∗) is obtained by solving

min
p∈R2n

1

γ̃
‖∇Bp‖22 − 〈d,div p〉+ I|div p|≤1 + I|p|2≤α (P ∗R)

where∇Bp =

[
∇xp1

∇yp2

]
. Clearly, problem (P ∗R) is strictly convex and admits a unique solution

p̄. We further mention that problem (P ∗R) is of the form of the problem discussed in [5]
for which a path-following method was developed. Solution p̄ and associated Lagrange
multipliers λ∗ and µ∗ satisfy

− 1

γ̃
4B p̄+∇d+ λ∗ + µ∗ = 0 (1)

and the complementarity system
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 〈λ
∗
u,div p̄− 1〉 = 0, 〈λ∗l ,div p̄+ 1〉 = 0, λ∗u, λ

∗
l ≥ 0

〈µ∗u, p̄− α1〉 = 0, 〈µ∗l , p̄+ α1〉 = 0, µ∗u, µ
∗
l ≥ 0

|div p̄| ≤ 1, |p̄|2 ≤ α
(2)

where λ∗ =

[
λ∗u
−λ∗l

]
, µ∗ =

[
µ∗u
−µ∗l

]
, and 4B =

[
4 0
0 4

]
, with 4 as the Laplace operator.

Define M+ and M− as M+ := max{0,M} and M− := min{0,M}, respectively. System
(2) can be expressed as

λ∗u = (λ∗u + γ(div p̄− 1))+, λ∗l = (λ∗l + γ(div p̄+ 1))−,
µ∗u = (µ∗u + γ(p̄− α1))+, µ∗l = (µ∗l + γ(p̄+ α1))−,

(3)

where γ > 0 is arbitrary.
The optimality system of (1) and (3) is complicated to solve because the max and

min operators are nondifferentiable. It was shown in [4] that Newton methods and PDAS
methods are capable of coping with nondifferentiable functions. An unconstrained version
of (P ∗R) is

min
p∈R2n

1

2γ̃
‖∇Bp‖22 − 〈d,div p〉+

1

2γ

(
‖M+

λu
‖22 + ‖M−λl

‖22 + ‖M+
µu
‖22 + ‖M−µl

‖22
)

(4)

where
Mλu

= λu + γ(div p− 1),
Mλl

= λl + γ(div p+ 1),
Mµu

= µu + γ(p− α1), and
Mµl

= µl + γ(p+ α1).

The Euler-Lagrange equation for (4) is

− 1

γ̃
4B p̄+∇d−∇

(
M+
λ∗
u

+M−λ∗
l

)
+M+

µ∗
u

+M−µ∗
l

= 0. (5)

Since M+
λu

+M−λl
is nondifferentiable, the solution of (5) may be at a kink.

3.1 A fixed point approach

To get an approximate solution to (5), we employ a fixed point approach. At some estimate
to p̄ we fix

r = ∇
(
M+
λu

+M−λl
− d
)

to obtain
− 1
γ̃4B p̄− r + m̄u = 0

m̄u−M+
µu
−M−µl

= 0.
(6)

The equations in (6) correspond to the optimality conditions of the minimization problem

min
p∈R2n

1
2γ̃ ‖∇Bp‖

2
2 − 〈r, p〉

s.t. − α12N ≤ p ≤ α12N .
(7)

We regularize problem (7) by the square norm of the box constraints:

min
p∈R2n

1

2γ̃
‖∇Bp‖22 − 〈r, p〉+

1

2γ

(
‖M+

µu
‖22 + ‖M−µl

‖22
)
. (P ∗

R̃
)
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Problem (P ∗
R̃

) has first-order optimality conditions

− 1
γ̃4Bpγ + µγ = r,

µγ −M+
µu
−M−µl

= 0
(8)

for a solution pair (pγ , µγ) to (8). Using Proposition 2.1 in [5], we get the following result.

Theorem. The solutions (pγ , µγ) to problem (P ∗
R̃

) converge to the solution (p̄, µ̄) of problem
(7) as γ →∞.

4 A path-following method

In [5], the authors introduced path-following methods that, when applied to a variation
problem such as (P ∗

R̃
), approximate the solution p̄ to (6) for a given γ. The family of solutions

C = {(pγ , µγ) | γ →∞} to the system (8) is called the primal-dual path associated with
(P ∗R), and in appropriately chosen function spaces, the existence of a sufficiently smooth
path is assured. Problem (P ∗

R̃
) is called a primal-dual path functional. We present a path-

following algorithm that incorporates a primal-dual active set method to solve the system
(8).

Algorithm

1. Initialize ε, γ̃, γ0, λ, pγ0 , and r0. Set k = 0.

2. Initialize p0
γk

= pγk , µ
0
γk

= µγk . Set l = 0.

3. Run inner loop.

(a) Determine the active and inactive sets:

A+,l
k := {µlγk + γ(plγk − α1) > 0} Ilk := Ω\{A+,l

k ∪ A
−,l
k }

A−,lk := {µlγk + γ(plγk + α1) > 0}

(b) Solve − 1
γ̃4Bp

l+1
γk

+ µl+1
γk

= rk where

µl+1
γk

= 0 on Ilk
pl+1
γk

= α on A+,l
k , pl+1

γk
= −α on A−,lk

(c) If ‖ − 1
γ̃4Bp

l+1
k − rk +

(
µl+1
γk

+ γk(p− α1)
)+

+
(
µl+1
γk

+ γk(p+ α1)
)− ‖ ≤ ε, exit

inner loop.

Else, l = l + 1.

4. Set k = k + 1 and pγk = plγk , µγk = µlγk .

5. If ‖µγk − (µγk + γk(pγk − α1))+ − (µγk + γk(pγk + α1))−‖ > ε,

update γk and rk and return to inner loop.

6. If KKT residual < ε, stop. Else, update γ̃ and return to (2).

The KKT residual employed in step (6) is KKTres =
(
‖K1‖2 + ‖K2‖2

) 1
2 , where K1 and

K2 are the left hand side expressions in (8), respectively.
The fixed-point approach gives us an approximation of the solution of the dual problem

(P ∗). In the next section, we provide an example where the path-following method is applied
and an approximate solution to (P ∗) is generated.
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5 A numerical example

Consider a 256×256 image, figure 1(a). Ten percent of the pixels in the image are corrupted
with salt-and-pepper noise (figure 1(b)).

(a) clean image (b) noisy image

Figure 1: Test Image

For the path-following method, the initial value of λ is 1, and succesively increases by a
factor of 10. The tolerance is ε = 10−8 and γ̃ = 103. We run the method with α = 0.5 using
MATLAB R2010a. The algorithm converged in two outer iterations and a total of 5 inner
iterations.

Figure 2: KKT residuals

Figure 2 shows the plot of the KKT residuals. The solid line denotes KKTres. The
dash-dot line and the dashed line are the plots of K1 and K2, respectively. The optimal
cost obtained for the regularized problem (P ∗

R̃
) is −71.24, whereas for the original dual

problem (P ∗) it is −72.97. The plots of these costs are depicted in figures 3(a) and 3(b).
We observe that in this instance, the costs converged quite fast, within two iterations only,
in 5.83 seconds.

6 Conclusion

The fixed-point approach gives us an approximation of the solution of the dual problem
(P ∗). However, the method described above lacks a means of obtaining a solution to the
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(a) regularized dual (b) dual

Figure 3: Costs

primal problem (P ). Our future work will focus on obtaining a pre-dual functional for (P ∗
R̃

)
and a way to recover an image reconstruction s̄ from the solution p̄.
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