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Abstract

Let A be a complex Banach algebra, let σ be an automorphism of A, and let d, δ
be q-skew σ-derivations of A. We show in [23] that if dδ(a) is quasi-nilpotent for every
a ∈ A, then dδ(a)3 lies in the radical of A for every a ∈ A. This result simultaneously
generalizes the previous results obtained by Brešar and Šemrl [6], Chebotar, Ke and
Lee [8] and Abdelali [1].
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1 Introduction

Suppose that a and b are linear operators on a complex Hilbert spaceH and let [a, b] = ab−ba
be their commutator. In the algebraic study of commutators an important role is played by
Jacobson’s Lemma [18, Lemma 2]:

Lemma 1.1. Let A be an algebraic algebra over a field of characteristic 0. If [a, b] commutes
with a, then [a, b] is nilpotent.

For the case when A is finite-dimensional, see [17, Lemma 6.8.4]. It was mentioned in
[16] that Kaplansky conjectured that an analog of this result is valid for Banach algebras,
i.e. that if [a, b] commutes with a, then [a, b] is quasi-nilpotent. (Recall that, by definition,

c = [a, b] is quasi-nilpotent if ||cn|| 1n → 0 as n → ∞, or, equivalently, if the spectrum
of c consists of 0 alone.) This conjecture was verified independently by Shirokov [28] and
Kleinecke [21] and is nowadays called the Kleinecke-Shirokov Theorem:

Theorem 1.2. Let a, b be elements in a complex Banach algebra A such that [a, [a, b]] = 0.
Then [a, b] is quasi-nilpotent.

Put another way, let d be the mapping defined by d(x) = [a, x] for x ∈ A. Then d
is a derivation on A, that is, a linear operator such that d(xy) = d(x)y + xd(y) for all
x, y ∈ A. Such a derivation is called the inner derivation induced by a ∈ A. Thus the
Kleinecke-Shirokov Theorem asserts that if d is an inner derivation such that d2(b) = 0 for
some element b ∈ A, then d(b) is quasi-nilpotent. As a matter of fact, it follows from the
proof in [28] that this result is true not just for inner derivation d but also for bounded
(continuous) derivations. It was explicitly stated and proved in [24, Theorem 2.1]: :

Theorem 1.3. Let d be a bounded derivation of a complex Banach algebra A and b an
element in A such that d2(b) = 0. Then d(b) is quasi-nilpotent.

In [29, Theorem 2.9] Thomas extended Theorem 1.3 to its most general form:
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Theorem 1.4. Let d be a (possibly unbounded) derivation of a complex Banach algebra A
and b an element in A such that d2(b) = 0. Then d(b) is quasi-nilpotent.

Let us look at Theorem 1.3 from a different point of view. Suppose that the inner
derivation d satisfies d2(b) = 0 not just for some but for every b ∈ A, then d(A) ⊆ Q(A),
the set of all quasi-nilpotent elements in A. A result due to Pták [25, Theorem 3.1] asserts
that d(A) ⊆ Q(A) if, and only if, d(A) ⊆ J(A), the Jacobson radical of A, i.e. the maximal
quasi-regular ideal of A. Therefore, d2(A) = 0 implies d(A) ⊆ J(A) for an inner derivation
d of a complex Banach algebra A. This result was extended by Mathieu and Murphy [24,
Theorem 3.6]

Theorem 1.5. Let d be a bounded derivation of a complex Banach algebra A such that
d(A) ⊆ Q(A). Then d(A) ⊆ J(A).

Now we weaken the assumption from d2(A) = 0 to d2(A) ⊆ J(A). In case d is inner,
Pták [25, Theorem 3.2] obtained the following

Theorem 1.6. Let d be an inner derivation of a complex Banach algebra A. If d2(A) ⊆
Q(A), then d2(a)2 ∈ J(A) for all a ∈ A.

Note that J(A) ⊆ Q(A), so the converse is evidently true. Later Turovskii and Shul’man
[30] extended this result to arbitrary derivations:

Theorem 1.7. Let d be a (possibly unbounded) derivation of a complex Banach algebra A.
If d2(A) ⊆ Q(A), then d2(a)2 ∈ J(A) for all a ∈ A.

In [6] Brešar and Šemrl characterized commuting pairs of continuous derivations d, δ of
A such that dδ(a) is quasi-nilpotent for all a ∈ A. In particular, they proved the following
result [6, Theorem 4.1]

Theorem 1.8. Let d, δ be bounded derivations of a complex Banach algebra A such that
dδ = δd. If dδ(A) ⊆ Q(A), then dδ(a)3 ∈ J(A) for all a ∈ A.

Later, Chebotar, Ke and Lee [8, Theorem 1.1] generalized this result by removing the
commutativity assumption dδ = δd and proved:

Theorem 1.9. Let d, δ be bounded derivations of a complex Banach algebra A. If dδ(A) ⊆
Q(A), then dδ(a)3 ∈ J(A) for all a ∈ A.

A closely related result was recently proved by Boudi [4, Theorem 1.1] as follows:

Theorem 1.10. Let d, δ be bounded derivations of a complex Banach algebra A such that
dδ(A) ⊆ Q(A). If A is semiprimitive, i.e. J(A) = 0, then dδ(a)3 lies in the socle of A, the
sum of all minimal one-sided ideals of A.

2 Main Results

Let σ be an automorphism of A. By a σ-derivation δ of A we mean a linear map δ :
A → A such that δ(xy) = σ(x)δ(y) + δ(x)y for all x, y ∈ A. Clearly, the 1A-derivations
are just the ordinary derivations where 1A is the identity automorphism of A. The σ-
derivations are also called skew derivations. Among the skew derivations one important
class is that of q-skew derivations as introduced in [13]. A σ-derivation δ of A is called
q-skew if σδσ−1 = qδ, where 0 6= q ∈ C. Clearly, the 1-skew σ-derivations are just the
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σ-derivations that commute with the basic automorphism σ. The q-skew derivations appear
in q-Weyl algebras, enveloping algebras of solvable Lie superalgebras, and coordinate rings
of quantum matrices. See [4][10][11][13][14][15][22] for some recent results concerning the
q-skew derivations. Recently we [23] generalized Brešar-Šemrl theorem to arbitrary q-skew
derivations without assumptions on continuity or commutativity.

More precisely, our main result [23, Theorem 1.1] is as follows:

Theorem 2.1. Let A be a complex Banach algebra, let σ be an automorphism of A, and
let d, δ be q-skew σ-derivations of A. If dδ(A) ⊆ Q(A), then dδ(a)3 lies in the radical of A
for every a ∈ A.

A special case of bounded 1-skew derivations was recently proved by Abdelali [1, Theorem
3.7] under some commutativity assumptions.

Corollary 2.2. Let A be a complex Banach algebra, let σ be a bounded automorphism of
A, and let d, δ be bounded σ-derivations of A such that σ, d, δ commute modulo J(A). If
dδ(A) ⊆ Q(A), then dδ(a)3 lies in the radical of A for every a ∈ A.

In the proof of Theorem 2.1, it is easy to see that an extension of Pták for q-skew
derivations also holds true.

Theorem 2.3. Let A be a complex Banach algebra, let σ be an automorphism of A, and
let d be a q-skew σ-derivation of A. If dδ(A) ⊆ Q(A), then dδ(a)2 lies in the radical of A
for every a ∈ A.
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