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Abstract

Consider the Galois ring R = GR(pr, prm) of characteristic pr and cardinality prm,
where p is a prime number. Let h(x) be a monic basic irreducible polynomial of degree
` over R. In this paper, we derive bounds on the minimum homogeneous distance of
the R-image of linear block codes over the residue class ring R′ = R[x]/(h(x)). The
ring R′ is a Galois ring of characteristic pr and cardinality prm` which contains R as a
subring.
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1 Introduction

Let p be a prime number and r,m ≥ 1 be integers. A code of length n over the Galois field
Fpm induces a code of length mn over the base field Fp by using a basis of Fpm over Fp. An
upper bound on the minimum (Hamming) distance of such a p-ary image as a function of
the minimum distance of the code over Fpm was proved in [1]. This bound was generalized
by [2] to codes over the Galois ring GR(pr, prm) in terms of the homogeneous distance, a
far reaching generalization of the Lee metric over the ring Z4 of integers modulo 4. In this
present work a version of this bound for Galois ring extensions is derived.

The material is organized as follows. Section 2 briefly discusses important notations and
definitions. We refer the reader to [3] for a thorough discussion of Galois rings and Galois
ring extensions. The paper [4] gives the structural properties of linear block codes over
Galois rings. The notion of homogeneous weight was introduced in [5, 6] for the residue
class ring ZM , and this was extended by [7] to finite modules over arbitrary finite rings.
Later, an existence and characterization theorem for homogeneous weights on arbitrary finite
rings was obtained in [8]. Section 3 presents bounds on the minimum homogeneous distance
of the image of linear block codes over the ring extension of the Galois ring GR(pr, prm).
Here we make significant use of the Plotkin bound [9] for block codes over finite Frobenius
rings endowed with a homogeneous weight.
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2 Definitions and notations

In the most general sense, a Galois ring is defined to be a finite ring with identity 1 such
that the set of its zero divisors together with the zero element forms a principal ideal
(p1), for some prime number p, which is its unique maximal ideal. The residue class ring
Zpr [x]/(f(x)), where f(x) is a monic basic irreducible polynomial of degree m in Zpr [x], is
a Galois ring with characteristic pr and cardinality prm. We can think of Zpr [x]/(f(x)) as a
Galois extension Zpr [ω] of Zpr by a root ω of f(x). Since any two Galois rings of the same
characteristic and the same cardinality are isomorphic, we shall use the notation GR(q, t)
for any Galois ring with characteristic q and with t elements.

Let R = GR(pr, prm) and let h(x) be a monic basic irreducible polynomial of degree
` ≥ 1 in R[x]. The residue class ring R[x]/(h(x)) is the Galois ring R′ = GR(pr, prm`)
which contains R as a subring. Let ξ be a root of h(x). Thus, each z ∈ R′ can be expressed
uniquely in the form z =

∑`−1
i=0 aiξ

i, where ai ∈ R, and we have R′ = R[ξ]. Moreover, R′ is
a free module of rank ` over R with {1, ξ, ξ2, . . . , ξ`−1} as a free basis. Any other basis of
R′ has cardinality `.

Now let B` = {β0, β1, . . . , β`−1} be some basis of R′ over R, and let C be a linear
block code of length n over R′. We consider the map τ : R′ → R` defined by τ(z) =
(a0, a1, . . . , a`−1) for z =

∑`−1
i=0 aiβ

i. This map is a bijection and can be extended coordinate-
wise to the n-tuples. The R-image τ(C) = {τ(c) | c ∈ C} with respect to B` is a linear block
code of length `n over R. We equip τ(C) with a distance metric from the homogeneous
weight whom [10] applied on R as follows.

whom(x) =


0 if x = 0
pm(r−1) if x ∈

(
pr−1

)
\ {0}

(pm − 1)pm(r−2) otherwise

where
(
pr−1

)
is the principal ideal generated by the element pr−1 of R. The average value

of whom is Γ = (pm − 1)pm(r−2) which is its minimum non-zero value.

3 Homogeneous bounds

Below is the Plotkin bound for the minimum homogeneous distance of τ(C).

Proposition 1 Let C be a systematic linear block code over R′ with a k × n generator
matrix, and δ be the minimum homogeneous distance of τ(C) with respect to B`. Then
δ ≤ (pm−1)pm(r`k+r−2)

prm`k−1
`n

Proof. The block code C has cardinality prm`k, and so does τ(C). �

The minimum Hamming weight of C can also be used to bound the minimum homoge-
neous distance of τ(C), as the next proposition shows.

Proposition 2 Let C be a linear block code of length n over R′ with minimum Hamming
distance d, and τ(C) be the R-image of C with respect to B`. Let δ denote the minimum
whom-distance of τ(C). Then we have the bounds Γd ≤ δ ≤ pm(r−1)`d. Similarly, let δ̃ be the
minimum normalized homogeneous distance of τ(C) with respect to the normalized weight
w̃hom. Then we have the bounds d ≤ δ̃ ≤ pm

pm−1`d.
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Proof. As Γ is the minimum non-zero value of whom, then clearly Γd ≤ δ. Further-
more, the minimum homogeneous distance δ is bounded above by pm(r−1)`n. We have
δ ≤ whom(τ(x)),∀x ∈ C \{0}. Thus if x is a minimum-weight word in C, then δ ≤ pm(r−1)`d.
The second statement follows from the first by simply dividing by Γ. �

The upper bound in Proposition 2 is sharpened further in the theorem below.

Theorem 1 Let C be a linear block code of length n over R′ with minimum Hamming
distance d, and Cx be the subcode of C generated by a codeword x with Hamming weight d.
Denote by δ the minimum homogeneous distance of the R-image of C with respect to B`.

Then δ ≤
⌊
|Cx|
|Cx|−1 Γ`d

⌋
. Moreover, if Cx is free, then δ ≤

⌊
(pm−1)pm(r`+r−2)

prm`−1
`d

⌋
.

Proof. The subcode Cx = {ax | a ∈ R′} of C generated by x still has minimum Hamming
distance d. We take the R-image τ(Cx) = {τ(c) | c ∈ Cx}. Then τ(Cx) is a subcode
of τ(C) with effective length `d. Let δx be the minimum homogeneous distance of τ(Cx).
Again we apply the Plotkin bound [9] on δx and the fact that |τ(Cx)| = |Cx| to get δx ≤
|Cx|
|Cx|−1 Γ`d. Since δ ≤ δx, the first bound is proved. If Cx is free, then |Cx| = prm`. Since
Γ = (pm − 1)pm(r−2), the second bound follows. �
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