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Abstract

This paper aims to show existence of boundary controls that steer the de St. Venant
system in finite time from a given unsteady subcritical state to another. We show that
we can direct the de St. Venant system in such a way that the solution remains
continuously differentiable. Moreover, the derivatives of the solution and the boundary
controls are also bounded and there is no restriction on the distance between the initial
state and the final state; hence our result is a semi-global controllability result for a
first order quasilinear hyperbolic partial differential equation. Finally, we present some
numerical examples.

Keywords: Semi-global controllability, first order quasilinear hyperbolic partial dif-
ferential equation, St. Venant equations.

1 Introduction

Mathematical description of a variety of physical phenomena are usually written as first
order partial differential equations (PDEs). One of the interesting physical phenomena is
fluid flow.

In hydraulics, the de St. Venant equations are first order quasilinear hyperbolic partial
differential equations modeling the flow of fluid in one dimension with velocity v(x, t) and
depth of flow h(x, t) in a slightly inclined rectangular open channel with friction. Usually
the equations are written in the following form:{

v∂xh+ h∂xv + ∂th = 0,
g∂xh+ v∂xv + ∂tv = g(θ − sf );

(1)
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where the open channel is defined lengthwise by x ∈ [0, L]. The parameters g, θ, and
sf denote the constant gravitational acceleration, slope of the channel, and the frictional
resistance coefficient, respectively.

Equations in (1) are also known as the continuity and momentum equations, respectively.
The de St. Venant equations can be written in a variety of form. It can be written in

matrix form as

∂t

(
h
v

)
+

(
v h
g v

)
∂x

(
h
v

)
=

(
0

g(θ − sf )

)
. (2)

Defining the wave celerity c(x, t) := (gh(x, t))
1
2 , the de St. Venant equations can be

written in a more convenient form, known as the characteristic form, given below

d(v ± 2c)

dt
=
∂(v ± 2c)

∂x

dx

dt
+
∂(v ± 2c)

∂t
= g(θ − sf ) (3)

for
dx

dt
= v ± c.

Moreover, by defining the Riemann invariants R+ := v+2c, R− := v−2c and the matrix
A (R+, R−) as

A (R+, R−) :=

(
3
4R

+ + 1
4R
− 0

0 1
4R

+ + 3
4R
−

)
the de St. Venant equations can be treated as a first order quasilinear hyperbolic system of
diagonal form

∂t

(
R+

R−

)
+A

(
R+, R−

)
∂x

(
R+

R−

)
=

(
g(θ − sf )
g(θ − sf )

)
. (4)

Numerous studies concerning boundary controllability for quasilinear hyperbolic system
were established [1, 2, 9, 6, 5, 7, 8]. Gugat and Leugering [4] were able to prove that one
can control globally the flow of fluid from one steady subcritical state to another (see also
[3]). Particularly, [4] considered fluid flow through a frictionless horizontal channel that is
described by the quasilinear hyperbolic form of the de St. Venant equations

∂t

(
R+

R−

)
+A

(
R+, R−

)
∂x

(
R+

R−

)
= 0. (5)

By constructing a global control from a finite number of local controls, they have shown
that the de St. Venant system (5) can be steered from any given constant state in Ω to any
other constant state in Ω in finite time.

In this paper, we extended the previous results of Gugat [4] where we consider unsteady
fluid flows between subcritical states. Moreover, in contrast to the results given in the
literature where the initial data is a C1 function with small C1 norm, in our case we set our
initial data Φ ∈ C1([0, L],R2) whose image is inside a nonempty compact domain Ω ⊂ R2.

2 Results

In this section, we state the following results proved in [12] concerning local boundary
controllability of the de St. Venant equations between unsteady subcritical states. For the
definitions and notations please refer to [12]. We start with steering the de St. Venant
system from a steady subcritical state to an unsteady subcritical state as stated in the
following theorem.
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Theorem 1. Consider the de St. Venant system (5) with boundary conditions of the
form R+(0, t) = g1(t) and R−(L, t) = g2(t). Let a nonempty compact rectangular set
Ω = [a+, b+]× [a−, b−] ⊂ R2 be given such that for all (d, e) ∈ Ω, we have 3

4d+ 1
4e > 0 and

1
4d+ 3

4e < 0; that is, Ω contains only subcritical states. Consider any constant initial state
Φ1 = (d1, e1) ∈ Ω. Let δ > 0. Define

T := max
(d,e)∈Ω

max

{
L+ δ∣∣ 3

4d+ 1
4e
∣∣ , L+ δ∣∣ 1

4d+ 3
4e
∣∣
}
.

Then there exists α > 0, such that for an unsteady terminal state Ψ ∈ C1([0, L],R2),
with Ψ[0, L] ⊆ C1(Ω) satisfying

|Ψ(x)− Φ1| < α (6)

for all x ∈ [0, L], the boundary controls g1, g2 can be chosen such that in time T , the
system has reached the terminal state Ψ and the corresponding solution is continuously
differentiable.

Moreover, this can be achieved in such a way that the absolute values of the derivatives
of the solution and of the controls g1, g2 remain smaller than any given upper bound.

In the next theorem, the de St. Venant system can be steered from an unsteady sub-
critical state to a steady one in finite time.

Theorem 2. Consider the hypotheses in Theorem 1. Fix ε > 0 such that Ωε := [a+ +
ε
2 , b+ −

ε
2 ]× [a− + ε

2 , b− −
ε
2 ] 6= ∅. Consider any constant terminal state Φ1 = (d1, e1) ∈ Ω.

Let δ > 0. Define

T := max
(d,e)∈Ω

max

{
L+ δ∣∣ 3

4d+ 1
4e
∣∣ , L+ δ∣∣ 1

4d+ 3
4e
∣∣
}
.

Then there exists α > ε > 0, such that for any unsteady initial state Φ ∈ C1([0, L],R2), with
Φ[0, L] ⊆ C1(Ωε) satisfying

|Φ(x)− Φ1| < α (7)

for all x ∈ [0, L], the boundary controls g1, g2 can be chosen such that in time T , the
system has reached the terminal state Φ1 and the corresponding solution is continuously
differentiable.

Moreover, this can be achieved in such a way that the absolute values of the derivatives
of the solution and of the controls g1, g2 remain smaller than any given upper bound.

2.1 Semi-global Result

We now proceed with the result about semi-global controllability. We show that we can steer
the de St. Venant system from any given unsteady subcritical state, whose neighborhood
is inside a compact set to another unsteady subcritical state inside the said compact set in
finite time, where the given compact set contains only those subcritical states.

Theorem 3. Let a nonempty compact rectangular set Ω = [a+, b+]× [a−, b−] ⊂ R2 be given
such that for all (d, e) ∈ Ω, we have 3

4d+ 1
4e > 0 and 1

4d+ 3
4e < 0; that is, Ω contains only

subcritical states. Fix ε > 0 such that Ωε := [a+ + ε
2 , b+ −

ε
2 ] × [a− + ε

2 , b− −
ε
2 ] 6= ∅. Then

we can find boundary controls g1, g2 that steer the de St. Venant system with boundary
conditions R+(0, t) = g1(t) and R−(L, t) = g2(t) in finite time T from any unsteady initial
state φ ∈ C1([0, L],R2), φ[0, L] ⊆ C1(Ωε) to another unsteady state ψ ∈ C1([0, L],Ω) in
such a way that the corresponding solution is continuously differentiable.
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Moreover, this can be achieved in such a way that the absolute values of the derivatives
of the solution and of the controls g1, g2 remain smaller than any given upper bound.

We need three results to prove the above theorem, namely Thereom 2, Theorem 1, and
the global result Theorem 2 of [4].

Proof. Let any initial unsteady state φ ∈ C1([0, L],Ωε) and a terminal unsteady state ψ ∈
C1([0, L],Ω) be given. Fix the constant states φ2 = (d2, e2) ∈ Ω, ψ3 = (d3, e3) ∈ Ω such
that |φ−φ2| < α2, |ψ−ψ3| < α3. Now, thanks to Theorem 2, there exist boundary controls
that steer the de St. Venant system from any given unsteady state φ ∈ C1([0, L],Ωε)
to a constant state φ2 = (d2, e2) ∈ Ω in finite time T1. Second, using Theorem 2 of
[4], there exist boundary controls that steer the de St. Venant system from any constant
state φ2 = (d2, e2) ∈ Ω towards any other constant state ψ3 = (d3, e3) ∈ Ω in finite
time T2. Finally, Theorem 1 implies, there exist boundary controls that steer the de St.
Venant system from a given steady state ψ3 = (d3, e3) ∈ Ω towards an unsteady state
ψ ∈ C1([0, L],Ω) in finite time T3. Hence, combining Theorem 2, Theorem 2 of [4] and
Theorem 1, there exist boundary controls that steer the de St. Venant system (5) from any
unsteady state φ ∈ C1([0, L],Ωε) to another unsteady state ψ ∈ C1([0, L],Ω) in finite time
T ≥ T1 + T2 + T3.

Moreover, as in Theorem 2, Theorem 2 of [4] and Theorem 1, the boundary controls
on [0, L] are simply the functions defined by g1(t) = R+(t, 0) and g2(t) = R−(t, L) for
0 ≤ t ≤ T respectively. Finally, that the derivative of the controls and the solution remain
smaller than any given upperbound follows immediately from Theorem 2, Theorem 2 of [4]
and Theorem 1.

3 Numerical Examples

To approximate the solution of the de St. Venant equations, we formulate an algorithm using
the method of characteristics. Executing our codes in Scilab version 4.1.1, we established
the following numerical examples.

We first numerically verify existence of boundary controls that steer the de St. Venant
system from a given unsteady subcritical state to a steady subcritical state.We define an
initial state Φ which is a continuously differentiable function satisfying conditions of Theo-
rem 2.

Example 1. Unsteady subcritical state φ(x) = (φ1(x), φ2(x)) ∈ Ωε with φi(x) = v(x, 0)+
(−1)i+12c(x, 0) for i = {1, 2}, steered to a constant subcritical state (d2, e2) ∈ Ω. To do this,
first let δ > 0 be given. To work with the Cauchy problem, the initial state φ be defined in
an infinite domain. Thus we define explicitly the function φ̂ = (φ̂1(x), φ̂2(x)) as follows:

φ̂1(x) =


d2, x ∈ (−∞,−δ),
d2 + f1(x), x ∈ [−δ, 0),
φ1(x), x ∈ [0, L],
d2 + f1(L+ δ − x), x ∈ (L,L+ δ],
d2, x ∈ (L+ δ,∞],

and

φ̂2(x) =


e2, x ∈ (−∞,−δ),
e2 + f2(x), x ∈ [−δ, 0),
φ2(x), x ∈ [0, L],
e2 + f2(L+ δ − x), x ∈ (L,L+ δ],
e2, x ∈ (L+ δ,∞],
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where fi(x) = αi(x)
(

2x3

δ3 −
x4

δ4

)
for i ∈ {1, 2} ,

with α1(x) = φ1(x)− d2 and α2(x) = φ2(x)− e2.
Initially for the height of the fluid we define a nonconstant C1-function

ĥi(x) =


0.5, x ∈ (−∞,−δ),
β1(x), x ∈ [−δ, 0),
β2(x), x ∈ [0, L],
β3(x), x ∈ (L,L+ δ],
0.5, x ∈ (L+ δ,∞],

where

β1(x) =

(√
0.2(9.81)+

3γ1(x)

δ3

(
5

(x−5)2

2 − (x−5)3

3

))2

9.81 ,
β2(x) = (3 + cos(2πx)),

β3(x) =

(√
0.2(9.81)+

3γ2(x)

δ3

(
5

(25−x)2
2 − (25−x)3

3

))2

9.81 ,

with
γ1(x) = 2

(√
9.81(3 + cos(2π(x− 5))−

√
9.81(0.2)

)
,

γ2(x) = 2
(√

9.81(3 + cos(2π(25− x))−
√

9.81(0.2)
)
,

and we define the initial velocity V̂i(x) = 0.9(1.2 + cos(πx)), for all x ∈ R.
Numerically, we only consider the strip [−δ, L + δ] × [0, T3], where L = 10, δ = 5, and

T3 > 0. The interval [0, L] corresponds to the space interval [10, 20], the interval [−δ, 0]
corresponds to [5, 10] and the interval [L,L+ δ] to [20, 25].

Fig. 1 shows the numerical existence of nonlinear boundary controls that steer the de
St. Venant system from an initial velocity and an initial height (rightmost) defined above
towards a constant height of 0.5 (leftmost) with a constant velocity of 1.98 in finite time T3.

Next, we verify numerically the existence of boundary controls that steer the de St.
Venant system from a given steady subcritical state to an unsteady subcritical state in
finite time T4.

Example 2. Now, consider the steady subcritical state (d2, e2) ∈ Ω. To direct it to-
wards an unsteady subcritical state ψ(x) = (ψ1(x), ψ2(x)) ∈ Ω with ψi(x) = v(x, 0) +
(−1)i+12c(x, 0) for i = {1, 2} , we work with the Cauchy problem, i.e. extend the initial

state in an infinite domain. Define explicitly the function ψ̂(x) =
(
ψ̂1(x), ψ̂2(x)

)
as follows:

ψ̂1(x) =

 ψ11(x), x ∈ (−∞, 0),
d2, x ∈ [0, L],
ψ12(x), x ∈ (L,∞],

and

ψ̂2(x) =

 ψ21(x), x ∈ (−∞, 0),
e2, x ∈ [0, L],
ψ22(x), x ∈ (L,∞),

where ψij(x) are given for i, j ∈ 1, 2.
Initially for the height of the fluid we define a C1-function

ĥi(x) =

 0.5(2 + cos(πx)), x ∈ (−∞, 0),
0.5, x ∈ [0, L],
0.5(2 + cos(πx)), x ∈ (L,∞),
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and we define the initial velocity V̂i(x) = 1.98, for all x ∈ R.
Again, numerically, we only consider the strip [−δ, L+ δ]× [0, T4], where L = 10, δ = 15,

and T4 > 0. The interval [0, L] corresponds to the space interval [15, 25], the interval [−δ, 0]
corresponds to [0, 15] and the interval [L,L+ δ] to [25, 40].

Fig. 2 shows the numerical existence of boundary controls that steer the de St. Venant
system from a constant height of 0.5 (rightmost) with a constant velocity of 1.98 towards a
varying height (leftmost) in finite time T4.

Figure 1: Fluid height (Unsteady subcritical state to steady state).

Figure 2: Fluid height (Steady state to Unsteady subcritical state).

Combining the two numerical examples above, we have shown numerically existence of
boundary controls that steer the de St. Venant system from a given unsteady subcritical
state φ ∈ C1([0, L],Ωε) towards another unsteady subcritical state ψ ∈ ([0, L],Ω) in finite
time T ≥ T3 + T4.

4 Conclusion

In a frictionless horizontal open channel, we have shown existence of boundary controls that
steer the de St. Venant system between unsteady subcritical states in finite time. Likewise
, we have shown on specific problems using our generic Scilab code how the de St. Venant
system can be steered numerically between unsteady subcritical states in finite time.

Still, many questions and open problems remain. One such problem is looking at the case
where the initial condition Φ(x, 0) is generally unsteady continuous function not necessarrilly
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differentiable. Also of interest, it is not trivial if existence and uniqueness still hold for more
general type of domains. Consider a non-compact domain. Another equally interesting
problem is the global controllability for a general case of sloped open-channel with friction.
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