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Abstract

This paper presents a new hybrid technique suitable for solving benchmark con-
strained engineering optimization problems. The hybrid technique called, PSO-SA,
combines Particle Swarm Optimization and Simulated Annealing. PSO-SA is based
on on cultural and social rules derived from the swarm intelligence and from annealing
in metallurgy, which is a technique involving heating and controlled cooling of a mate-
rial to increase the size of its crystals and reduce their defects. Numerical results are
presented and show that the hybrid technique outperformed its pure counterpart and
several techniques previously reported in the literature.

Keywords: particle swarm optimization, simulated annealing, hybrid techniques,
constrained engineering optimization problems

1 Introduction

Constraint handling is considered one of the most complicated parts of engineering design op-
timization. Real-world limitations frequently introduce multiple, non-linear and non-trivial
constraints on a design. According to Hu et al. [4], a general engineering optimization
problem can be defined as follows:

Minimize f(X), X = (x1, x2, ..., xn)
subject to gi(X) ≤ 0, i = 1, 2, ..., p
and hi(X) = 0, i = 1, 2, ...,m
where xL

i ≤ x ≤ xU
i , i = 1, 2, ..., n

Due to the complexity and unpredictability, a general deterministic solution is hard to
find. In recent years, several evolutionary algorithms, search techniques, heuristic and meta-
heuristic methods have been proposed for constrained engineering optimization problems.

Hu et al. [4] used Particle Swarm Optimization (PSO), a global type of search method,
in solving such problems. However, despite the good results, they also found out some
limitations to the study. Often global search methods are used together with other local
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search algorithm in order to improve efficiency and accuracy of the searching process. To
avoid the restrictions presented in using pure PSO and to create a more efficient algorithm
that would still generate favorable results, this paper presents an embedded hybrid of PSO
and Simulated Annealing (SA) for solving constrained engineering optimization problems.
The effectiveness of the hybrid technique has been validated with different benchmark con-
strained engineering optimization problems.

There are quite a number of studies using PSO with SA for other problems such as the
Travelling Salesman Problem (TSP) [7], Wireless Sensor Networks (WSN) [3] and Krigging
Meta Model [6], among others.

The PSO-SA for the TSP hybrid of Fang, et. al uses SA as the main algorithm and
employs both the local and global concept of PSO. It used a crossing strategy for creating
a new route which they tested on two benchmark TSP problems, Oliver30 and Att48. The
experimental results show that the new algorithm has competitive potential for solving dis-
crete optimization problems.

Wang, et. al. used a distributed PSO and SA for Energy Efficient Coverage in WSNs.
They used SA to further optimize the best position generated by PSO. The vicinity of the
global best position of PSO is search to obtain a local minima result. Experimental results
represent that significant energy conservation can be achieved by the proposed optimization
algorithm compared to general PSO, and energy efficiency of WSN is boosted up in target
tracking application.

Im, et. al. uses a hybrid SA with PSO applied to Krigging Meta Model. In the study,
(SA) uses certain probability to avoid being trapped in a local optimum and particle swarm
optimization (PSO) combines global search and local search to search for the optimal results.
And in order to reduce computational costs in calculating design problems, the Krigging is
used in this study. Krigging is related to the experimental designs that provide maximum
information by minimum number of design experiments. The proposed methodology is ap-
plied to the design of a Multi-Spectral Camera (MSC), as a practical example, which will
provide high resolution panchromatic and multi-spectral images and is carried by a satellite
designed to fulfill the need for further Earth observation and allowing scientists and com-
munication experts to conduct potentially valuable experiments.

The remainder of the paper is organized as follows: Sections 2 shows the classical al-
gorithms of PSO and SA. The proposed hybrid algorithm is described in detail thru a
pseudocode and methodology implementation details in Section 3. The methodology in-
cludes initialization, determination of particle best and population best, velocity and posi-
tion update, simulated annealing implementation, parameters used, and test problems used.
Section 4 is dedicated to experimental results and its comparison to previous best known
solutions while Section 5 closes the paper with the study’s conclusion.

2 PSO and SA

Particle Swarm Optimization (PSO) is a relatively new evolutionary computation technique
[2]. In fact, the first book dedicated entirely to Swarm Intelligence was just published in
2001 by Morgan Kaufmann Publisher.
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PSO is simple in concept with few parameters to adjust and is easy to implement. The
core of PSO is the updating formulae of the particle. The first equation below calculates a
new velocity for each particle based on its previous velocity (vid), the particles location at
which the best fitness so far has been achieved (pid or pbest), and the neighbors best location
(pgd or gbest) at which the best fitness in a neighborhood so far has been achieved. The
second term in the first equation is called the cognitive part while the third term is the social
part. The second equation below updates each particles position in the solution hyperspace.
The quantities rand() and Rand() are two random numbers independently generated; c1
and c2 control the influences of pbest and gbest and are called learning factors.

vid = wi(vid) + c1(rand())(pid − xid) + c2(Rand())(pgd − xid)
xid = xid + vid

A traditional, simple PSO algorithm has the following steps:

1. Initialize a population of particles with random positions and velocities on D dimensions
in the problem space.
2. For each particle, evaluate the desired optimization fitness function in D variables.
3. Compare the particles fitness evaluation with its previous best (pbest). If current value
is better than pbest, then set pbest equal to the current value, and Pi equals to the current
location Xi in D-dimensional space.
4. Identify the particle in the neighborhood with the best success so far, and assign its index
to the variable g.
5. Update the velocity and position of the particle.
6. Loop to step 2 until a criterion is met, usually a sufficiently good fitness or a maximum
number of iterations.

Simulated Annealing (SA) is a generic probabilistic meta-algorithm for the global opti-
mization problem, namely locating a good approximation to the global optimum of a given
function in a large search space. It was independently invented by S. Kirkpatrick, C.D.
Gelatt and M.P. Vecchi in 1983 [8] and by V. Cerny in 1985 [9]. The name and inspiration
came from annealing in metallurgy, which is a technique involving heating and controlled
cooling of a material to increase the size of its crystals and reduce their defects. A pseu-
docode for SA is presented below.

1. Choose the initial solution.
2. Choose the initial temperature.
3. While (initial temperature > final temperature)
4. Create a new configuration by permuting the elements.
5. Determine through the method if the new configuration will be accepted.
6. Update the temperature by reducing it.
7. Loop to step 4 if the stopping criteria are not satisfied.

3 Methodology

3.1 PSO-SA

This section presents the PSO-SA approach for the constrained engineering optimization
design problems. The PSO Hybrid algorithm maintains a single population where each
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member of the population is improved using SA. The PSO-SA algorithm can be summa-
rized as follows:

1. For each particle (1 to num runs){
2. Initialize population
3. Set pBest and gBest
4. For each particle, do Simulated Annealing
5. Update gBest and pBest
6. Do {

For (1 to num particles){
Calculate particle velocity according to vid

Update particle position according to xid

Update pBest}
Update gBest
For each particle, do Simulated Annealing
Update gBest and pBest
} While (maxIter is not attained)

} 7. Return gBest

The SA algorithm can be summarized as follows:

Simulated Annealing (Xi, initialTemp, finalTemp, gRatio)
1. Set initialTemp = T
2. Current solution = Xi

3. Evaluate fitness of current solution
4. Do while (T > finalTemp)

(a) Generate new solution
(b) energyDelta = evaluate (new) evaluate (current)
(c) if (energyDelta < 0), then current = new

else if rand(0, 1) < e(−energyDelta/T ), then current = new
(d) if ctr mod 5=0, then T = gRatio T

5. Set pBest

3.2 Initialization

The PSO-SA algorithm used PSO as the principal algorithm and embeds SA after every
iteration to refine the results returned by the former. The algorithm simultaneously deploys
a number of particles in which each particle is structured as an array as follows:

P [i] = (x[1], x[2], ...x[j], ..., x[d])

where i goes from 0 to n− 1 and j goes from 1 to the dimension of the particle, d.

To initialize the population, each particle P [i] is randomly generated based on the al-
lowable range of the decision variables. That is, the algorithm randomly chooses a number
for each x[j]. The collection of randomly chosen values for x[j], which constitutes particle
P [i], are then checked for validity based on the problem constraints. Only then shall the set
of collection decision variable values be accepted if it satisfies all the constraints. If the set
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of decision variable values does not satisfy any of the constraints, the algorithm returns to
start of the initialization stage. This process is repeated until all particles in the population
is filled up with a valid set of decision variable values based on their allowable ranges and
constraints. There is no specific neighborhood defined for the resulting particles. As long
as the generated solution or particle satisfies the allowable decision variable ranges and the
contraints, a solution or particle is accepted.

3.3 Setting the particle’s best, pbest or pid

Each particle has a pbest which is defined as the best solution it has found so far in history.
The pbest of each particle is based on the objective function value. All test problems in
this paper requires the minimization of the objective function value, thus, the lesser the
value obtained from the objective function, the better the solution.At the initial run of
the algorithm, since no history has been observed yet, each particle is its own particle
(personal) best. On the succeeding iterations, the particle’s personal best is compared to
its own newly generated solution.If the new generated solution is better than the current
particle (personal) best, then the personal best becomes the new generated solution, else,
the particle (personal) best is retained.

3.4 Setting the population’s best, gbest or pgd

The gbest is defined as the best solution in the population. This is selected among the pbest
of each particle. The gbest becomes the particle which is the best of all pbests.

3.5 Velocity and Position Update

Based on the PSO-SA parameter settings, the particle is allowed to search the solution
space further by letting it fly with the change of its velocity (vidd) and adding that value
to the current position (xidd) as described in Section 2 of this paper. The new computed
position is checked for validity, both for its decision variables and function constraints.
The new position is accepted if both checks are valid. It is again stressed that no specific
neighborhood is defined for this study and thus accepts a solution or particle that satisfies
the allowable decision variable ranges and the constraints.

3.6 Refining thru Simulated Annealing

SA is done in several iterations where the termination is based on the value of the initial
temperature T or initialTemp and the final temperature finalTemp. The value of T is
decreased using a geometric cooling schedule every 5 iterations.

To generate a new solution, a simple permutation of two elements in the current solutio
or particle is done. For instance, if P [current] = (1, 2, 0, 3, 1) and we permute the elements
in the positions 1 and 3,the generated solution is P [new] = (0, 2, 1, 3, 1). The new solution
is again checked for validity, both for its decision variables and function constraints. The
generated new solution is accepted if both checks are valid.

The generated solution is compared to the old solution thru the value energyDelta which
is defined as the difference between the old solution and the new generated solution. The



38 Ritchie Mae T. Gamot and Bejay P. Simogan

value of interest is an energyDelta which is negative since we are dealing with function min-
imization.

The idea in SA is to save the better solution between the old and the new generated
solution. However, if the generated solution is worst than the old solution, it will be given a
chance to be accepted based on the Boltzman Probability, e(−energyDelta/T ). If a generated
random number is lesser than the Boltzman Probability value, then the new generated
solution will be saved as a better solution, else, the iteration continues.

3.7 PSO-SA Parameters Settings

This study is an extension of the study of Hu et al. [4], hence, it followed the parameters
used in their study. It was assumed that the parameter values used in this study are the
most suitable for this kind of problem in the literature. In all the experiments, 11 runs were
implemented as what Hu ’ s team and other researchers applied in their own studies. Table
1 shows the parameters used in Hu et al. [4] for PSO.

Table 1: PSO parameters used in PSO-SA.

PSO Parameters Values
Population Size(popSize) 20

Maximum Generations/Iterations (maxIter) 10,000
Inertia Weight (w) [0.5 + (Rnd/2.0)]

Learning Rates/Factors (c1 = c2) 1.49445
Number of Runs 11

Maximum Velocity (Vmax) set to the dynamic range
of particle on each dimension

SA parameter, on the other hand, includes initial and final temperature, and geometric
ratio. The sets of values for the initial temperature and final temperature were [(1,000, 10),
(20,000, 2)], respectively. The gRatio denoted by took on either of the two values (0.85,
0.90). These values were adopted from the study of Espera [5]. In her study, it was found
out that these values yield better results thus, the same values were used in this study.
Table 2 shows the parameters used for SA.

Table 2: SA parameter settings used in PSO-SA.

SA Parameters Values
Initial and Final Temperature (1000,10) , (20000,2)

(initialTemp,finalTemp)
Geometric Ratio (gRatio) (0.85) , (0.90)

Thus, there are four sets of parameter value settings all in all. In Table 3, these four
PSO-SA parameter value settings are shown.

PSO-SA was tested using four benchmark constrained engineering optimization prob-
lems. These problems are presented below:
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Table 3: PSO-SA parameter settings.

PSO Parameter Values
Type (popSize, maxIter,w, c1 = c2,Vmax,(initialTemp,finalTemp) , gRatio)

PSO-SA1 (20, 10,000,[0.5 + (Rnd/2.0)], 1.49445 , dynamic range,(10,000 , 10), 0.85)
PSO-SA2 (20, 10,000,[0.5 + (Rnd/2.0)], 1.49445, dynamic range ,(10,000 , 10), 0.90)
PSO-SA3 (20, 10,000,[0.5 + (Rnd/2.0)], 1.49445, dynamic range ,(20,000 , 2), 0.85)
PSO-SA4 (20, 10,000,[0.5 + (Rnd/2.0)], 1.49445, dynamic range ,(20,000 , 2), 0.90)

1. Design of a Pressure Vessel (PVD)
The first engineering test problem is the design of a pressure vessel. The objective of
the problem is to minimize the total cost (f(x)), including the cost of the material,
forming and welding of a cylindrical vessel.
Minimize f(x) = 0.6224x1x3x4 + 1.7781x2x

2
3 + 3.1661x2

1x4 + 19.84x2
1x3

Subject to:

g1(x) = −x1 + 0.0193x3 ≤ 0 g2(x) = −x2 + 0.00954x3 ≤ 0
g3(x) = −πx2

3x4 + 4/5πx3
3 + 1296000 ≤ 0 g4(x) = x4 − 240 ≤ 0

where
1 ≤ x1 ≤ 99, 1 ≤ x2 ≤ 99, 10.0 ≤ x3 ≤ 200.0, 10.0 ≤ x4 ≤ 200.0

2. Welded Beam Design (WBD)
Second problem is the welded beam design. The objective is to minimize the cost of
a welded beam subject to constraints on shear stress (τ), bending stress in the beam
(θ), bucking load on the bar (Pc),end deflection of the beam (δ), and side constraints.
Minimize f(x) = 1.10471x2

1x2 + 0.041811x3x4(14.0 + x2)
Subject to :

g1(x) = τ(x) = τmax ≤ 0 g2(x) = σ(x)− σmax ≤ 0
g3(x) = x1 − x4 ≤ 0 g4(x) = 0.10471x2

1 + 0.04811x3x4(14.0 + x2)− 5.0 ≤ 0
g5(x) = 0.125− x1 ≤ 0 g6(x) = δ(x)− δmax ≤ 0
g7(x) = P − Pc(x) ≤ 0

where
P = 6000lb, L = 14in, E = 30x106psi,G = 12x106psi
τmax = 13600psi, σmax = 30000psi, δmax = 0, 25in

M = P
(
L+ x2

2

)
, τ

′
= P√

2x1x2
, τ” = MR

J , τ(x) =
√

(τ ′)2 + 2τ ′τ” x2
2R + (τ”)2

R =
√

x2
2
4 +

(
x1+x3

2

)2,σ(x) = 6PL
x4x2

3
, Pc =

4.01E

√
x2
3x6

4
36

L2 ,δ(x) = 4PL
Ex3

3x4

J = 2{
√

2x1x2{x2
2

12 +
(

x1+x3
2

)2}}
where
0.1 ≤ x1 ≤ 2.0, 0.1 ≤ x2 ≤ 10, 0.1 ≤ x3 ≤ 10.0, 0.1 ≤ x4 ≤ 2.0
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3. Tension/Compression Spring Design (CSD)
The third test problem is the tension/compression spring design problem. The problem
consists of minimizing the weight (f(x)) of a tension/compression spring subject to
constraints on minimum deflection, shear stress, surge frequency, limits on the outside
diameter and on design variables.

Minimize f(x) = (x3 + 2)x2x
2
1

Subject to :

g1(x) = 1− x3
2x3

71785x4
1
≤ 0 g2(x) = 4x2

2−x1x2

12566(x2x3
1−x4

1)
+ 1

5108x2
1
− 1 ≤ 0

g3(x) = 1− 140.45x1
x2
2x3

≤ 0 g4(x) = x2x1
1.5 − 1 ≤ 0

where
0.05 ≤ x1 ≤ 2.0, 0.25 ≤ x2 ≤ 1.3, 2.0 ≤ x3 ≤ 15.0

4. Himmelblaus Nonlinear Optimization Problem (HMO) The last engineering
test problem is the Himmelblaus nonlinear optimization problem. This problem was
proposed by Himmelblau and it has been used before as a benchmark for several
evolutionary algorithm based techniques.

Minimize f(x) = 5.3578547x2
3 + 0.8356891x1x5 + 37.2932239x1 − 40792.141

Subject to :

0 ≤ 85.334407 + 0.0056858x2x5 + 0.00026x1x4 − 0.0022053x3x5 ≤ 92
90 ≤ 80.51249 + 0.0071317x2x5 + 0.0029955x1x2 + 0.0021813x2

3 ≤ 110
20 ≤ 9.300961 + 0.0047026x3x5 + 0.0012547x1x3 + 0.0019085x3x4 ≤ 25
where
78 ≤ x1 ≤ 102, 33 ≤ x2 ≤ 45, 27 ≤ x3 ≤ 45, 27 ≤ x5 ≤ 45, 27 ≤ x5 ≤ 45

4 Results and Discussion

4.1 PSO-SA Results

The best optimal solution found by the different parameter settings is shown in Tables 4,
6, 8 and 10. Tables 5, 7, 9 and 11, on the other hand, shows the average fitness value
and running time generated from 11 runs of the four PSO-SA parameter settings for PVD,
WBD, CSD, and HMO.

Table 4: The best solutions for PVD found by different PSO-SA parameter settings.

Performance PSO-SA1 PSO-SA2 PSO-SA3 PSO-SA4
Criterion

Function Value 5885.33277362 5885.33277362 5885.33277362 5885.33277362
Running Time 49 s 49 s 49 s 49 s

For PVD, the best solutions of all the parameter settings has the same function value.
PSO-SA2 performed better with respect to the average solution.

For WBD, the best solutions of all the parameter settings has the same function value.
PSO-SA4 performed better with respect to the average solution.
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Table 5: The average results of PVD from 11 runs.

Parameter Settings Average Fitness Value
PSO-SA1 6235.89403229
PSO-SA2 6076.27941853
PSO-SA3 6452.97093334
PSO-SA4 6178.65241515

Table 6: The best solutions for WBD found by different PSO-SA parameter settings.

Performance PSO-SA1 PSO-SA2 PSO-SA3 PSO-SA4
Criterion

Function Value 1.72485231 1.72485231 1.72485231 1.72485231
Running Time 44 s 44 s 44 s 44 s

Table 7: The average results of WBD from 11 runs.

Parameter Settings Average Fitness Value
PSO-SA1 1.77900636
PSO-SA2 1.77900636
PSO-SA3 1.77583944
PSO-SA4 1.75639605

Table 8: The best solutions for CSD found by different PSO-SA parameter settings.

Performance PSO-SA1 PSO-SA2 PSO-SA3 PSO-SA4
Criterion

Function Value 0.00607614 0.00607614 0.00607614 0.00607614
Running Time 31 s 31 s 31 s 31 s

Table 9: The average results of WBD from 11 runs.

Parameter Settings Average Fitness Value
PSO-SA1 0.00607614
PSO-SA2 0.00607614
PSO-SA3 0.00607614
PSO-SA4 0.00607614
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For CSD, the best solutions of all the parameter settings has the same function value.
All parameter settings had the same average solution.

Table 10: The best solutions for HMO found by different PSO-SA parameter settings.

Performance PSO-SA1 PSO-SA2 PSO-SA3 PSO-SA4
Criterion

Function Value -31025.56149103 -31025.56149103 -31025.56149103 -31025.56149103
Running Time 37 s 37 s 37 s 37 s

Table 11: The average results of HMO from 11 runs.

Parameter Settings Average Fitness Value
PSO-SA1 -31025.56149103
PSO-SA2 -31025.56149103
PSO-SA3 -31025.56149103
PSO-SA4 -31025.56149103

For HMO, the best solutions of all the parameter settings has the same function value. All
parameter settings had the same average solution. The experiments show that although
all parameter settings gave the same solution quality for CSD and HMO, PSO-SA2 and
PSO-SA4 perform best for PVD and WBD, respectively.

4.2 PSO-SA versus Eberhart, Coello, Deb, Arora and Humaifar

PSO-SA was also compared to the results obtained by Eberhart, et. al [4], Coello [1], Deb
[1], Arora [1] and Humaifar [1] for all four test problems.

Eberhart, et. al used the classical PSO on the test problems where the memories only
keep the feasible solutions. That is, before saving the newly generated solution through
the velocity and position update formulas, it is checked for validity with respect to the
range of allowable values for each decision variable and function constraints. Coello, on the
other hand, used a technique based on co-evolution is used to create two populations that
interact with each other in such a way that one population evolves the penalty factors to
be used by the fitness function of the main population which is responsible for optimizing
the objective function. This study is concerned on finding a way to estimate how close
an infeasible solution is from the feasible region. Deb also solved the design of a pressure
vessel problem using an augmented Lagrangian Multiplier approach called GENEAS and the
welded beam design problem using a simple genetic algorithm with binary representation and
a traditional penalty function. Homaifar solved these nonlinear constrained optimization
problems using genetic algorithms. Homaifar, et. al’s study utilized a penalty function in
the objective function to account for violation. This extension is based on systematic multi-
stage assignments of weights in the penalty method as opposed to single-stage assignments in
sequential unconstrained minimization. Lastly, Arora solved the problem using a numerical
optimization technique called Constraint Correction at constant cost (CCC).
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Of the above-mentioned studies, the results of Coello gave the best results so far for the
four test problems. There were no mention of the computing environment of these studies on
their papers and so the comparisons below are purely based on the solution quality obtained
and not on their runtimes.

Table 12 shows that the hybrid technique PSO-SA effectively solves and performs better
compared with previous best results.

Table 12: Comparison of the results for PVD, WBD, CSD and HMO.

PVD
Performance This paper Eberhart Coello Deb

Criterion
Function Value 5885.33277362 6059.131296 6288.7445 6410.3811

WBD
Performance This paper Eberhart Coello Deb

Criterion
Function Value 1.72485231 1.72485512 1.74830941 2.43311600

CSD
Performance This paper Eberhart Coello Arora

Criterion
Function Value 0.00607614 0.012666141 0.01270478 0.12730274

HMO
Performance This paper Eberhart Coello Humaifar

Criterion
Function Value -31025.56149103 -31025.56142 -31020.859 -30665.609

5 Conclusion

One of the most difficult challenges encountered in practical engineering design optimiza-
tions is constraint handling. Real-world limitations frequently introduce multiple, non-linear
and non-trivial constraints on a design [4].

Due to the complexity and unpredictability of constraints, a general deterministic solu-
tion is hard to find. In recent years, several evolutionary algorithms have been proposed for
constrained engineering optimization problems.

This study tested the efficiency/potential of an embedded hybrid algorithm, Particle
Swarm Optimization and Simulated Annealing (PSO-SA), in solving constrained engineer-
ing design optimization problems. The pure PSO algorithm was combined with a non-
population based local escape hill-climbing heuristic Simulated Annealing (SA). This study
was anchored on Hu et al.’s work on PSO applied to engineering problem. The previous
section also showed that PSO-SA obtained better solutions compared to previous studies.

With regards parameter setting values, this paper showed that for lesser number of it-
erations (such as 10,000), smaller range of Simulated Annealing temperature is needed to
have a good solution quality. But for larger iterations (20,000 for example), larger difference
in the initial and final temperatures is more suitable. Nevertheless, geometric ratio which
is closer to one (1) would be better for both large and small iteration values.

This study shows that PSO-SA hybrid is indeed a promising alternative method in solv-
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ing constrained engineering optimization problems. However, further investigations can be
done on the hybrid algorithm for better results especially in solving the pressure vessel de-
sign and welded beam design problems. It would be good if other researchers can find the
appropriate set of parameter values that will enable this hybrid algorithm to get the optimal
solution of the two problems for every run. Other test problems can also be used to verify
the efficiency of this hybrid algorithm.
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