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Abstract

In this paper, we use partial differential equations to construct a mathematical
model of two microbial populations competing for a single-limited nutrient with internal
storage in an unstirred chemostat. The conservation principle is used to reduce the
dimension of our system by eliminating the equation for the nutrient. The reduced
system (limiting system) generates a strongly monotone dynamical system in its feasible
domain under a partial order. We construct suitable upper, lower solutions to establish
the existence of positive steady-state solutions. Given the parameters of the reduced
system, we answer the basic questions as to which species survives and which does not
in the spatial environment and determine the global behaviors. The primary conclusion
is that the survival of species depends on species’s intrinsic biological characteristics,
the external environment forces and the principal eigenvalues of some scalar partial
differential equations.
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1 Introduction and the Model

Chemostat is a laboratory apparatus for continuous culture of bacteria. It is a model for a
very simple lake where exploitative competition is easily studied. Basically, the chemostat
consists of a nutrient input, pumped at a constant rate into a well mixed culture vessel
whose volume is kept constant by pumping the nutrient and bacteria out at same rate. Let
the constants S(0) and D be the input concentration and dilution rate respectively. If S(t)
is the nutrient concentration at time t and u(t), v(t) are the concentration of competing
populations, the model is given by [15]
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dS

dt
= (S(0) − S)D − 1

y1
f1(S)u− 1

y2
f2(S)v,

du

dt
= (f1(S)−D)u,

dv

dt
= (f2(S)−D)v, (1.1)

S(0) ≥ 0, u(0) ≥ 0, v(0) ≥ 0,

f1(S) =
m1S

k1 + S
, f2(S) =

m2S

k2 + S
,

where m1, m2 are the maximal growth rate for species 1 and species 2 respectively; ki, yi
are the Michaelis-Menten(or half saturation) constant and yield constant of i-th population
respectively. The mathematical analysis [12, 15] shows the competitive exclusion principle
holds, i.e., only one of the populations u or v survives.

In phytoplankton ecology, it has long been known that the yield constant yi is not a
fixed constant. It can vary depending on the growth rate of i-th population. This led Droop
[6] to formulate the following the internal storage model:

dS

dt
= (S(0) − S)D − f1(S,Q1)u− f2(S,Q2)v,

du

dt
= (µ1(Q1)−D)u,

dQ1

dt
= f1(S,Q1)− µ1(Q1)Q1,

(1.2)
dv

dt
= (µ2(Q2)−D)v,

dQ2

dt
= f2(S,Q2)− µ2(Q2)Q2,

S(0) ≥ 0, u(0) ≥ 0, v(0) ≥ 0, Q1(0) ≥ Qmin,1, Q2(0) ≥ Qmin,2.

For i=1,2, Qi(t) represents the average amount of stored nutrient per cell of i-th population
at time t, µi(Qi) is the growth rate of species i as a function of cell quota Qi, fi(S,Qi) is the
per capital nutrient uptake rate, per cell of species i as a function of nutrient concentration S
and cell quota Qi, Qmin,i denotes the threshold cell quota below which no growth of species
i occurs.

The growth rate µi(Qi) takes the forms [2, 3, 6]:

µi(Qi) = µi∞

(
1− Qmin,i

Qi

)
,

(1.3)

µi(Qi) = µi∞
(Qi −Qmin,i)+

Ki + (Qi −Qmin,i)+
,

where Qmin,i is the minimum cell quota necessary to allow cell division and (Qi −Qmin,i)+
is the positive part of (Qi −Qmin,i) and µi∞ is the maximal growth rate of the species.
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According to Grover [9], the uptake rate fi(S,Qi) takes the form:

fi(S,Qi) = ρi(Qi)
S

ki + S
, where ρi(Qi) is defined as follows

(1.4)

ρi(Qi) = ρhighmax,i − (ρhighmax,i − ρ
low
max,i)

Qi −Qmin,i

Qmax,i −Qmin,i
(Morel [25]),

or

ρi(Qi) = ρmax,i
Qmax,i −Qi

Qmax,i −Qmin,i
(Thingstad [35]),

where Qmin,i ≤ Qi ≤ Qmax,i. Cunningham and Nisbet [2, 3] took ρi(Qi) to be a constant.
Motivated by these examples, we assume that µi(Qi) is defined and continuously differ-

entiable for Qi ≥ Qmin,i > 0 and satisfies

(H1) µi(Qi) ≥ 0, µ′i(Qi) > 0 and is continuous for Qi ≥ Qmin,i, µi(Qmin,i) = 0.

We assume that fi(S,Qi) ≥ 0 is continuously differentiable for S > 0 and Qi ≥ Qmin,i

and satisfies

(H2) fi(0, Qi) = 0,
∂fi
∂S

> 0,
∂fi
∂Qi

≤ 0.

Let U = uQ1, V = vQ2. U , V are the total amount of stored nutrient at time t for the
species 1, and species 2 respectively. Then we have the conservation property:

S + U + V = S(0) +O(e−Dt) as t→∞. (1.5)

In [32, 33], Smith and Waltman used the method of monotone dynamical system to prove
the competitive exclusion principle also holds for internal storage model.

Since coexistence of competing species is obvious in the nature, a candidate for an
explanation is to remove the “well-mixed” hypothesis. In [18] a system of reaction-diffusion
equation was constructed as follows:

∂S

∂t
= d

∂2S

∂x2
− 1

y1

m1S

k1 + S
u− 1

y2

m2S

k2 + S
v,

∂u

∂t
= d

∂2u

∂x2
+

m1S

k1 + S
u, 0 < x < 1, t > 0, (1.6)

∂v

∂t
= d

∂2v

∂x2
+

m2S

k2 + S
v,

with boundary conditions

∂S

∂x
(0, t) = −S(0),

∂u

∂x
(0, t) =

∂v

∂x
(0, t) = 0,

∂S

∂x
(1, t) + γS(1, t) = 0, (1.7)

∂u

∂x
(1, t) + γu(1, t) = 0,

∂v

∂x
(1, t) + γv(1, t) = 0,
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and initial conditions

S(x, 0) = S0(x) ≥ 0,

u(x, 0) = u0(x) ≥ 0, u0(x) ≡/ 0, (1.8)

v(x, 0) = v0(x) ≥ 0, v0(x) ≡/ 0.

In (1.6) we assume that nutrient S and microbial species u and v have the same diffusion
coefficient d. The constant γ in (1.7) represents the washout rate. The constants mi, yi, ki,
i = 1, 2 and S(0) have the same biological meaning as those in (1.1).

The system (1.6)-(1.8) has conservation property:

‖S(·, t) + u(·, t) + v(·, t)− z(·)‖∞ = O(e−αt) as t→∞, (1.9)

for some α > 0, where z(x) = S(0)( 1+γ
γ − x), 0 < x < 1.

We note that we may assume y1 = y2 = 1 in (1.6) by scaling u → u/y1, v → v/y2.
Hsu and Waltman [18] showed that under the spatial effect two competing species u and v
coexists under certain parameter range in contrary to the competitive exclusion in the model
(1.1). Now we intend to combine the well-mixed internal storage model (1.2) and the fixed-
yield unstirred chemostat model (1.6)-(1.8) into a new model of competition for a single
nutrient with internal storage in an unstirred chemostat. Following [18], S(x, t) represents
a nutrient density measured in units of mass per unit length; u(x, t) and v(x, t) are the
number of cells per unit length. Since U(x, t) = u(x, t)Q1(x, t), V (x, t) = v(x, t)Q2(x, t)
are the total amount of stored nutrient for species 1 and species 2 respectively. Obviously
when the species u and v diffuse, U and V also diffuse with same diffusion coefficient. Thus
we have the following system of reaction-diffusion equations with internal storage in an
unstirred chemostat:

St = dSxx − f1(S,
U

u
)u− f2(S,

V

v
)v,

ut = duxx + µ1(
U

u
)u,

Ut = dUxx + f1(S,
U

u
)u, x ∈ (0, 1), t > 0, (1.10)

vt = dvxx + µ2(
V

v
)v,

Vt = dVxx + f2(S,
V

v
)v,

with boundary conditions

Sx(0, t) = −S(0), Sx(1, t) + γS(1, t) = 0,

ux(0, t) = 0, ux(1, t) + γu(1, t) = 0,

Ux(0, t) = 0, Ux(1, t) + γU(1, t) = 0, (1.11)

vx(0, t) = 0, vx(1, t) + γv(1, t) = 0,

Vx(0, t) = 0, Vx(1, t) + γV (1, t) = 0,
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and initial conditions

S(x, 0) = S0(x) ≥ 0,

u(x, 0) = u0(x) ≥ 0, u0(x) ≡/ 0,

U(x, 0) = U0(x) ≥ 0, U0(x) ≡/ 0, (1.12)

v(x, 0) = v0(x) ≥ 0, v0(x) ≡/ 0,

V (x, 0) = V 0(x) ≥ 0, V 0(x) ≡/ 0,

where the initial-value functions u0(x), U0(x), v0(x), and V 0(x) satisfy U0(x)
u0(x) ≥ Qmin,1,

V 0(x)
v0(x) ≥ Qmin,2. We note that Q1(x, t) = U(x,t)

u(x,t) , Q2(x, t) = V (x,t)
v(x,t) are the instored nutrient

per cell per unit length. The nutrient uptake rates f1(S,Q1), f2(S,Q2) satisfy (H2) and the
growth rate µi(Qi) satisfies (H1).

The problem of understanding competition for resources in spatially variable habitats is
a challenging and very significant one for theoretical ecology. The specific question of how
storage of nutrient resources affects competition in spatially variable habitats is virtually
unknown from a theoretical perspective. Recently Grover [10] used a Lagrangian modelling
approach to study the competition of phytoplankton for a single nutrient resource. Each
competitor population is divided into many subpopulations that move through two model
habitats with gradient in nutrient availability: an unstirred chemostat and a partially-
mixed water column. By numerical simulations, he concludes that the competitive exclusion
holds. However his mathematical model can not be formally formulated and his results are
numerical, not analytic. We shall compare our results with his in the discussion section.

The rests of this paper are organized as follows. In section two, we state the principal
results of the paper. First we state the results about the growth and extinction of a sin-
gle population. Then we present the results of the competition of two population. It is
determined when neither, one or both competing populations survive. Section three is the
discussion section.

2 Statements of Results

We only state the results in this paper. The detailed proofs of the results can be found in
[16].

We first state the results about the growth and extinction of a single population. Con-
sider the following internal storage model of one species consuming one nutrient.

St = dSxx − f(S,
U

u
)u,

ut = duxx + µ(
U

u
)u, x ∈ (0, 1), t > 0, (2.1)

Ut = dUxx + f(S,
U

u
)u,

with boundary conditions

Sx(0, t) = −S(0), Sx(1, t) + γS(1, t) = 0,

ux(0, t) = 0, ux(1, t) + γu(1, t) = 0, (2.2)

Ux(0, t) = 0, Ux(1, t) + γU(1, t) = 0,
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and initial conditions

S(x, 0) = S0(x) ≥ 0,

u(x, 0) = u0(x) ≥ 0, u0(x) ≡/ 0,

U(x, 0) = U0(x) ≥ 0, U0(x) ≡/ 0, (2.3)

U0(x)

u0(x)
≥ Qmin,

where the functions µ(Q) and f(S,Q) satisfy (H1) and (H2) respectively.
Introducing the new variable Θ(x, t) = S+U into (2.1)-(2.3), one shall have the following

relation:

Θt = dΘxx, x ∈ (0, 1), t > 0,
Θx(0, t) = −S(0), Θx(1, t) + γΘ(1, t) = 0,

Θ(x, t) satisfies lim
t→∞

Θ(x, t) = z(x) uniformly in x ∈ [0, 1], where z(x) = S(0)( 1+γ
γ − x).

We rewrite (2.1)-(2.3) as

ut = duxx + µ(Uu )u,
Ut = dUxx + f(z(x)− U + ξ(x, t), Uu )u,

(2.4)

in (0, 1)× (0,∞), with boundary conditions

ux(0, t) = 0, ux(1, t) + γu(1, t) = 0, (2.5)

Ux(0, t) = 0, Ux(1, t) + γU(1, t) = 0,

and initial conditions

u(x, 0) = u0(x) ≥ 0, u0(x) ≡/ 0,

U(x, 0) = U0(x) ≥ 0, U0(x) ≡/ 0, (2.6)

U0(x)

u0(x)
≥ Qmin,

where ξ(x, t)→ 0 uniformly in x ∈ [0, 1] as t→∞.
Then one can use the standard argument as in [18, 27, 29, 36, 38, 39] to conclude that

the limiting system of the asymptotically autonomous system (2.4)-(2.6) as follows:

ut = duxx + µ(Uu )u
Ut = dUxx + f(z(x)− U, Uu )u,

(2.7)

in (0, 1)× (0,∞), with boundary conditions

ux(0, t) = 0, ux(1, t) + γu(1, t) = 0,
Ux(0, t) = 0, Ux(1, t) + γU(1, t) = 0,

(2.8)

and initial conditions
u(x, 0) = u0(x) ≥ 0, u0(x) ≡/ 0,
U(x, 0) = U0(x) ≥ 0, U0(x) ≡/ 0.

(2.9)

From the biological view of point, the feasible domain for initial value functions should
be

∆ = {(u0, U0) ∈ (C([0, 1]))2 | u0(x) > 0, 0 < U0(x) ≤ z(x),
U0(x)

u0(x)
≥ Qmin on [0, 1]}.
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From [26], any ω-limit set Γ for a solution of (2.4)-(2.6) satisfies the following: (a) Γ
is non-empty, compact and connected; (b) Γ is invariant for the semi-flow generated by
(2.7)-(2.9); (c) Γ attracts the orbit of (2.4)-(2.6); (d) Γ is a chain recurrent set for the
limiting system (2.7)-(2.9). Thus it is sufficient to study the global behavior of solutions of
the limiting system (2.7)-(2.9).

The first lemma is a statement that the system (2.7)-(2.9) is as in “well-behaved” as one
intuits from the biological problem.

Lemma 2.1. The set ∆ is positively invariant under the semiflow Φt generated by (2.7)-
(2.9).

Let η0 > 0 be the principal eigenvalue of the problem

dφ′′1(x) + η0φ1(x) = 0, x ∈ (0, 1),

(2.10)
φ′1(0) = φ′1(1) + γφ1(1) = 0

with the corresponding positive eigenfunction φ1(x) uniquely determined by the normaliza-
tion max[0,1]φ1(x) = 1.

Suppose that there exists a unique constant number Qc ≥ Qmin satisfying

µ(Qc) = η0. (2.11)

Remark 2.1. When we choose the following functions µ(Q) = µ∞(1− Qmin

Q ), it is easy to

see that (2.11) holds provided that the asymptotic growth rate µ∞ is large enough.

Theorem 2.1. (i) If minx∈[0,1] f(z(x), Qc) > η0Qc, then system (2.7)-(2.9) has a unique
steady state which is globally asymptotically stable in the feasible set ∆.
(ii) If maxx∈[0,1] f(z(x), Qc) ≤ η0Qc, then there is no steady state in ∆ and every solution
of the system (2.7)-(2.9) with initial conditions in ∆ satisfies (u(·, t), U(·, t)) → (0, 0) as
t→∞.

Remark 2.2. Since z(x) = S(0)( 1+γ
γ − x) and f(S,Q) satisfies (H2), it follows that

minx∈[0,1] f(z(x), Qc) = f(z(1), Qc) and maxx∈[0,1] f(z(x), Qc) = f(z(0), Qc).

Remark 2.3. (Biological interpretation for Theorem 2.1)
It is easy to calculate

η0 = η0(d, γ) = dR2(γ), φ1(x) = cos

√
η0
d
x, on [0, 1] (2.12)

where R(γ) is the unique root for the equation:

cotu =
1

γ
u, on (0,

π

2
).

It is not hard to see that η0(d, γ) is increasing in d and γ respectively and η0(d, γ) → 0 as
d→ 0 or γ → 0. From (1.4), we assume f(S,Q) takes the form

f(z(x), Q) = ρmax
Qmax −Q

Qmax −Qmin

z(x)

k + z(x)
.

Since z(x) = S(0)( 1+γ
γ − x) and Remark 2.2, it follows that

min
x∈[0,1]

f(z(x), Qc) = ρmax
Qmax −Qc

Qmax −Qmin

S(0)

γ

k + S(0)

γ
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and

max
x∈[0,1]

f(z(x), Qc) = ρmax
Qmax −Qc

Qmax −Qmin

S(0) 1+γ
γ

k + S(0) 1+γ
γ

.

Theorem 2.1(i) is equivalent to

ρmax
Qmax −Qc

Qmax −Qmin

S(0)

γ

k + S(0)

γ

> η0(d, γ)Qc,

it means that if the maximal uptake rate ρmax is larger, the diffusion coefficient d is smaller,
the washout rate γ is smaller then the species survives.

Theorem 2.1(ii) is equivalent to

ρmax
Qmax −Qc

Qmax −Qmin

S(0) 1+γ
γ

k + S(0) 1+γ
γ

≤ η0(d, γ)Qc,

it means that if the maximal uptake rate ρmax is smaller, the input concentration S(0) is
smaller, the half-saturation constant k is larger then the species goes to extinction.

Now we consider our model equations (1.10) with boundary conditions (1.11) and ini-
tial conditions (1.12). Introducing the new variable Θ(x, t) = S + U + V in (1.10) yields
lim
t→∞

[Θ(x, t)−z(x)] = 0 uniformly in x ∈ [0, 1], where z(x) = S(0)( 1+γ
γ −x). Thus we obtain

the limiting system of (1.10)-(1.12) as follows:

ut = duxx + µ1(Uu )u,
Ut = dUxx + f1(z(x)− U − V, Uu )u,
vt = dvxx + µ2(Vv )v,
Vt = dVxx + f2(z(x)− U − V, Vv )v,

(2.13)

in (0, 1)× (0,∞), with boundary conditions

ux(0, t) = 0, ux(1, t) + γu(1, t) = 0,

Ux(0, t) = 0, Ux(1, t) + γU(1, t) = 0, (2.14)

vx(0, t) = 0, vx(1, t) + γv(1, t) = 0,

Vx(0, t) = 0, Vx(1, t) + γV (1, t) = 0,

and initial conditions

u(x, 0) = u0(x) ≥ 0, u0(x) ≡/ 0,

U(x, 0) = U0(x) ≥ 0, U0(x) ≡/ 0, (2.15)

v(x, 0) = v0(x) ≥ 0, v0(x) ≡/ 0,

V (x, 0) = V 0(x) ≥ 0, V 0(x) ≡/ 0.

From the biological viewpoint, the feasible domain for initial value functions should be

Σ = {(u0, U0, v0, V 0) ∈ (C([0, 1]))4 | u0(x) > 0, U0(x) > 0, v0(x) > 0, V 0(x) > 0,

U0(x) + V 0(x) ≤ z(x),
U0(x)

u0(x)
≥ Qmin,1,

V 0(x)

v0(x)
≥ Qmin,2 on [0, 1]}.

As before by [26], it suffices to study the limiting system (2.13)-(2.15).
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Lemma 2.2. Σ is positively invariant under the semiflow Ψt generated by the system (2.13)-
(2.15).

Suppose that there exists a unique constant number Qc,i ≥ Qmin,i satisfying

µi(Qc,i) = η0, i = 1, 2. (2.16)

where η0 is defined in (2.12).

Remark 2.4. Choose the following functions µi(Q) = µi,∞

(
1− Qmin,i

Qi

)
, it is easy to see

that (2.16) holds provided that the asymptotic growth rate µi,∞ is large enough for i = 1, 2.

Theorem 2.2. The following statements hold

(i) If maxx∈[0,1] f1(z(x), Qc,1) ≤ η0Qc,1 and maxx∈[0,1] f2(z(x), Qc,2) ≤ η0Qc,2, then ev-
ery solution (u,U,v,V) for system (2.13)-(2.15) with initial data in Σ satisfies that
lim
t→∞

(u(x, t), U(x, t), v(x, t), V (x, t)) = 0 uniformly in x ∈ [0, 1];

(ii) If minx∈[0,1] f1(z(x), Qc,1) > η0Qc,1 and maxx∈[0,1] f2(z(x), Qc,2) ≤ η0Qc,2, then there
is a semi-trivial solution (u∗, U∗, 0, 0) for system (2.13)-(2.15) which is globally attrac-
tive in Σ;

(iii) If maxx∈[0,1] f1(z(x), Qc,1) ≤ η0Qc,1 and minx∈[0,1] f2(z(x), Qc,2) > η0Qc,2, then there
is a semi-trivial solution (0, 0, v∗, V ∗) for system (2.13)-(2.15) which is globally attrac-
tive in Σ.

Theorem 2.2 states the conditions for which both of species go to extinction; one species
survives and the other goes to extinction.

The following is the coexistence result.

Theorem 2.3. Let minx∈[0,1] f1(z(x)−V ∗, Qc,1) > η0Qc,1 and minx∈[0,1] f2(z(x) −U∗, Qc,2) >
η0Qc,2, where U∗ and V ∗ are defined in Theorem 2.2. Then the system (2.13)-(2.15) is uni-
formly persistent.

Remark 2.5. (Biological interpretation for Theorem 2.3)
The condition minx∈[0,1] f1(z(x)−V ∗, Qc,1) > η0Qc,1 says that species u is able to invade

the community with species v alone. Similarly, the condition minx∈[0,1] f2(z(x) −U∗, Qc,2) >
η0Qc,2 says that species v is able to invade the community with species u alone. Thus
Theorem 2.3 states that coexistence is possible provided that mutual invasibility occurs.
We note that from (H2), minx∈[0,1] f1(z(x), Qc,1) > minx∈[0,1] f1(z(x) −V ∗, Qc,1). Thus
invasion condition for species u: minx∈[0,1] f1(z(x)−V ∗, Qc,1) > η0Qc,1 implies the survival
condition for species u: minx∈[0,1] f1(z(x), Qc,1) > η0Qc,1. Similarly, invasion condition for
species v: minx∈[0,1] f2(z(x)−U∗, Qc,2) > η0Qc,2 implies the survival condition of species v:
minx∈[0,1] f2(z(x), Qc,2) > η0Qc,2.

3 Discussion

Nutrient and light are the essential resources for the primary production in aquatic ecosys-
tems [31]. In phytoplankton communities, species competes for nutrients and light in three
possible ways. At one extreme, in oligotrophic ecosystems with an ample supply of light,
primary producers typically compete for limiting nutrients. In a well-mixed and constant
environment, the theory predicts that the species with lowest “break-even” concentration
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wins the competition and the other species go to extinction [1, 12, 14, 15, 32, 34]. At other
extreme, in eutrophic ecosystems with amply nutrient supply, primary producers typically
compete for lights [19, 21]. In some aquatic ecosystems the species compete for both nu-
trients and light which are complementary resources for the growth of the species. In this
paper we study a mathematical model of two species competing for a single-limited nutrient
with internal storage in an unstirred chemostat. Here we use the unstirred chemostat as a
laboratory idealization of competition of primary producers in an oligotrophic ecosystems.
It is well-known that in a well-mixed chemostat, the theory predicts that competitive exclu-
sion principle holds. In [1, 12, 15] the authors proved that exclusion principle holds for the
case of fixed yield constants and in [14, 32] the authors proved for the case of variable yield
(i.e, for internal storage model). Hsu and Waltman [18] studied the spatial effect of the
competition of two species for a single limited nutrient in an unstirred chemostat provided
the yield constants are fixed. It shows that competitive exclusion and stable coexistence
hold for some parameter ranges. We note that the unstirred chemostat models of different
types were studied extensively by many people [18, 27, 29, 36, 38, 39].

The main results in this paper are Theorem 2.1, Theorem 2.2 and Theorem 2.3. In Theo-
rem 2.1, we study the growth and extinction of a single population in an unstirred chemostat.
The biological implications of Theorem 2.1 has been explained in the Remark 2.3. In Theo-
rem 2.1 we study the internal storage model of one species consuming one nutrient and give
sufficient conditions for the growth and extinction of the species respectively. Basically the
results say that the smaller diffusion coefficient d, washout rate γ, and the half-saturation
constant k or the larger maximal uptake rate ρmax, the species survives; the smaller maximal
uptake rate ρmax, the input concentration S(0) and the larger half-saturation constant k, the
species goes to extinction. In Theorem 2.2 and and Theorem 2.3 we study the competition
of two species for a single-limited nutrient with internal storage. In Theorem 2.3 we give
sufficient conditions for the coexistence of two species. By the numerical simulations in
section 3, we show that both of competition exclusion and coexistence are possible as the
internal storage parameters ρmax,1, ρmax,2 vary. Comparing with the computation result of
Grover in [10], our results are analytic and we show that coexistence is possible for some
parameters range.

Another approach to model the competition of species with internal storage is to consider
internal storage as a size (see [7, 8, 13]). Thus we may consider the populations u and v
as a function u = u(t, x,Q1) and v = v(t, x,Q2) where Q1 and Q2 are cell quota for
species u and v respectively. Then we may consider the size-structure partial differential
equations in [8], that is, we may study models combining competition for a resource between
size-structured populations and spatially structured habitats. In [11], the authors present a
model for both the distributions of quotas in populations and the distributions of populations
and the resource over space. They examined a size-structured model of competition for a
resource in a spatially variable habitat. Here, they do so using a model somewhat different
from that of Cushing [4, 5], appropriate for microorganisms reproducing by fission into two
daughter cells, similar to prior single-species models for a spatially uniform habitat [7, 8].
The quotas of the nutrient resource for each species are assumed to be proportional to
their size. The authors [11] show that in an unstirred chemostat setting, with diffusion of
populations and nutrient, the quota-structured model predicts qualitatively similar results
to previous unstructured models [17, 18]. Namely, coexistence of two competitors is possible
for some parameter values, with outcomes of persistence and coexistence related to principal
eigenvalue problems.
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