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Abstract

In [8], a theory of generalized functions based on the complex Brownian motion
{Z(t) : t ∈ R} on the probability space (S ′

c,B(S ′
c), ν(dz)), where S is the Schwartz

space, S ′
c, the complexification of S ′, is identified as the product space S ′×S ′, B(S ′

c) is
the Borel field of S ′ ×S ′ and ν(dz) denotes the product measure µ1(dx)µ1(dy). Using
the representation of the complex Brownian motion

Zt(x, y) =
1√
2

(〈x, ht〉+ i〈y, ht〉) ,

where

ht =

{
1(0,t] , t > 0,

−1[t,0] , t < 0

and employing the technique of white noise calculus (see, e.g. [3] and [2]), functions
of complex Brownian motion are analyzed. There the Complex Brownian functional
F (Z(t), where F is a generalized CKS entire function, are defined and studied, and it
is shown that the Itô formula is given by

F (Z(b))− F (Z(a)) =

∫ b

a

F ′(Z(t))dZ(t).

In this paper, we show that the classical Itô formula for real Brownian motion may
be recovered simply by taking conditional expectation with respect to real Brownian
motion from the Itô formula for complex Brownian motion.

Keywords: complex brownian motion, white nose analysis.

1 Introduction

By a complex Brownian functional, we mean functions of complex Brownian motion given
by

Z(t, ω) =
1√
2

[B1(t, ω) + iB2(t, ω)],

where B1 and B2 are independent real-valued standard Brownian motions. Clearly Z(t)
is normally distributed with mean zero and variance parameter |t|. In [8], a theory of
generalized functions based on the complex Brownian motion {Z(t) : t ∈ R} on the
probability space (S ′c,B(S ′c), ν(dz)), where S is the Schwartz space, S ′c, the complexification
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of S ′, is identified as the product space S ′ × S ′, B(S ′c) the Borel field of S ′ × S ′ and
ν(dz) denotes the product measure µ1(dx)µ1(dy). Using the representation of the complex
Brownian motion

Zt(x, y) =
1√
2

(〈x, ht〉+ i〈y, ht〉) ,

where

ht =

{
1(0,t] , t > 0,
−1[t,0] , t < 0,

and employing the technique of white noise calculus initiated by Hida (see, e.g. [3] and [2]),
functions of complex Brownian motion are analyzed in [8]. In [8], it is also shown that, for
any Segal-Bargmann entire function F , the Itô formula is given by

F (Z(b))− F (Z(a)) =
∫ b

a

F ′(Z(t))dZ(t).

The formula is then extended to a generalized CKS entire function F by using Hitsuda-
Skorohod integral given below:

d

dt
〈〈F (Z(t)), φ〉〉c = 〈〈∂∗t F ′(Z(t)), φ〉〉c,

where ∂t = Dδt
and ∂∗t is its adjoint, and φ is any CKS entire functional. In this paper, we

show that the classical Itô formula for real Brownian motion may be recovered simply by
taking conditional expectation with respect to real Brownian motion from the Itô formula
for complex Brownian motion.

2 White noise calculus

In this section we briefly introduce the complex analysis of Brownian motion. For details we
refer the readers to [8] and the papers cited there. The main idea of White noise calculus is
to regard the time derivative of Brownian motion {Ḃ(t) : t > 0} as the coordinate system
for white noise functionals. In this paper, the Brownian motion denoted by {B(t) : t >
0} will be regarded as a regular generalized functional defined on the probability space
(S ′c,B(S ′c), ν(dz)) as mentioned in the introduction.
S ′ also has a nuclear space structure described as follows:
Let A denote the operator A = 1 + t2 − (d/dt)2 with domain D(A) ⊂ L2 = L2(R)

and D(A) contains a CONS {en : n ∈ N} of L2 consisting of eigenfunctions of A with
corresponding eigenvalues {2n+ 2;n = 1, 2, ...}, {en} are known as Hermite functions.

For p ≥ 0, let Sp = D(Ap) and its dual be given by S∗p = S−p. Then S = ∩pSp and its
dual space is given by S ′ = ∪pSp. Moreover

S ⊂ L2(R1) ⊂ S ′

form a Gelfand triple.
It is well-known that S ′ carries a standard Gaussian measure µt with variance parameter

t and the calculus on S ′ is performed with respect to µt. Let µ = µ1. Then (S ′,B, µ) is
called the white noise space which serves as the underlying probability space for white noise
functionals (or generalized Brownian functionals).
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Test and Generalized functions

Definition 2.1 Let x,y ∈ S ′, and z=x+iy ∈ S ′C ≡ S ′ × S ′. The measure is defined as

ν(dz) := µ1(dx)× µ1(dy).

Definition 2.2 (Segal-Bargmann space)[5]
A single-valued function f defined on Hc is called a Bargmann-Segal analytic (or entire)
function if it satisfies the following conditions:

(i) f is analytic in Hc,

(ii) ‖f‖SBt[H] :=
{

lim
P→I

∫
H

∫
H

|f(Px+ iPy)|2nt(dx)nt(dy)
} 1

2

< ∞, where nt denotes the

Gaussian cylinder measure on H[4] with variance parameter t > 0 and P ’s are or-
thogonal projections on H which tends to the identity H.

It follows immediately from [5] that we have

‖f‖2SBt[H] =
∞∑
k=0

(2t)k

k!

 N∑
i1,...,ik=1

∣∣Dkf(0)ei1 · · · eik
∣∣2

=
∞∑
k=0

(2t)k

k!
‖Dnf(0)‖2HS2[H], (2.1)

where ‖S‖HSn(H) denotes the Hilbert-Schmidt norm of an n-linear operator S ∈ Ln(H)
defined by

‖S‖HSn(H) :=

 ∞∑
i1,...,ik=1

|Sei1 · · · eik |2
1/2

which is independent of the choice of CONS {ei} of H.

Remark 2.3 Let(H,B, pt) is an abstract Wiener measure space, where pt is the abstract
Wiener measure with variance parameter t > 0 and f an entire function defined on Bc such
that f ∈ SBt[H]. Then we have

‖f‖2SBt[H] =
∫
B

∫
B

|f(x+ iy)|2pt(dx)pt(dy).

If F is a bounded linear functional on SBt[H] with Riesz representation f ∈ SBt[B],
then for any entire function ϕ on Bc such that ϕ ∈ SBt[H], we have

〈〈F,ϕ〉〉 =
∫
B

∫
B

f(x+ iy)ϕ(x+ iy)pt(dx)pt(dy).

Next, we introduce the CKS entire functionals[1].

A sequence α(n), n ≥ 0 of real numbers is called a CKS sequence if it satisfies the
following conditions:
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(a) α(0) = 1 and infn≥0 α(n) > 0,

(b) limn→∞ n−1α(n)1/n = 0,

(c) γn+2/γn+1 ≤ γn+1/γn, for all n ≥ 0, where γn = α(n)/n!.

Definition 2.4 (Infinite-dimensional CKS entire functionals)
For each non-negative real number p, define

|||φ|||α,p =

( ∞∑
n=0

α(n)
‖Dnφ(0)‖2HSn[S−p]

n!

)1/2

and set
SBp,α = {φ ∈ SB1/2(H) : |||φ|||α,p <∞}

Let SBα be the projective limit of SBp,α for p ≥ 0} and let SB′α be the dual space of
SBα. Then SBα is a nuclear space and we have the following continuous inclusions:

SBα ⊂ SBp,α ⊂ SB[(L2)] ⊂ SB′p,α ⊂ SB′α.

SBα, referred to as the CKS entire functionals on Sc, will serve as test functionals and
members of SB′α are called the generalized CKS entire functionals.

The space SB′p,α may be identified as the space of entire functions defined on Sp,c such
that : |||φ|||α−1,−p <∞ and the pairing of SB′α and SBα is defined by

〈〈Φ, ϕ〉〉c =
∞∑
n=0

1
n!
〈〈DnΦ(0), Dnϕ(0)〉〉HSn ,

where

〈〈DnΦ(0), Dnϕ(0)〉〉HSn :=
n∑

i1,...,in=1

[
DnΦ(0)ei1 · · · einDnϕ(0)ei1 · · · ein

]
.

Definition 2.5 (One-dimensional CKS entire functions) If φ(z) can be represented by a
formal power series

∑∞
n=0 anz

n, we define

|||φ|||α =

( ∞∑
n=0

α(n)n!|an|2
)1/2

and let
SBα(R) = {φ : |||φ|||α,p <∞}

Next we construct the dual space of SBα(R). If φ(z) is represented by
∑∞
n=0 bnz

n, we define

|||φ|||α−1 =

( ∞∑
n=0

n!|bn|2

α(n)

)1/2

.

Then we have
SB′α(R) = {φ : |||φ|||α−1 <∞}.
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3 Itô Formula

Suppose that ψ ∈ SBα(R) is represented by ψ(z) =
∑∞
n=0 anz

n. Assume that

∞∑
n=0

α(n)n!|an|2 <∞.

Then, for any one dimensional generalized CKS entire function f ∈ SB′α(R), we have

〈〈f(Z(t)), ψ〉〉c =
∞∑
n=0

bnD
nψ(0)hnt

and f(Z(t) is a generalized Segal-Bargmann functional [8]. In fact, if f ∈ SB′α(R) then
f(Z(t)) ∈ SB′α.

Theorem 3.1 (Itô formula) Let f ∈ SB′α(R). Then we have

d

dt
f(Z(t)) = ∂∗t f(Z(t).

In integral form, we write

f(Z(b))− f(Z(a)) =
∫ b

a

∂∗t f(Z(t)dt.

As in the case of real Brownian motion, the term on the right hand side may be inter-
preted as stochastic integral as shown below.

Theorem 3.2 [8] Let f ∈ SBα(R) and φ ∈ SBα then

〈〈
∫ b

a

f(Z(t))dZ(t), φ〉〉c = 〈〈
∫ b

a

∂∗t f(Z(t))dt, φ〉〉c,

where the stochastic integral is defined as follows:

〈〈
∫ b

a

f(Z(t))dZ(t), φ〉〉c := lim
‖4n‖→0

〈〈
n∑
i=1

f(Z(ti−1))(Z(ti)− Z(ti−1)), φ〉〉c

where a = t0 < t1 < t2 < · · · < tn = b.

4 Derivation of the Classical Itô formula

We begin with the definition of CKS white noise functionals [1] for a given CKS sequence
α(n), n ≥ 0.

For each non-negative real number p, let ϕ be an entire function defined on S−p,c such
that ϕ ∈ L2(µ). Define the S-transform of ϕ by

Sϕ(ξ) =
∫
S′
ϕ(ξ + y)µ(dy) (ξ ∈ L2(R)).
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Then Sϕ is infinitely differentiable at 0 in the direction of L2(R) and we have

∞∑
n=0

1
n!
‖DnSϕ(0)‖2HSn[L2(R)] <∞.

Define

|||φ|||2,p,α =

( ∞∑
n=0

α(n)
‖DnSφ(0)‖2HSn[S−p]

n!

)1/2

and set
(CKS)p,α = {φ ∈ L2(S ′) : |||φ|||2,p,α <∞}.

Let (CKS)α = ∩p≥0(CKS)p,α be the projective limit of (CKS)p,α for p ≥ 0} and
(CKS)′p,α the dual space of (CKS)p,α. Then (CKS)α is a nuclear space and we have the
following continuous inclusions:

(CKS)α ⊂ (CKS)p,α ⊂ (L2) ⊂ (CKS)′p,α ⊂ (CKS)′α.

(CKS)α will serve as test functionals and (CKS)′α is called the space of generalized
CKS functionals.

The space (CKS)′p,α may be identified as the space of entire functions defined on Sp,c
such that : |||φ|||2,p,α−1 <∞ and the pairing of (CKS)′α and (CKS)α is defined by

〈〈Φ, ϕ〉〉2,α =
∞∑
n=0

1
n!
〈〈DnSΦ(0), DnSϕ(0)〉〉HSn ,

where
SΦ(ξ) = 〈〈Φ, e〈·,ξ〉〉〉e−|ξ|

2/2,

and

〈〈DnSΦ(0), DnSϕ(0)〉〉HSn :=
n∑

i1,...,in=1

[
DnSΦ(0)ei1 · · · einDnSϕ(0)ei1 · · · ein

]
.

Definition 4.1 (One-dimensional CKS white noise functions) Let φ be represented by a
formal series

∑∞
n=0 anHn, where

Hn(u) =
∫ ∞
−∞

(u+ iv)µ1(du).

Define

|||φ|||2,α =

( ∞∑
n=0

α(n)n!|an|2
)1/2

and let
SB2,α(R) = {φ : |||φ|||α,p <∞}

To construct the dual space of SBα(R), suppose that φ(z) is represented by
∑∞
n=0 bnz

n, we
define

|||φ|||2,α−1 =

( ∞∑
n=0

n!|bn|2

α(n)

)1/2
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and
CKS′2,α(R) = {φ : |||φ|||α−1 <∞}

For f ∈ (CKS)(R), define µtf by

µtf(u) =
∫ ∞
−∞

f(u+ v)µt(dv),

where µt is the Gauss measure with variance parameter t. For generalized CKS functions
f , define

µtf(u) = (f, e〈·,u〉/t)e−u
2/2t,

where (·, ·) is the pairing of (S ′,S).

Lemma 4.2 Let f ∈ (CKS)′(R). Then∫
S′
µtf(〈x+ iy, ht〉)µ(dy) = f(〈x, ht〉).

Lemma 4.3 For every t, let g(t, ·) be a function in SB′α(R). The we have

dg(t, Zt) = gt(t, Zt)dt+ gz(t, Zt)dZt,

To derive the classical Itô formula, let f ∈ (CKS)′(R). Then µtf ∈ SB′α. Applying Lemma
4.2 and Lemma 4.3 and differentiating f(〈x, ht〉) with respect to t, we obtain

df

dt
(〈x, ht〉) =

∫
S′

{
∂

∂t
µtf(Zt) + ∂∗µtf

′(Zt)dt
}
µt(dy)

=
1
2
f ′′(〈x, ht〉) + ∂∗f ′(〈x, ht〉).

This proves the classical Itô formula.

* This research is supported by the National Science Council of Taiwan
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