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Abstract

In this article, we generalize the method introduced by Serrin in [12] to prove
a reproductivity property of the strong solutions for two-dimensional Navier-Stokes
equations. Under a suitable smallness assumption on the nontrivial forcing terms, we
obtain the existence of the time periodic solution for the two-dimensional Navier-Stokes
equations. This time-periodic solution is asymptotically stable in L2 sense.
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1 Introduction

For several decades, asymptotic stability issues for fluid motions under various kinds of
settings have attracted a lot of attention. Inspired by a series of papers of Serrin [13, 12],
many authors have been devoted to the study of the existence of time-periodic solutions
of Navier-Stokes equations under different settings; for examples, see [12, 7, 15, 9, 8, 3, 6,
11, 16]. A heuristic idea was shown in [13]. Under the assumption of the existence and
regularity of global in time solutions of three-dimensional Navier-Stokes equations, Serrin
gave a criterion of the asymptotic stability of the velocity fields according to the fluid
viscosity ν, the maximal speed V and the diameter of the container d. Namely, he showed
that the flow with the Reynolds number V d/ν less than 5.71 is asymptotically stable in L2

sense. In his continued work [12], Serrin proved the existence of time-periodic solutions with
period T under the further assumptions :

1. the forcing term is time-periodic with period T , and

2. there exists a flow with Reynolds number less than 5.71 and this flow is equicontinuous
in space variable for all time.

Under different levels of regularity of solutions, the existence of time-periodic solutions
for the Navier-Stokes equations have been studied by many authors. For example, in the case
that the the Leray projection of the external body force is Hölder continuous, the related
issues are reported by Takeshita [14]. We do not attempt to give a thorough survey on all
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the literatures. In this article, we shall briefly demonstrate how to employ an idea of Serrin
to obtain the time-periodic strong solution (see definition (2.5) - (2.7)) for two-dimensional
Navier-Stokes equation defined on a bounded domainM⊂ R2 with time dependent forcing
terms.

Namely, if suitable smallness conditions are imposed on the forcing terms, we prove that
the L2 norm of the difference of any two strong solutions tends to zero exponentially. In
general, it is not so obvious that one can derive a decay estimate of the L2(M) norm of the
difference of two arbitrary flows. However, the convection structure of the equations allows
us to derive such an estimate between an arbitrary flow and a flow with certain smallness
(see Theorem 1.1). We can therefore use the triangle inequality to obtain the decay estimate
of the difference of two arbitrary flows (see Theorem 1.2). We then prove the existence and
uniqueness of the time-periodic solution under the assumption that the forcing functions are
time-periodic and small. The smallness in the above statements depends on the diffusivity
coefficient ν and the size of domain.

We state the main results in the following theorems:

Theorem 1.1. Let F ∈ L∞(0,∞; (L2(M))2) be nontrivial and periodic in time with period
T . There exists a constant γ̃2 depending on the diffusivity coefficients ν and the size of
domain such that if

|F |2L∞(0,∞;(L2(M))2) ≤ γ̃2, (1.1)

then there exists a time periodic strong solution v to the Navier-Stokes equations (2.1)-(2.3).
Moreover, any other strong solution tends to this time-periodic solution asymptotically in
L2 sense.

The existence of time-periodic solutions is a consequence of the following asymptotic
stability property.

Theorem 1.2. Suppose F ∈ L∞(0,∞; (L2(M))2). There exists a positive number γ̃2 such
that if

|F |2L∞(0,∞;(L2(M))2) ≤ γ̃2, (1.2)

then for any two strong solutions v1(t) and v2(t) of the Navier-Stokes equations (2.1)-(2.3),
we have

lim
t→∞

|v1(t)− v2(t)|2L2 = 0. (1.3)

The convergence rate in (1.3) is exponential.

Theorem 1.2 is a direct result of the following Theorem.

Theorem 1.3. Suppose F ∈ L∞(0,∞; (L2(M))2). There exist two positive numbers γ̃1 and
γ̃2 such that if F satisfies

|F |2L∞(0,∞;(L2(M))3) ≤ γ̃2, (1.4)

and v′(t) is a strong solution of the system (2.1)-(2.3) with initial condition v0 satisfying

|v0|2H1 ≤ γ̃1, (1.5)

and v′′(t) is any other strong solution of the Navier-Stokes equations (2.1)-(2.3), we have

lim
t→∞

|v′(t)− v′′(t)|2L2 = 0. (1.6)

The convergence rate in (1.6) is exponential.
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The scenario of the proof of Theorem 1.1
Under the assumptions of Theorem 1.1, let v(x, y, t) be a strong solution of (2.1)-(2.3),

we define
vn(x, y) := v(x, y, nT ).

With Theorem 1.2 at hand, one may follow Serrin’s idea to proceed with the proof by the
following steps:

1. Show the sequence {vn}n∈N is a Cauchy sequence in (L2(M))2. We denote the L2

limit of vn by v1(x, y).

2. Prove the strong solution u(x, y, , t) of the system (2.1)-(2.3) with initial condition v1

is time periodic with period T . Hence, by Theorem 1.2, u(x, y, t) attracts all strong
solutions in L2 sense asymptotically.

The rest of the article is organized as follows. In Section 2, we recapitulate a Sobolev type
inequality, uniform Gronwall inequality and the functional settings for the Navier-Stokes
equations. An important lemma regarding the uniform smallness of the strong solutions
with small initial data is shown in Section 3. We put the proof of the main theorems in
Section 4. The analysis for other fluid models should be addressed elsewhere.

2 Preliminary

2.1 The model equation

In this article, we consider the following two dimensional Navier-Stokes equations defined
on a bounded smooth domain M :

∂v

∂t
+ (v · ∇)v + fv⊥ +∇p = ν4v + F, (2.1)

∇ · v = 0, (2.2)

where v = (u(x, y, t), v(x, y, t)) is the velocity of the fluid and p(x, y, t) is the pressure. Here,
f is the Coriolis force and ν is the diffusivity coefficients of flow velocity, F = (Fu, Fv) is
a time periodic force and v⊥ = (−v, u). For the sake of simplicity, the Coriolis force f is
taken as constant. In our treatment, this assumption does not lose generality.

The fluid we consider is confined in a smooth, simply connected, two-dimensional do-
main M with smooth boundary ∂M. We then supplement the system (2.1)-(2.3) with the
following Dirichlet boundary condition

v|∂M = 0. (2.3)

2.2 Function spaces and inequalities

In this subsection, we recall function spaces and inequalities we need. Let us denote by
Lp(M) and Lp(∂M)(1 ≤ p <∞) the usual Lp spaces with the norms

|φ|p =


(

∫
M
|φ(x, y, z)|pdx dy dz)1/p, ∀φ ∈ Lp(M),

(

∫
∂M
|φ(x, y)|pdx dy)1/p, ∀φ ∈ Lp(∂M).

(2.4)
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We also denote by Hm(M) and Hm(∂M)(m ≥ 0) the classic Sobolev spaces for square-
integrable functions with square-integrable derivatives up to m-th order. As have been
adopted in many literatures, we define the function spaces H and V as follows:

H =
{
v ∈ (L2(M))2 : ∇ · v = 0

}
,

V =
{
v ∈ (H1

0 (M))2 : ∇ · v = 0
}
.

Now we recall the definitions of the weak and strong solutions as follows: assume that
F ∈ L2(0, T ;L2(M)2), v0 ∈ H and T > 0. The vector field v is called a weak solution to
the system (2.1)-(2.3) on the time interval [0, T ] if it satisfies (2.1)-(2.3) in the distribution
sense and

v ∈ C(0, T ;H) ∩ L2(0, T ;V ), (2.5)

dv

dt
∈ L1(0, T ;V ′). (2.6)

Moreover, if v0 ∈ V , a weak solution v is called a strong solution to (2.1)-(2.3) on the time
interval [0, T ] if it also satisfies

v ∈ C(0, T ;V ) ∩ L2(0, T ;H2(M)). (2.7)

The existence and uniqueness of strong solutions of the equations (2.1) - (2.3) are well-
known, see, for example, Temam [18].

Before further exploration, we recall the following two lemmas that we shall use fre-
quently in our proofs.

Lemma 2.1. (Uniform Gronwall lemma). Let g1, g2 and y be three non-negative locally
integrable functions on the interval (t0,∞) such that

dy

dt
≤ g1y + g2, ∀ t ≥ t0,

and ∫ t+r

t

g1(s) ds ≤ a1,

∫ t+r

t

g2(s) ds ≤ a2,

∫ t+r

t

y(s) ds ≤ a3, ∀ t ≥ t0,

where r, a1, a2 and a3 are positive constants. Then

y(t) ≤ (
a3

r
+ a2)ea1 , ∀ t ≥ t0 + r.

The proof of Lemma 2.1 is refereed to [4] and [17].

Lemma 2.2. (Sobolev and Ladyzhenskaya’s inequalities in R2) For φ ∈ H1(M), one has

|φ|L3(M) ≤ C0|φ|2/3L2(M)|φ|
1/3
H1(M). (2.8)

For proof of Lemma 2.2, for example, see [1], [2], [5] and [10].
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3 A key lemma

In this section, we state and prove the following key lemma which plays an important role
in the proof of the main theorem.

Lemma 3.1. Assume F ∈ L∞(0,∞; (L2(M))2), v0 ∈ V . Then there exist two positive con-
stants γ∗1 and γ∗2 such that for v, the strong solution to (2.1)-(2.3) with the initial condition
v0, we have the following property: if v0 and F satisfy

|v0|2H1 ≤ γ1 ≤ γ∗1 , (3.1)

|F |2L∞(0,∞;(L2(M))2) ≤ γ2 ≤ γ∗2 , (3.2)

then we have
sup
t≥0
|v(t)|2H1 ≤ C(γ1, γ2), (3.3)

where C(γ1, γ2) denotes a positive constant depending on positive numbers γ1 and γ2 such
that

C(γ1, γ2)↘ 0 as γ1 + γ2 ↘ 0.

Here, the constants γ∗1 and γ∗2 depend only on ν and the size of domain M.

Proof. We split the proof into several steps. In this article, we will denote by c some generic
positive constants, the values of which may vary from one place to another.

Step 1. L2 estimate of v.
Taking the L2(M) inner product of (2.1) with v and using the facts that

< v⊥,v >R2= 0,∫
M

(v · ∇)v · vdM = 0,

and ∫
M
∇p(x, y) · v(x, y, z)dM =

∫
M
p(x, y)∇ · v(x, y)dxdy

= 0,

we obtain
1

2

d

dt
|v|2L2 + ν|∇v|2L2 = I, (3.4)

where

I =

∫
M
F · v dM.

By the following Poincare’s inequality

|v|2L2 ≤ c∗1|∇v|2L2 , (3.5)

we obtain
|I| ≤ c1|F |L2 |∇v|L2 . (3.6)

Inferring from (3.4), by (3.6) and Young’s inequality, we get

d

dt
|v|2L2 + ν|∇v|2L2 ≤ c|F |2L∞(0,T ;(L2(M))2) (3.7)
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By (3.7) and a direct integration, we obtain

|v(t)|2L2 ≤ e−νt|v0|2L2 + c(1− e−νt)|F |2L∞(0,T ;(L2(M))2). (3.8)

Moreover, we have

|v(t)|2L2 +

∫ t

0

ν|∇v|2L2 ds ≤ J1(t). (3.9)

where
J1(t) = |v0|2L2 + ct|F |2L∞(0,T ;(L2(M))2)).

So far, we obtain the L2 estimates that we need.

Step 2. H1 estimate of v
Now, we perform H1 estimates on v. By taking L2(M) inner product of (2.1) with −4v

and using the following facts that

|
∫
M
f~k × v · 4v dM| ≤ c|v|L2 |4v|L2 ≤ ν

8
|4v|2L2 + c|v|2L2 ,∫

M
∇p · 4v dM = 0,

|
∫
M

(v · ∇)v · 4v dM| ≤ c|∇v|3L3

≤ c|∇v|2L2(|4v|L2 + |∇v|L2)

≤ ν1

8
|4v|2L2 + c(1 + |∇v|2L2)|∇v|2L2 ,

and

|
∫
M
F · 4v dM| ≤ c|F |L2(M)|4v|L2(M) ≤

ν

8
|4v|2L2(M) + c|F |2L2 ,

we obtain

d

dt
|∇v|2L2 + ν|4v|2L2 ≤ c|∇v|4L2 + c

(
|∇v|2L2 + |v|2L2

)
+ c|F |2L∞(0,T ;(L2(M))2). (3.10)

By (3.8), (3.9) and Gronwall inequality, we have

|∇v|2L2 +

∫ t

0

ν1|4v|2L2 ds ≤ J2(t), (3.11)

where
J2(t) = cJ1(t)ecJ1(t).

Step 3. Uniform Smallness
Assume v(t) is the strong solution of (2.1)-(2.3) with the initial condition v0 that satisfies

(3.1). Since J1(t) and J2(t) are continuous in temporal variable and agree with the squares
of norms of the initial data at t = 0, we see that there exists t∗ > 0 such that

|v(t)|2H1 ≤ 2(γ1 + γ2), ∀ 0 ≤ t ≤ t∗. (3.12)

In what follows, let r be a positive number satisfying

0 < r ≤ t∗.
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When it is needed, we may reduce γ1, γ2 and r.
First, by (3.8), we see that

|v(t)|2L2 ≤ C(γ1, γ2), ∀ t ≥ 0. (3.13)

Secondly, integrating (3.7) with respect to time variable over [t, t+ r], we obtain

ν

∫ t+r

t

|∇v|2L2 ds ≤ C(γ1, γ2), ∀ t ≥ 0. (3.14)

By (3.8), (3.14) and the uniform Gronwall lemma, we derive from (3.10) that

|∇v|2L2 ≤ C(γ1, γ2), ∀ t ≥ r. (3.15)

To sum up, by (3.12), (3.13) and (3.15), the lemma is proved.

4 The proofs of main theorems

In this section, we shall give the complete proof of the main theorems. We start with the
proof of Theorem 1.3 by using Lemma 3.1.

Proof of Theorem 1.3

Proof. Let v′(x, y, z, t) be the solution of the system (2.1)-(2.3) with initial condition v0,
where v0 satisfies (1.5). For another strong solution v′′(x, y, z, t) of the system (2.1)-(2.3),
we define

ũ = v′′ − v′.

We observe that ũ satisfies the system

∂ũ

∂t
+ (ũ · ∇)ũ + fk× ũ + (ũ · ∇)v′ + (v′ · ∇)ũ +∇p̃ = ν4ũ. (4.1)

∇ · ũ = 0, (4.2)

ũ|∂Ω = 0. (4.3)

Multiplying (4.1) by ũ and integrating the products over the domain M, we have

1

2

d

dt
|ũ|2L2 + b(ũ, ũ, ũ) + b(ũ,v′, ũ) + b(v′, ũ, ũ)

=

∫
M

(ν4ũ)ũ dM (4.4)

Here b(ũ,v,w) is defined as

b(ũ,v,w) :=

∫
M

(ũ · ∇)v ·w dM.

It is well-known that the trilinear b(ũ,v,w) is skew-symmetric with respect to the last two
arguments, namely,

b(ũ,v,w) = −b(ũ,w,v), (4.5)

which implies
b(ũ,w,w) = 0. (4.6)
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By (4.6) , we derive from (4.4)

1

2

d

dt
|ũ|2L2 + ν|∇ũ|2L2 = −b(ũ,v′, ũ). (4.7)

Notice that

|b(ũ,v′, ũ)| = |
∫
M

(ũ · ∇)v′ · ũ dM

≤
∫
M
|ũ||v′||∇ũ| dM

≤ |∇ũ|L2 |v′|L4 |ũ|L4

≤ (By Sobolev inequalities in R2)

≤ c|v′|H1 |∇ũ|L2 |ũ|H1

≤ c∗C1/2(γ1, γ2)|∇ũ|2L2 , (4.8)

where c∗ is a constant depending on the domainM. Here we have used Lemma 3.1 and the
Poincare inequality

|ũ|2L2 ≤ c∗1|∇ũ|2L2 . (4.9)

Therefore, by (4.8), we may choose positive numbers γ1 and γ2 small so that

|b(ũ,v′, ũ)| < ν

2
|∇ũ|2L2 . (4.10)

Hence, by Poincare inequality (4.9), there exists δ > 0 such that

d

dt
|ũ|2L2 + δ|ũ|2L2 ≤

d

dt
|ũ|2L2 + ν|∇ũ|2L2 ≤ 0. (4.11)

Hence,
|ũ|2L2 ≤ e−δt|ũ(0)|2L2 (4.12)

This completes the proof of Theorem 1.3

Proof of Theorem 1.1
We now employ Theorem 1.3 and Serrin’s method to prove Theorem 1.1.

Proof. Let v0 ∈ V and let F ∈ L∞(0,∞; (L2(M))2) be a periodic function with period T .
We assume that the initial data v0 and the forcing term F satisfy the following conditions:

|v0|2H1 ≤ γ1,

|F |2L∞(0,∞;(L2(M))2) ≤ γ2,
(4.13)

where γ1 = γ̃1 and γ2 = γ̃2 are as defined in the proof of Theorem 1.3.
By virtue of Theorem 1.3, we denote by v′(x, y, t) the solution to the system (2.1)-(2.3)

with initial condition v0. We set

v′n(x, y) := v′(x, y, nT ).

First, we claim that the sequence {v′n}n∈N is a Cauchy sequence in (L2(M))2. We set
for positive integers m > k

v′′(x, y, t) = v′(x, y, t+ (m− k)T ).
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Note that the pair v′′ is still a strong solution to the system (2.1)-(2.3) with initial condition
v′′(x, y, 0) = v′(x, y, (m− k)T ). Now, as in the proof of Theorem 1.3, we set

ũ(x, y, t) := v′′(x, y, t)− v′(x, y, t).

Due to the time periodicity of the forcing F , we see that ũ satisfies the system (4.1) - (4.3).
Hence, taking t = kT , we derive from (4.12) that

|v′(t = mT )− v′(t = kT )|2L2 ≤ e−δt|ũ(0)|2L2 . (4.14)

Notice that, by Lemma 3.1, we have

|ũ(0)|2L2 ≤ 2
(
|v0|2L2 + |v′(t = (m− k)T )|2L2

)
≤ 4C(γ1, γ2).

Thus, we deduce that the sequence {v′n}n∈N is a Cauchy sequence in L2(M)2. Let (v1(x, y, z)
be the L2 limit of {v′n}n∈N. In fashion of Lemma 3.1, we see that

sup
n∈N
|v′n|2H1 ≤ C(γ1, γ2). (4.15)

Therefore, we obtain a subsequence {nj}j∈N of N such that

∇v′nj
⇀ ∇v1 in L2 weakly.

Hence v1 lies in V and satisfies
|v1|2H1 ≤ C(γ1, γ2). (4.16)

Secondly, we denote by v(x, y, z, t) the solution of the system (2.1)-(2.3) with initial
condition v1. We claim that the solution v(x, y, z, t) is time-periodic with period T . To see
this, as in the proof of Theorem 1.3, we set

ũ(x, y, t) := v(x, y, t)− v′(x, y, t+ nT ).

Due to the time periodicity of the forcing F , we see that ũ satisfies the system (4.1) - (4.3).
By (4.12), we have

|v(T )− v′n+1|2L2 ≤ e−δT |v1 − v′n|2L2 . (4.17)

Taking the limit n→∞ in (4.17), we get

|v(T )− v(0)|2L2 = 0. (4.18)

This proves the periodicity of v. The rest part of Theorem 1.1 follows from Theorem 1.3.
The proof is complete.
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