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Abstract

Karl von Staudt and Thomas Clausen independently discovered in 1840 a remark-
able theorem that permits one to compute the fractional part of the classical Bernoulli
numbers. The theorem asserts that

Bm +
∑

p−1|m

1

p
∈ Z

and hence completely determines the denominator of Bm. Define Barnes double mth
Bernoullian number with parameters ω1 and ω2, denoted 2Bm(ω1, ω2), as the coefficient
appearing in the following Laurent series expansion
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(1− e−ω1t)(1− e−ω2t)
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1

tω1ω2
+

ω1 + ω2

2ω1ω2
+

∞∑
m=1

(−1)m−1
2Bm(ω1, ω2)

tm

(m− 1)!
.

Using the above generating function, we redefine Barnes double Bernoullian numbers in
terms of the classical Bernoulli numbers and with the aid of p-adic theory of numbers,
we then formulate a von Staudt-Clausen type theorem that would allow us to determine
the denominator of an even-indexed Barnes double Bernoullian number with arbitrary
rational parameters.

Keywords: Barnes double Bernoullian number, von Staudt-Clausen theorem, p-adic
numbers

1 Introduction

In recent years, the problem of evaluating the determinants of the Laplacians on Riemann
manifolds using the so-called Barnes double gamma and Barnes double zeta functions has
received considerable attention [2]. Shintani [6] also uses these functions to prove the classical
Kronecker limit formula. Ernest W. Barnes [1], in about 1900, defined and studied the double
Bernoullian polynomials, the double Bernoullian numbers, and the double zeta functions for
the complete exposition of the theory of double gamma functions. Barnes proved that the
equation

f(α+ ω1 + ω2)− f(α+ ω1)− f(α+ ω2) + f(α) = αm

has a unique algebraic solution which is a rational polynomial of degree m+ 2. The unique
solution is called the mth double Bernoullian polynomial of α with parameters ω1 and ω2,
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denoted by 2Sm(α; (ω1, ω2)), and the mth double Bernoullian number (DBN) with
parameters ω1 and ω2 is the number given by

2Bm(ω1, ω2) = 2S
′
m(0; (ω1, ω2))

m
,

which also appears as the coefficient in the expansion (cf.[5])

t

(1− e−ω1t)(1− e−ω2t)
=

1
tω1ω2

+
ω1 + ω2

2ω1ω2

+
∞∑

m=1

(−1)m−1
2Bm(ω1, ω2)

tm

(m− 1)!
. (1.1)

2 Bernoulli Numbers and the Riemann Zeta Function

Bernoulli numbers are of great importance in number theory; they have close connections
with p-adic analysis, Dirichlet L-functions, and ideal class groups. A great deal of research
on them has been done by many mathematicians. They made their first appearance in a
posthumous work Ars Conjectandi (1713) of Jacob Bernoulli (1654-1705). In that work,
Bernoulli addressed the problem of finding a general formula for the sum

sk(m) = 1k + 2k + · · ·+ (m− 1)k, where k is a nonnegative integer.

Definition 2.1. Bernoulli numbers B0, B1, B2, . . . are defined by the power series

t

et − 1
=
∞∑

j=0

Bj
tj

j!
, (0 < |t| < 2π);

they can also be defined recursively:

B0 = 1, B1 = −1
2

, B2 =
1
6

, B2k+1 = 0 for k > 0,

Bj =
j∑

i=0

(
j

i

)
Bi.

Theorem 2.2. The sum sk(m) is related to the Bernoulli numbers via the formula

(k + 1)sk(m) =
k+1∑
i=1

(
k + 1
i

)
Bk+1−i m

i. (2.2)
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On the other hand, we also have

∞∑
k=0

sk(m)
tk

k!
=

∞∑
k=0

tk

k!

m−1∑
j=0

jk


=

m−1∑
j=0

etj =
emt − 1
et − 1

.

Comparing coefficients of tk on both sides yields

(k + 1)sk(m) =
k∑

i=0

(
k + 1
i

)
Bi m

k+1−i,

which is equivalent to (2.2).

Definition 2.3. For n ∈ N, the nth Bernoulli polynomial Bn(x) is given by

Bn(x) =
n∑

j=0

(
n

j

)
Bjx

n−j ; (2.3)

and is also defined by the power series

text

et − 1
=
∞∑

n=0

Bn(x)
tn

n!
.

We observe that (2.3) can be written symbolically as Bn(x) = (B+x)n, where the right
members are to be expanded by the binomial theorem and each power Bk is to be replaced
by Bk. It is easy to deduce from this definition that

(k + 1)sk(m) = Bk+1(m)−Bk+1.

Moreover from the definition, we may easily derived the well-known identity

Bn(x+ 1)−Bn(x) = nxn−1. (2.4)

Bernoulli polynomials takes special values at certain rational numbers with small denomi-
nators. These values can be tabulated as follows:

Bn(0) = Bn(1) = Bn, for n 6= 1, (2.5)
Bn (1/2) = (21−n − 1)Bn; (2.6)

and for even n (cf.[3]),

Bn (1/3) = Bn (2/3) =
1
2

(31−n − 1)Bn,

Bn (1/4) = Bn (3/4) =
1
2

(41−n − 21−n)Bn,

Bn (1/6) = Bn (5/6) =
1
2

(61−n − 31−n − 21−n + 1)Bn.
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The identities in (2.5) follow readily from (2.4). Next, we observe that

2xex

e2x − 1
=

2x
ex − 1

− 2x
e2x − 1

,

from which we easily obtain (2.6).

Definition 2.4. The Riemann zeta function is defined by infinite Dirichlet series

ζ(s) =
∞∑

n=1

1
ns

with Re(s) > 1. This function is fundamental in the theory of prime numbers. Its impor-
tance depends on the remarkable identity discovered by Euler, which expresses the function
as a product extended over prime numbers only, i.e.,

ζ(s) =
∏
p

1
1− p−s

.

It is also Euler who discovered the connection between the Riemann zeta function and the
Bernoulli numbers. Using the functional equation of ζ(s), he asserted that on the positive
x-axis

ζ(k) = −1
2

(2πi)k

k!
Bk, k ∈ N, 2 | k

and that on the negative x-axis

ζ(1− k) = − Bk

k
, k ∈ N, k ≥ 2.

To extend ζ(s) beyond the line Re(s) = 1, we derive another representation in terms of
a contour integral.

Theorem 2.5. [4] The Riemann zeta function can be continued to a meromorphic function
in the whole complex plane, analytic except for a simple pole at s = 1 with residue 1, via
the integral representation

ζ(s) =
Γ(1− s)

2πi

∫
C

ts−1

1− et
dt, (2.7)

where the contour C is a loop around the negative real axis, as shown in Figure 1.

The loop is composed of three parts C1, C2, and C3. C2 is a positively oriented circle of
radius < 2π about the origin, and C1, C3 are the lower and upper edges of a “cut” in the
complex plane along the negative real axis, traversed as shown in Figure 1.

3 The p-Adic Topology

Definition 3.1. The p-adic norm is a map from Q to the set of nonnegative rational
integers given by

given by |x|p =

{
p−ordpx if x 6= 0
0 if x = 0
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Figure 1: Contour C

where the p-order of x is defined by

ordpx =

{
the highest power of p which divides x if x ∈ Z
ordpa− ordpb if x =

a

b
with a, b ∈ Z.

Remark 3.2. It is easily verified that | · |p satisfies the following conditions

(i) |x|p = 0 if and only if x = 0;

(ii) |xy|p = |x|p |y|p;

(iii) |x+ y|p ≤ max (|x|p, |y|p).

In other words, | · |p is a norm on Q. In particular, it is a non-Archimedean norm on Q.
Being non-Archimedean, the p-adic norm satisfies the following:

(a) |x+ y|p = max{|x|p, |y|p} if |x|p 6= |y|p; and

(b) |x+ y|p < max{|x|p, |y|p} only if |x|p = |y|p.

Let R be the set of all sequences (an)∞n=1, an ∈ Q, which are Cauchy with respect to the
p-adic norm | · |p. Addition and multiplication of sequences in R may be defined as follows:

(an)∞n=1 + (bn)∞n=1 = (an + bn)∞n=1,

(an)∞n=1 × (bn)∞n=1 = (anbn)∞n=1.

Then, (R,+,×) is a commutative ring with the subset

m = { (a)∞n=1 ∈ R : (a)∞n=1 → 0}

as its maximal ideal. Consequently, R/m is a field called the field of p-adic numbers,
denoted Qp. Now, the map a 7→ (a)∞n=1 embeds Q into Qp, and thus Q may be viewed as
a subfield of Qp. Moreover, the field Qp is the completion of Q with respect to p-adic norm
| · |p as R is to Q with respect to the trivial norm | · | (the usual absolute value). Note that
even though the elements of Qp are equivalence classes of sequences, the definition of p-adic
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norm | · |p can be extended to them in a natural way. The ring of p-adic integers is a subring
of Qp given by

Zp := {x ∈ Qp : |x|p ≤ 1}

and it contains the ring of rational integers Z. The ring of p-adic integers is a local ring and
the subset

pZp := {x ∈ Qp : |x|p < 1}

is its only maximal ideal. The group of units in Zp (or p-adic units) is given by

Z×p := {x ∈ Qp : |x|p = 1}.

The p-adic norm induces a topology on Qp having the collection of ‘intervals’

a+ pnZp = {x ∈ Qp : |x− a|p ≤ p−n}, a ∈ Qp and n ∈ N

as a basis of open sets.

Remark 3.3. Some elementary topological properties of Qp:

i) The intervals in Qp are both closed and open.

ii) Every point of an interval is a center

iii) Given intervals I1 and I2, either I1 ∩ I2 = ∅, I1 ⊆ I2, or I2 ⊆ I1.

The next theorem, often attributed to J.C. Adams, gives a very interesting information
about the structure of the kth Bernoulli number which is:∏

p−1-k

pordp(k) divides Bk. (3.8)

Theorem 3.4. If p− 1 - k and α is a generator of the cyclic group Z×p , then

|ζ(1− k)|p =
∣∣∣∣Bk

k

∣∣∣∣
p

≤ 1.

In 1840, an elementary property of Bernoulli numbers was discovered independently by
T. Clausen and K.G.C. von Staudt:

Theorem 3.5. The denominator of the mth Bernoulli number Bm is given by

Bm +
∑

p−1|m

1
p
∈ Z and denom(Bm) =

∏
p−1|m

p.

Corollary 3.6.

ordp (denom (ζ(1−m))) =

{
1 + ordp(m) if p− 1 | m
0 if p− 1 - m.

Or equivalently,
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Corollary 3.7.

pBm ≡

{
−1 (mod p) if p− 1 | m

0 (mod p) if p− 1 - m.

4. Main Result

Throughout this section, we assume thatm is a positive even integer, q a rational number,
and p a prime number. We state and prove a generalization of von Staudt-Clausen theorem
to Barnes double Bernoulllian numbers of the form 2Bm(1, q) with even index m. First, we
need to show two important lemmas.

Lemma 4.1.

2Bm(ω1, ω2) =
(1Bω1 + 2Bω2)m+1

ω1 · ω2 ·m · (m+ 1)
, (4.9)

where in the trinomial expansion of the numerator,

the jth power of iB = (iB)j = Bj but (iB)j · (lB)k 6= Bj+k if i = l.

Proof. To prove this, we simply use the definition of Bernoulli numbers.

t∏2
i=1(1− e−ωit)

=
2∏

i=1

(−ωit)
(e−ωit − 1)

· 1
t
· 1
ω1ω2

=
2∏

i=1

( ∞∑
ni=0

Bni

ni!
(−ωit)ni

)
· 1
t
· 1
ω1ω2

=
∞∑

N=0

(1Bω1 + 2Bω2)N

N !
(−t)N−1 · (−1)

ω1ω2
.

Comparing the coefficients of tm above with that of (1.1), we obtain (4.9).

Lemma 4.2.

2Bm(1, q) = −Bm

2m
(1 + qm−1).

Proof. By Lemma 4.1, we see that

2Bm(1, q) =
(1B + 2Bq)
q ·m(m+ 1)

m+1

.

Expanding the right-hand side, we have

2Bm(1, q) =
1

qm(m+ 1)

m+1∑
j=0

(
m+ 1
j

)
BjBm+1−jq

m+1−j .

Since m is even, then j and m+ 1− j have different parities and all terms in the summation
vanish except for those two which contain the only nonzero odd Bernoulli number, B1 =
−1/2. We therefore have

2Bm(1, q) =
1

qm(m+ 1)

((
m+ 1

1

)
B1Bm qm +

(
m+ 1
m

)
BmB1q

)
,

completing the proof of the lemma.
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We now proceed to the characterization of denominator of even Barnes DBN.

Notation 4.1. By pc||M we mean that pc divides M but pc+1 does not divide M .

Theorem 4.2. Let ordp(x) denote the p-order of x.

(a) If p = 2 and q ∈ 2Z2 , then p2+ordp(m) || denom (2Bm(1, q)).

(b) If p = 2 and q ∈ Z×2 such that ordp(q + 1) = s for some nonnegative integer s, then
either p2−s+ordp(m) || denom (2Bm(1, q)) or p does not divide denom (2Bm(1, q)) .
The latter holds if and only if s ≥ 2+ordp(m).

(c) If p− 1 - m and q ∈ Zp, then p - denom (2Bm(1, q)) .

(d) If p > 2, p− 1 | m and q ∈ pZp, then p1+ordp(m) ‖ denom (2Bm(1, q)) .

(e) If p > 2, p−1 | m and q ∈ Z×p such that ordp(q+1) = s for some nonnegative integer s,
then either p1−s+ordp(m) ‖ denom (2Bm(1, q)) or p does not divide denom (2Bm(1, q)).
The latter holds if and only if s ≥ 1 + ordp(m).

Proof. We use the expression for even DBN given in the previous lemma. If p divides q,
then p is clearly coprime to 1 + qm−1. By Corollary 3.6, we have

ordp (denom (−Bm/m)) = ordp (denom (ζ(1−m))) = ordp(m) + 1,

whenever p − 1 | m. This proves (a) and (d). Part (c) follows immediately from the fact
that Bm/m belongs to Zp (see Corollary 3.4).

To prove (b) and (e), it suffices to consider the factor qm−1 + 1 appearing in the simple
expression we obtain for even DBN. We claim that this factor is divisible by p if and only if
q ≡ −1 (mod p). Moreover, we assert that if p | m and p | qm−1 + 1, then ordp(qm−1 + 1) =
ordp(q + 1). To show the first claim, we just note that

qm−1 ≡ −1 (mod p)⇔ qm ≡ −q (mod p)⇔ 1 ≡ −q (mod p),

since p - q and p− 1 | m. Next, we show the latter assertion. By our first claim, q = bp− 1
for some p-adic integer b. So that

qm−1 = (bp− 1)m−1

=
m−1∑
j=0

(
m− 1
j

)
(bp)j(−1)m−1−j

= −1 + (m− 1)bp + higher powers of bp.

By the assumption that p | m, we must have p - m− 1. Thus,

ordp(qm−1 + 1) = ordp(bp) = ordp(q + 1).

For the case p - m (clearly, p 6= 2), it is easy to check that p‖ denom (2Bm(1, q)) if ordp(q +
1) = 0 and that p - denom (2Bm(1, q)) if ordp(q + 1) > 0. We then use Corollary 3.6 and
the additive property of ord to determine the exact p-order of the denominator under these
cases. The proof of the theorem is complete.
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Remark 4.3. Note that in order to determine the denominator of even DBN with arbitrary
rational parameters h and k, it suffices to employ the above theorem together with the

identity 2Bm (h, k) = hm−1
2Bm

(
1,
k

h

)
. This can be seen in the following example.

Example 4.4. To find the denominator of 2B18(1, 4), we look at the following cases:

i) For each prime p with p− 1 - 18, we know that 6 ∈ Zp so that p - denom (2B18 (1, 6))
by Theorem 4.2(c).

ii) For each prime p with p− 1 | 18 (i.e., p = 2, 3, 7, and 19 ), we have the following:

p = 2: Note that 6 ∈ 2Z2. By Theorem 4.2(a), we have

ord2 (denom (2B18 (1, 6))) = 2 + ord2(18) = 3.

p = 3: Clearly, 6 ∈ 3Z3. Applying Theorem 4.2(b), we have

ord3 (denom (2B18 (1, 6))) = 1 + ord3(18) = 3.

p = 7: Since 6 ∈ Z7
× and ord7(6 + 1) = 1 ≥ 1 + ord7(18) = 1, by Theorem 4.2(e),

7 - denom (2B18 (1, 6))

p = 19: We have 6 ∈ Z19
× and ord19(6+1) = 0. So for this case we apply Theorem 4.2(e).

Thus,
ord19 (denom (2B18 (1, 6))) = 1− 0 + ord19(18) = 1.

Thus, the denominator of 2B18(1, 6) is 23 · 33 · 19. This agrees with the computation made
using Mathematica

2B18(1, 6) = −43867 · 190537 · 12690943
23 · 33 · 19

.

References

[1] E. W. Barnes The theory of the double gamma functions. Proc. London Math. Soc.
31: 358-381 (1899).

[2] J. Choi and H.M. Srivastava. An application of the theory of the double gamma
function. Kyushu J. Math. 53: 209-222 (1999).

[3] A. J. Granville and Z. W. Sun. Special values of Bernoulli polynomials. Pacific Jour-
nal of Mathematics. 172: 117-138 (1996).

[4] N. Koblitz p-Adic Numbers, p-Adic Analysis and Zeta Functions, Proc. London
Math. Soc. Springer-Verlag, New York, 1984.

[5] K. Ota. On Kummer-type congruences for derivatives of Barnes’ multiple Bernoulli
polynomials. J. Number Theory. 92: 1-36 (2002).

[6] T. Shintani. On a Kronecker limit formula for real quadratic fields. J. Fac. Sci. Univ.
Tokyo. 24: 167-199 (1977).


