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Abstract

Let E and F be two Hilbert C∗-modules over C∗-algebras A and B, respectively.
Let T be a surjective linear isometry from E onto F . We will prove in this paper that
if the C∗-algebras A and B are commutative, then T preserves inner products and T
is a module map, i.e., there exists a ∗-isomorphism α from A onto B such that

〈Tx, Ty〉 = α(〈x, y〉),

and
T (xa) = T (x)α(a), ∀x, y ∈ E,∀a ∈ A.

In case A or B is noncommutative, T might not satisfy the equations above in general.
However, if T is a 2-isometry between full Hilbert C∗-modules, then T always preserves
inner products and is a module map.

Keywords: Banach-Stone type theorems, Hilbert C∗-modules, Hilbert bundles,
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1 Introduction

A (right) Hilbert C∗-module over a (complex) C∗-algebra A is a right A-module E equipped
with an A-valued inner product 〈·, ·〉 which is conjugate A-linear in the first variable and
A-linear in the second variable such that E is a Banach space with respect to the norm
‖x‖ := ‖〈x, x〉‖1/2.

Let X be a locally compact Hausdorff space and H a Hilbert space with an inner product
(·, ·), the Banach space C0(X,H) of all continuous H-valued functions vanishing at infinity is
a Hilbert C∗-module over the C∗-algebra C0(X) with inner product 〈f, g〉(x) := (f(x), g(x))
and module operation (fφ)(x) = f(x)φ(x), for all f ∈ C0(X,H) and φ ∈ C0(X).

Let X and Y be two locally compact Hausdorff spaces. Extending the Banach-Stone
theorem, Jerison [8] and Lau [12] characterize surjective linear isometries between C0(X,H1)
and C0(Y,H2). They show that every surjective linear isometry T from C0(X,H1) onto
C0(Y,H2) is of the form

Tf(y) = h(y)f(ϕ(y)). (1)

Here, h(y) is a unitary operator from H1 onto H2, for all y in Y , and h is continuous from Y
into B(H1, H2), the space of all bounded linear operators with the strong operator topology.
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Moreover, ϕ is a homeomorphism from Y onto X. Note that, the conclusion holds whenever
H1 and H2 are uniformly non-square Banach spaces (see [7]). Using (1), we have

〈Tf, Tg〉(y) = 〈Tf(y), T g(y)〉 = 〈h(y)(f(ϕ(y))), h(y)(f(ϕ(y)))〉
= 〈f(ϕ(y)), f(ϕ(y))〉 = 〈f, g〉 ◦ ϕ(y),

that is,
〈Tf, Tg〉 = 〈f, g〉 ◦ ϕ.

Let α : C0(X) → C0(Y ) be the ∗-isomorphism defined by α(φ) = φ ◦ ϕ. Then T preserves
inner products (with respect to α) in the sense that

〈Tf, Tg〉 = α(〈f, g〉).

By (1), it is easy to see that T is also a module map (with respect to α) in the sense

T (fφ) = T (f)α(φ), ∀f ∈ C0(X,H1), ∀φ ∈ C0(X).

It is then natural to ask if every surjective linear isometry between general Hilbert C∗-
modules is an inner product preserving module map with respect to some ∗-isomorphism
of the underlying C*-algebras. We will show in this paper that the answer is yes if both
the underlying C∗-algebras are commutative (see Theorem 1), but no if one of them is not
commutative (see Example 2). However, the answer turns out to be yes if T is a complete
isometry.

The main results in this paper are Theorems 1 and 3. After we had finished this paper,
we discovered that Theorem 3 has been already done independently by B. Solel ([15]) and
M. Hamana ([4]). B. Solel used the von Neumann algebra theory to characterize surjective
linear isometries between full Hilbert C∗-modules, while M. Hamana proved this in the
context of J∗-algebras. Our technique in this paper is more or less similar to that in [4]. We
first consider T as being complete isometric in the perspective of ternary rings of operators
(TRO), or alternatively, JB∗-triples. Then we interpret our results in the context in Hilbert
C∗-modules. Although not all our results are completely new, we still think our approach
might be interesting and useful for further development.

2 Preliminaries

Let HX be a (complex) Hilbert bundle over a locally compact Hausdorff space X, and ΓX
the (continuous) section space of HX . Each element in ΓX is a continuous map f from X
into HX vanishing at infinity such that each f(x) is in Hx, the fibre of HX at x. It is easy
to see that ΓX is a Hilbert C∗-module over the commutative C∗-algebra C0(X) with inner
product

〈f, g〉(x) := 〈f(x), g(x)〉
and module action

(fφ)(x) = f(x)φ(x),

for all f, g in ΓX and φ in C0(X). In fact, every Hilbert C∗-module E over commutative
C∗-algebra C0(X) is isometrically C0(X)-linear isomorphic to the section space of some
Hilbert bundle. Briefly speaking, the Hilbert bundle is constructed as follows (see ([3])).

Consider the maximal ideal Ix = {φ ∈ C0(X) : φ(x) = 0}. By Cohen-factorization
theorem, EIx is a closed submodule of E. Hence Hx := E/EIx has a natural inner product
structure defined by

(f + EIx, g + EIx) := 〈f, g〉(x).
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Define the bundle space HX by HX =
∐
x∈X

Hx with a fibre Hx at x. Then E is isomorphic

to section space ΓX of the Hilbert bundle HX via the map

f 7→ f(x) := f +Hx.

Let E be a Hilbert C∗-module over C∗-algebra A. We set 〈E,E〉 to be the linear span
of elements of the form 〈x, y〉, ∀x, y ∈ E. The module E is said to be full if the closed
two-sided ideal 〈E,E〉 equals A.

A JB∗-triple is a complex vector space V with a continuous mapping V 3 → V, (x, y, z) 7→
{x, y, z}, called a Jordan triple product, which is symmetric and linear in x, z and conjugate
linear in y such that for all x, y, z, u, v in V , we have

(a) {x, y, {z, u, v}} = {{x, y, z}, u, v} − {z, {y, x, u}, v}+ {z, u, {x, y, v}};

(b) the mapping z 7→ {x, x, z} is hermitian and has non-negative spectrum;

(c) ‖{x, x, x}‖ = ‖x‖3.

In [6], J. M. Isidro shows that every Hilbert C∗-module is a JB∗-triple with the Jordan triple
product

{x, y, z} =
1

2
(x〈y, z〉+ z〈y, x〉).

A well-known theorem of Kaup [10] (see also [2]) states that every surjective linear isometry
between JB∗-triples is a Jordan triple homomorphism, i.e., it preserves the Jordan triple
product

T{x, y, z} = {Tx, Ty, Tz}.

Hence, if T is a surjective linear isometry between Hilbert C∗-modules, then

T (x〈y, z〉+ z〈y, x〉) = Tx〈Ty, Tz〉+ Tz〈Ty, Tx〉. (2)

The equation (2) holds if and only if

T (x〈x, x〉) = Tx〈Tx, Tx〉, ∀x ∈ E, (3)

by the triple polarization

2{x, y, z} =
1

8

∑
α4=β2=1

αβ〈x+ αy + βz, x+ αy + βz〉(x+ αy + βz).

Since we want to find a map α between the underlying C∗-algebras such that

〈Tx, Ty〉 = α(〈x, y〉).

A simple way to do this is to see if the map 〈x, y〉 7→ 〈Tx, Ty〉 can be defined. It does not
seem to be the case if we just assume that T preserves Jordan-triple products, or equivalently,
the identity (3) holds. Instead, we should look for conditions under which T will satisfy the
equation

T (x〈y, z〉) = Tx〈Ty, Tz〉. (4)

A ternary ring of operators (TRO) between two Hilbert spaces H and K is a linear
subspace R of B(H,K), satisfying AB∗C ∈ R whenever A,B,C ∈ R. It is easy to see
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that every norm closed TRO is a Hilbert C∗-module over C∗-algebra generated by the set
{A∗B : A,B ∈ R} with inner product 〈A,B〉 = A∗B. Also, Zettl shows in [16] that every
Hilbert C∗-module is isometrically isomorphic to a norm closed TRO as Hilbert C∗-modules.
In this way, a Hilbert C∗-modules carries a triple product, namely,

{x, y, z} := x〈y, z〉.

A map between TROs is said to be a triple homomorphism if it preserves the triple products.
In the case of Hilbert C∗-modules, a map T is a triple homomorphism if it satisfies the equa-
tion (4). We have known every surjective linear isometry is a Jordan triple homomorphism,
but it can fail to be a triple homomorphism (see Example 2).

Let R be a TRO. Then Mn(R), the space of all n× n matrices whose entries are in R,
has a TRO-structure. Let T be a map between TROs R1 and R2. For each positive integer
n, define a map T (n) : Mn(R1)→Mn(R2) by

T (n)((xij)ij) = (T (xij))ij .

We call T an n-isometry if T (n) is isometric, and a complete isometry if all T (n) are isome-
tries. It has been shown that a surjective linear isometry between TROs is a triple homo-
morphism if it is completely isometric (see [1, page 163]).

3 Results

Theorem 1. Every surjective linear isometry between Hilbert C∗-modules over commutative
C∗-algebras is a module map and preserves inner products (with respect to an ∗-isomorphism
between the underlying C*-algebras).

Proof. Let E and F be two Hilbert C∗-modules over C0(X) and C0(Y ), respectively. As
we mentioned in section 2, every Hilbert C∗-module over C0(X) is the section space of
some Hilbert bundle over X. We can assume that T is a surjective linear isometry from
the section space of a Hilbert bundle over X onto an other one over Y , say ΓX and ΓY ,
respectively. By a theorem in [5], every surjective linear isometry T : ΓX → ΓY is a weighted
composition operator, i.e., there exist unitary operators h(y) between corresponding fibres
and a homeomorphism ϕ from Y onto X such that

Tf(y) = h(y)(f(ϕ(y))), ∀f ∈ ΓX , ∀y ∈ Y.

Then, as we have demonstrated in section 1, the desired assertion follows.

Now we discuss the case of isometries between Hilbert C∗-modules over general C∗-
algebras. The following example shows that if one of the underlying C∗-algebras is not
commutative, this result might not hold any longer.

Example 2. Let H be a Hilbert space with an inner product (·, ·). Let K(H) be the C∗-
algebra of all compact operators on H. The dual space H∗ of H is a Hilbert C-module
with the inner product 〈x∗, y∗〉 = (x, y). It can also be made to be a Hilbert K(H)-
module, denoted by H∗K , with the inner product 〈x∗, y∗〉K := x ⊗ y and module action
x∗T := (T ∗(x))∗. Clearly, the underlying C∗-algebras of H∗ and H∗K are not isomorphic
unless H is of dimension 1.

The identity map from H∗ onto H∗K is a surjective linear isometry preserving inner
products with respect to the trace functional, as

trace 〈x∗, y∗〉K = trace (x⊗ y) = (x, y) = 〈x∗, y∗〉.
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Furthermore, the identity map is a Jordan-triple homomorphism, but not a triple homo-
morphism. Note that, however, it is not a module map with respect to trace if H is infinite
dimensional. Moreover, the trace functional is not multiplicative unless H is of dimension
1.

Theorem 3. Let E and F be two full Hilbert C∗-modules over C∗-algebras A and B,
respectively, and T a surjective linear isometry from E onto F . If T is completely isometric,
then there exists a ∗-isomorphism α from A onto B such that

〈Tx, Ty〉 = α(〈x, y〉)

and
T (xa) = T (x)α(a)

for all x, y in E, and a in A.

Proof. As we mentioned in section 2, every complete isometry is a triple homomorphism

T (z〈x, y〉) = Tz〈Tx, Ty〉, ∀x, y, z ∈ E.

Define a map α : 〈E,E〉 → 〈F, F 〉 by

α(

n∑
i=i

ci〈xi, yi〉) :=

n∑
i=i

ci〈Txi, Tyi〉, ∀xi, yi ∈ E, ci ∈ C, i = 1, · · · , n.

Note that
n∑
i=i

ci〈xi, yi〉 = 0 if and only if z(
n∑
i=i

ci〈xi, yi〉) = 0 for all z in E. Since T is

bijective, it turns out to be equivalent to that

T (z)(

n∑
i=i

ci〈Txi, T yi〉) =

n∑
i=i

ciTz〈Txi, Tyi〉

=

n∑
i=i

ciT (z〈xi, yi〉)

= T (z(

n∑
i=i

ci〈xi, yi〉))

= 0, ∀z ∈ E,

or equivalently,
n∑
i=i

ci〈Txi, Tyi〉 = 0. This shows that α is well-defined and injective. From

the definition of α, it is easy to see that T preserves inner products with respect to α, and
α is surjective since T is surjective and both E,F are full. It is then routine to show that
α is a ∗-isomorphism.

To see that T is a module map. Let x and y be in E and a in A. Then

〈T (xa), T y〉 = α(〈xa, y〉) = α(a)∗α(〈x, y〉) = 〈T (x)α(a), T y〉.

Similarly, we have
〈T (x), T (ya)〉 = 〈T (x), T (y)α(a)〉.

By a simple calculation, we get

〈T (xa)− T (x)α(a), T (xa)− T (x)α(a)〉 = 0,

and hence T (xa) = T (x)α(a).
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In the proof of Theorem 3, we see that if T preserves inner products with respect to a
∗-isomorphism, then T is a module map. The converse is also true and proved in [13] by
using an important lemma in [11].

Lemma 4 ([13]). Let E and F be two Hilbert C∗-modules over C∗-algebras A and B,
respectively. Let T be a surjective linear isometry from E onto F and α a ∗-isomorphism
from A onto B. If T is a module map with respect to α, then T preserves inner products
with respect to α.

Proof. It suffices to prove that 〈Tx, Tx〉 = α(〈x, x〉) for all x in E. For any b in B, let
α(a) = b. Observe

‖|Tx|b‖2 = ‖b∗|Tx|2b‖ = ‖〈T (x)α(a), T (x)α(a)〉‖ = ‖〈T (xa), T (xa)〉‖
= ‖〈xa, xa〉‖ = ‖|x|a‖2 = ‖α(|x|a)‖2 = ‖α(|x|)b‖2, ∀b ∈ B.

By [11, Lemma 3.5], we get |Tx| = α(|x|), and hence 〈Tx, Tx〉 = α(〈x, x〉), as asserted.

Combined the results in [4, 15] and in this paper, we have the following conclusion. For
example, the equivalence among (a), (b) and (c) is mentioned in [4].

Corollary 5. Let E and F be two full Hilbert C∗-modules over C∗-algebras A and B,
respectively. Let T be a surjective linear isometry from E onto F . Then the following are
equivalent:

(a) T is a 2-isometry;

(b) T is a complete isometry;

(c) T is a triple isomorphism;

(d) T preserves inner product with respect to a ∗-isomorphism from A onto B;

(e) T is a module map with respect to a ∗-isomorphism from A onto B.
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