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Abstract

In this study, we use the squeezing method to establish the asymptotic exponential
stability of traveling wave solutions for a general monotone reaction-diffusion bistable
system. This method relies only on comparison principle and suitably constructed
super-sub solutions. In particular, we do not need to perform the spectrum analysis
of the linear operator associated with traveling wave solutions. Hence, our results
not only establish the asymptotic exponential stability of traveling wave solutions for
a general monotone reaction-diffusion bistable system with some diffusion coefficients
being zero, but also provide a simple method to show the asymptotic exponential
stability of traveling wave solutions for a general monotone reaction-diffusion bistable
system with positive diffusion coefficients.
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1 Introduction

We study the long time behavior of solutions of the parabolic system

∂u

∂t
= D

∂2u

∂x2
+ f(u), (x, t) ∈ R× (0,∞), (1.1)

where u is a real-valued function and D is the diffusion coefficient of u. Here f is a reaction
function of the bistable type, and satisfies f(0) = f(1) = 0. Equation (1.1) has various ap-
plication in physical models, chemical reactions and biological processes. For example, the
classical application comes from the population genetics, which was proposed by Fisher [10].
Specifically, equation (1.1) is used to model the spread of advantageous genetic traits in the
population genetics, and equation (1.1) with the bistable nonlinearity f corresponds to the
case of heterozygote inferiority (see [2]). The description of the propagation of a voltage
pulse provides another possible application of equation (1.1). Precisely, Nagumo, Yoshizawa
and Arimoto [15] used (1.1) to model a bistable active transmission line. Moreover, under
some suitable assumptions, Nagumo, Arimoto and Yoshizawa [14] have suggested that equa-
tion (1.1) is an electrical analogue of the Hodgkin-Huxley model.

It is well-known that the Hodgkin-Huxley model can describe the propagation of a voltage
pulse through the nerve axon of a squid. Hence, it is interesting to look for a traveling wave
solution of (1.1) and to to study its stability. A traveling wave solution of (1.1) is a solution of
the form u = U(x−ct) for some c with the limits U(+∞) = 1 and U(−∞) = 0. The existence
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and uniqueness of a traveling wave solution of (1.1) can be established by considering an
associated planar system and performing the phase-plane analysis (see [2, 9]). The stability
of a traveling wave solution of (1.1) can be performed via the study of the spectrum analysis
(see [11, 9]). However, the method involves a complicated calculation of the spectrum and
the introduction of an appropriate function space. To avoid this, Fife and McLeod [9] have
introduced the super-sub solution method to establish the C0-stability of a traveling wave
solution of (1.1). Motivated by the work of Fife and McLeod [9], Chen [5] has developed
the squeezing method to show the global exponential stability of a traveling wave solution
of (1.1). Chen’s method has been modified by Smith and Zhao [18] to prove the global
exponential stability of a traveling wave solution of (1.1) with the delay effect.

The methods of Fife and McLeod [9] and Chen [5] for proving the global exponential
stability of a traveling wave strongly rely on the use of the comparison principle. Therefore,
to generalize their methods to the system of parabolic type, we will focus on the system of
parabolic equations with comparison principle. Such systems are referred to as monotone
systems. In particular, we investigate the long time behavior of classical solutions of the
reaction-diffusion equations coupled with ordinary differential equations

∂u
∂t

= D
∂2u
∂x2

+ F(u), (x, t) ∈ R× (0,∞), u(x, t) ∈ Rn (1.2)

under the following assumptions:

(A1) Nonnegative diffusion coefficients: D is a diagonal matrix of order n with el-
ements of the vector (D1, . . . , Dn) on the diagonal, where Di > 0 for i = 1, . . . , n1, and
Di = 0 for i = n1 + 1, . . . , n.

(A2) Monotone system: The reaction term F(u) = (F 1(u), . . . , Fn(u)) is defined on a
bounded domain Ω ⊆ Rn and of class C1 in u. We require that F satisfies the following
condition

∂F i

∂uj
(u) ≥ 0 for all u ∈ Ω and for all 1 ≤ i 6= j ≤ n. (1.3)

The system (1.2) satisfying the condition (1.3) enjoys comparison principle (see [23]). As
we mentioned before, such a system is called a monotone system.

(A3) Bistable nonlinearity: F has two stable equilibrium points E− � E+, i.e., F(E±) =
0 and all the eigenvalues of F′(E±) lie in the open left-half complex plane. We also assume
that the matrixes F′(E±) are irreducible.

(A4) Strong interaction: There exist Ê− � E− and E+ � Ê+ such that [Ê−, Ê+] ⊆ Ω,
and that ∂F 1/∂ui > 0 and ∂F j/∂u1 > 0 on [Ê−, Ê+] for all i, j ∈ {2, . . . , n}.

Here, the unknown is the real vector function u(x, t) = (u1(x, t), . . . , un(x, t)), 0 =
(0, . . . , 0), and F′(E) denotes the Jacobian matrix of F at E ∈ Rn. For two vectors c =
(c1, . . . , cn) and d = (d1, . . . , dn), the symbol c � d means ci < di for i = 1, . . . , n, and
c ≤ d means ci ≤ di for i = 1, . . . , n. The interval [c,d] denotes the set of q ∈ Rn such that
c ≤ q ≤ d. A function u(x, t) is a traveling wave solutions of (1.2), if there exists a set of
functions

U(ξ) = (U1(ξ), . . . , Un(ξ)) ∈

n1 times︷ ︸︸ ︷
C2(R)× · · · × C2(R)×

n−n1 times︷ ︸︸ ︷
C1(R)× · · · × C1(R)
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with the property that

U ′i > 0 on R for i = 1, . . . , n, (1.4)
U(−∞) = E−, U(+∞) = E+,

and some c ∈ R (wave speed) so that u(x, t) = U(x− ct) is a solution of (1.2).

The existence, uniqueness of traveling wave solutions of the reaction-diffusion system has
been extensively studied. For example, Volpert et al. [22, 23] have used topological methods
to establish the existence of traveling waves to the general monotone bistable reaction-
diffusion system with positive diffusion coefficients. On the other hand, the monotone
bistable reaction-diffusion system with some diffusion coefficients being zero has various
applications from realistic models. Typical examples include the simplified version of the
Field-Noyes model for the Belousov-Zhabotinskii reaction [8, 13, 12], the Capasso-Maddalena
system which models man-environment-man epidemics [4, 25], and the buffered bistable
system where the diffusing species reacts with immobile buffers that restrict its diffusion [19].
Since the diffusion coefficients of some species in these models are zero, the theory of Volpert
et al. [22, 23] cannot be applied to these model to show the existence and uniqueness of
traveling wave solutions of these systems. However, it has been proved vis the shooting
arguments [12, 25, 19].

To show the asymptotic exponential stability of traveling waves of the reaction diffusion
systems, one frequently performs the spectrum analysis of the linear operator associated
with the traveling waves (see [6, 7, 3, 11, 1] for detail). In particular, Volpert et al. [23, 24]
have investigated the spectrum of the linear operator associated with the traveling waves
to the monotone bistable reaction-diffusion system with positive diffusion coefficients, and
the complete stability analysis has been established by Roquejoffre et al. [17]. However, it
seems that their method cannot be applied directly to the traveling waves of the monotone
bistable reaction-diffusion system with some diffusion coefficients being zero. To obtain
the asymptotic exponential stability of traveling waves for the monotone bistable reaction-
diffusion system with some diffusion coefficients being zero, one may use the idea of Fife and
McLeod [9] to construct the super-sub solutions to establish the C0-stability. Furthermore,
one may apply the method which is developed in [16, 25] and based on the theory of mono-
tone semiflows to show the (local) asymptotic stability of traveling waves of the system (1.2).
However, it seems that one cannot obtain the asymptotic exponential stability of traveling
waves via this method.

Motivated by the above reasons, we have modified the squeezing method [5] (also see [20])
to establish the asymptotic exponential stability of traveling waves for a general monotone
bistable reaction-diffusion bistable system with some diffusion coefficients being zero (see
[21] for detail). The main tools for our analysis in [21] are the comparison principle and the
suitably constructed super-sub solutions. The key ingredient is to derive a crucial inequality
to control the differences for the super-sub solutions of the system (1.2). Only with this
inequality, we can apply Chen’s squeezing method [5] to study the asymptotic exponential
stability of traveling waves of the system (1.2). Finally, since our approach disregards the
differences between the parabolic and ordinary differential equations, our results not only
complement earlier stability results in the literature, but also provide a simple method to
show the asymptotic exponential stability of traveling wave solutions for a general monotone
bistable reaction-diffusion bistable system with positive diffusion coefficients.
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2 Main results

We shall denote by U the traveling wave solution of (1.2) such that

U1(0) = (E−1 + E+
1 )/2,

where E−1 and E+
1 are the first component of E− and E+, respectively. The main result

which we have proved in [21] is stated in the following theorem.

Theorem 1 Suppose that the assumptions (A1)–(A4) hold. Assume that U = (U1, . . . , Un)
is a traveling wave solution of (1.2) with wave speed c. Let u = (u1, . . . , un) be the solution
of (1.2) with the initial data u(·, 0) = u0 satisfying the following conditions:

(1) ui(·, 0) is uniformly Hölder continuous in R with exponent α for some α ∈ (0, 1) and
for i = 1, . . . , n;

(2) u0 is in [E−,E+] on R;

(3) The quantity

ε(u0) := sup
{

lim sup
x→−∞

‖u0(x)−E−‖, lim sup
x→+∞

‖u0(x)−E+‖
}

is small enough, where ‖ · ‖ is the norm in the Euclidean space Rn.

Then there exists a positive constant κ which is independent of the initial data u(·, 0) such
that

sup
x∈R
|ui(x, t)− Ui(x− ct+ ξ∗)| ≤ Ke−κt

for all t > 0 and i = 1, . . . , n, and for some constants ξ∗ and K which may depend on
u(·, 0).

Finally, we make two remarks. The first remark is that the assumption (A1)-(A3) is
plausible for a general general monotone bistable reaction-diffusion bistable system with
some diffusion coefficients being zero. In fact, these assumptions are parallel to the ones
for a general monotone bistable reaction-diffusion bistable system with positive diffusion
coefficients (see [23]). The second remark is that the assumption (A4) is technical. It is only
for simplifying our analysis. However, it implies that the first species has interaction with
the other species, and so it should hold for most of two-component systems. In particular,
the assumption (A4) holds for the models discussed in [12, 8, 25].
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