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Abstract

In this paper we use dimensional analysis to construct the well-known fundamental
solution of the Laplace equation. Dimensional analysis helps you to predict the solution
from the equation.

1 Introduction

The concept of fundamental solution for a linear partial differential operator can be traced
back to Green, George (1793–1841). In 1828 he published the most important work, An
Essay on the Application of Mathematical Analysis to the Theories of Electricity and Mag-
netism. It was in this essay that the famous Green’s Theorem and Green’s functions first ap-
peared. Although Lagrange(1736–1813), Laplace(1749–1827) and Poisson(1781–1840) used
the concept of potential in the study of gravitational attractions, Green recognized for the
first time the importance of potential functions and applied this concept to the theory of
electricity and magnetism. Definitely the term potential function is due to him. He also
introduced Green’s functions as a means of solving boundary value problems and developed
integral transform theorems (see [7] for the history).

In Essay, Green tried to determine the static electric potential within a vacuum bounded
by conductor with specific potential. According to the definition of the potential if you know
the electric field, you can calculate the potential. In fact, this problem is rephrased as

∆u = f, x ∈ Ω, (1)
u = g, x ∈ ∂Ω. (2)

which is exactly the Dirichlet problem of the Poisson equation. In modern notation, we
have to solve the partial differential equation

∆En = δ (3)

where δ is the Dirac delta function defined by

δ(x) =
{

0, x 6= 0
∞, x = 0, (4)
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with
∫
δ(x)dx = 1. This particular function En is the so-called fundamental solution of the

Laplace equation. Once we have the fundamental solution then the solution of the Poisson
equation ∆u = f is given by u = En ∗ f ;

En ∗ f = En ∗∆u = ∆En ∗ u = δ ∗ u = u. (5)

Thus a solution u of the equation ∆u = f having compact support can always be recovered
from the right hand side f in the form of a convolution of f with a fundamental solution
En. Let us state the explicit form of En first.

Theorem 1.1 Let |Sn−1| be the surface areas of the n-dimensional unit sphere. Then the
function

En(x) =


|x|2−n

(2−n)|Sn−1| , n ≥ 3

1
2π ln |x|, n = 2

(6)

defined for x ∈ Rn, x 6= 0, is the fundamental solution of the Laplace equation

∆En = δ. (7)

The typical way to obtain the fundamental solution of the Laplace equation is assuming
it is a radial function and then reduce the Laplace equation into an ordinary differential
equation of r = |x|. That is because the only solution of the potential equation is the radial
function, i.e., the function depends only on the distance of the point x from a fixed point ξ,
say the origin for example (see [6], [8]). Another way is applying the Fourier transform (see
[10]) . Although these methods afford the constructive ways to get the explicit form of En
but why must En be of this form. Why does En have a different nature when n ≥ 3 and
n = 2? Can we predict the exact form of the solution before solving the equation? As the
famous physicist Paul Dirac (1902–1984) wrote:

I consider that I understand an equation when I can predict the properties of its
solutions, without actually solving it.

— Paul Dirac (1902-1984)—

In this note we will apply the dimensional analysis to answer these questions.

2 Concept of dimensional analysis

What is dimensional analysis and how can we use it to help us solve problems in differential
equation? Physicists often deal with dimensions as well as numbers, since the numbers
they use are often the result of some measurement. For example, the sides of a rectangle
are measured in units of length L, while the area is measured in units of length squared,
L2. We shall use this physical insight to make a guess at the fundamental solution for the
Laplace equation.

The units for measuring physical quantities are divided into two categories: fundamental
units and derived units. Once the fundamental units have been decided upon, derived units
are obtained from the fundamental units using the definitions of the physical quantities
involved. Let us write down the fundamental system of unit length, unit mass and unit
time in cgs-system.
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Definition 2.1 (Fundamental Units)

unit of length = cm/L, (8)
unit of mass = g/M, (9)
unit of time = s/T, (10)

where L, M and T are positive numbers that indicate the factors by which the fundament
units of length, mass and time decrease in passing from the original system to another
system in the same class.

Another typical system is MKS-system, then the units of length, mass and time are given
by

m
L
,

kg
M
,

hr
T
.

Thus in the ordinary systems of mechanics, the fundamental units are taken as length, mass
and time. Besides fundamental units, there is another group of quantities which we may call
derived units. For example, a velocity as ordinary defined is a derived unit. We obtain its
measure by measuring a length and the time occupied in traversing this length, and dividing
the number measuring the length by the number measuring the time;

v =
dx

dt
⇐⇒ 4v =

4x
4t

.

Here 4x (and 4t) means the increment or difference, sometimes it also represents the
dimension. If the unit of length is decreased by a factor L and the unit of time is decreased
by a factor T then the new unit of velocity is a factor LT−1 times smaller than the original
unit, so that the numerical value of all velocities are increased by a factor LT−1. We will
call this factor the dimension of the velocity [3]. It is customary, following a suggestion of
J. C. Maxwell(1831–1879), to denote the dimension of a quantity f by [f ]. In LMT system,
it will depend only on the ratios L, M and T : i.e., [f ] = ϕ(L,M, T ) for some function ϕ.
Since velocity has the dimensions of length divided by time, it is more illustrative to express
in the following way

[v] =
[dx]
[dt]

= LT−1 (velocity).

We say that a quantity is dimensionless means its numerical value does not change when
the size of the fundamental units of mass, length, or time are changed. The typical example
is angle.

Lemma 2.2 Angle θ is dimensionless, i.e., [θ] = 1.

Proof. An angle θ is defined as the ratio of s, the length of circle arc it intercepts, to r, the
radius of the circle. Then

s = rθ =⇒ [θ] =
[
s

r

]
=

[s]
[r]

=
L

L
= L0 = 1.

The angle is a dimensionless or“pure” number. We may ask the same question. What
is the dimension of sin θ? As we originally defined it, sin θ is the ratio of two lengths, so its
dimension is 0.
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Lemma 2.3 Trigonometric functions are dimensionless. Furthermore, transcendental func-
tions are dimensionless. Functions of dimensionless variables are themselves dimensionless.

For a more detailed discussion of the dimensional analysis, the readers are referred to
([2],[3],[4],[5],[9]).

An equation in which each term has the same dimensions is said to be dimensionally
correct. All equations used in any science should be dimensionally correct. The only time
you’ll encounter one which isn’t is if there is an error in the equation. So dimensional
analysis is a valuable tool in helping you to detect an equation in which you made an error
in algebra, for example. We borrow this idea from the physicists, by noting that in an
algebraic or trigonometric identity, both sides must have the same dimension. Let’s try this
out on some equations.

Example 2.4 (Trigonometric Equalities) You can check the dimensions of each side are
the same in the following formulas:

(a)
a

sinα
=

b

sinβ
=

c

sin γ
, (

L

L0
= L)

(b) S =
1
2
ab sin γ =

1
2
bc sinα =

1
2
ca sinβ, (L2 = L · L · L0)

(c) c2 = a2 + b2 − 2ab cos γ, (L2 = L2L0)

We check (b) only and leave the others as exercises. Now S is the area of the triangle
4ABC, it has dimension length squared [S] = L2, and the product ab has the same dimen-
sion (length times length) [ab] = L2, so the dimensions cancel out, and sin γ has dimension
0, [sin γ] = 1. The equation is dimensional balance.

Example 2.5 Let f be a function from Rn to R, then the dimensions of integral and
differential of f are given respectively by[ ∫

Rn

f(x) dx
]

= [f ]Ln,
[
∂αf

∂xα

]
= [f ]L−|α|, (11)

where α = (α1, α2, ...αn) is a multi index and |α| = α1 + α2 + ...+ αn. Thus the dimension
of integral increases but the dimension of differential decreases.

Theorem 2.6 (Fundamental Theorem of Calculus) Let φ : [a, b]→ R be continuous. Then
φ has an antiderivative Φ and ∫ b

a

φ(x)dx = Φ(b)− Φ(a) (12)

Since [Φ] = [φ]L, the antiderivative Φ has higher dimension [Φ] = [φ]L comparing with
the original function φ with dimension [φ]. This also give us a dimensional analysis’s reason
why Φ has better regularity (one more derivative) than φ. The higher dimension, the better
regularity. The dimensional analysis also gives us a strong reason to convince ourselves that
the integral of xn, n+ 1 6= 0, must be xn+1 (except for possible constants);∫

xndx =
xn+1

n+ 1
+ C, (LnL = Ln+1) (13)
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When n = −1, the critical case, the integral
∫
x−1dx is dimensionless[ ∫

1
x
dx

]
= [x]−1[x] = L−1L = 1 (14)

so the formula (13) does not hold. But we still can apply the L’Hospital rule to obtain the
correct formula. A quantity is dimensionless means it does not converge to 0 as x → ∞,
unless it is 0, we need to replace xn+1 by xn+1 − 1. Here 1 is served as the mean. Then we
have

lim
n→−1

xn+1 − 1
n+ 1

= lnx

by L’Hospital rule. We can also obtain this formula by observing

xn+1 = e(n+1) ln x = 1 +
lnx
1!

(n+ 1) +
(lnx)2

2!
(n+ 1)2 · · ·

as n + 1 → 0. Thus according to continuity, the critical case of the power law must be a
logarithm ∫

1
x
dx = lnx+ C, (L−1L = L0 = 1). (15)

The right hand side lnx is a transcendental function and hence is dimensionless. The analysis
also give us a reason why

∫
1
xdx is a logarithmic function because it is dimensionless!

Example 2.7 (Dimension of the Dirac delta function) According to the definition of Dirac
delta function we have

∫
Rn δ(x)dx = 1. This integral is dimensionless, thus δ has dimension

[δ] = L−n;
[δ]Ln = 1 =⇒ [δ] = L−n.

This fact corresponds to the homogenenity of the Dirac delta function (see [1]) , δ(λx) =
λ−nδ(x), where the following property has been employed∫

Rn

δ(λx)dx = λ−n
∫

Rn

δ(x)dx = λ−n.

3 Dimensional analysis approach to En

We apply the dimensional analysis to derive the fundamental solution En. The analysis
consists of the following steps.

1. Since the Dirac delta function δ is a spherical symmetric and the Laplace operator ∆
is rotational invariant so En(x) must be a radial function, En(x) = En(|x|).

2. According to the definition of Dirac delta function we have∫
Rn

∆En(x)dx =
∫

Rn

δ(x)dx = 1.

This integral is dimensionless, thus En has dimension [En] = L2−n;

[En]
L2

Ln = 1 =⇒ [En] = L2−n.
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If we expect x = 0 is a singularity then 2 − n < 0. Combing the above two facts
En(x) = En(|x|) and [En] = L2−n, En must be of the form

En(x) = Cn
|x|2−n

2− n
= Cn

r2−n

2− n
, n > 2.

The constant 2− n in the denominator always comes with the power |x|2−n in order
to balance with the exponent.

3. The Gauss divergence theorem will help to obtain Cn = 1
|Sn−1| . Indeed, the Laplacian

is the divergence of the gradient. The gradient of our function En is a vector field
directed toward the center along radii, hence

∇En · n =
dEn
dr

=
(
Cn

r2−n

2− n

)′
= Cnr

1−n

where n is the unit outward normal of the sphere of radius r. To compute the diver-
gence we only need to compute the flux of the gradient field across the sphere due to
the rotational invariant. The flux across a sphere equals the magnitude of the field
multiplied by the surface area of the sphere. Therefore∫

BR(0)

∆En(x)dx = CnR
1−n|Sn−1|Rn−1 = 1 =⇒ Cn =

1
|Sn−1|

.

4. When n = 2, E2(x) is dimensionless and the result that a fundamental solution be-
comes singular does not hold. The same discussion as Eq. (14)− (15) can be applied
in this case to obtain the fundamental solution E2. We need to replace |x|2−n by
|x|2−n − 1 then we have

E2(x) = lim
n→2

|x|2−n − 1
(2− n)|Sn−1|

=
1

2π
ln |x|.

Remark: The fundamental solution En of the Laplace equation has different nature when
n > 2 and n = 2.

1. When n > 2, En is everywhere negative in Rn and vanishes at ∞.

2. E2 is negative near x = 0, positive near x =∞ and becomes ∞ at ∞.

The main reason for the difference is that E2 is dimensionless!

Remark: Note that the derivative of En with respect to radius r is the inverse of the

surface area of radius r;

E′n(r) =
∂En
∂r

=
1

rn−1|Sn−1|
=

1
|Sn−1(r)

Remark: The Laplacian maps homogeneous functions into homogenous functions of degree

two less. Since the Dirac delta function δ(x) is homogeneous of degree −n, a homogeneous
solution En of the equation ∆En = δ must be homogeneous of degree 2 − n (see [1]).
Consequently it must be proportional to |x|2−n. On the other hand, Dirac delta function δ
has dimension L−n and ∆En has dimension [En]L−2 then according to dimensional balance
En has dimension [En] = L2−n. Therefore we can conclude

The essence of the homogeneity consideration is dimensional analysis.
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4 Further applications

The main application of the fundamental solution is representation of the solution of the
nonhomogeneous equation.

Theorem 4.1 (Poisson Equation) Let Ω be a bounded set, f ∈ C1(Ω) and vanish outside
Ω. Then the function u defined by

u(x) = (f ∗ En)(x) ≡
∫

Ω

f(ξ)En(x− ξ)dξ (16)

satisfies the Poisson equation

∆u = f (17)

The fundamental solution En of the Laplace equation ∆En = δ can be interpreted as
the potential created at the point x by a unit charge located at the origin. If a charge of
magnitude f(ξ) is located at ξ, it created the potential f(ξ)En(x− ξ) at x. A collection of
all these fields produces the potential given by the formula (16). The convolution shows the
translation invariant of the equation. The dimensional analysis of (17) gives the relation

[∆u] = L−2[u] = [f ] =⇒ [u] = [f ]L2

Thus u has two more dimension than f , so it is expected that u will gain two more derivative
than f as is well known from elliptic regularity theory.

Theorem 4.2 (p-Laplacian Equation) The function

u(x) =

{
Cp,n|x|

p−n
p−1 , 1 < p < n

Cn,n ln |x|, p = n
(18)

defined for x ∈ Rn, x 6= 0, is the fundamental solution of the p-Laplace equation;

∆pu ≡ div(|∇u|p−2∇u) = δ. (19)

The constants Cp,n and Cn,n are defined by

Cp,n =
p− 1

(p− n)|Sn−1|
1

p−1
, Cn,n =

1

|Sn−1|
1

n−1
.

When p = 2, we also recover the Laplace equation.

Since
∫

Rn ∆pudx =
∫

Rn δ(x)dx = 1 then dimensional analysis of (19) gives the relation

[u]p−1

Lp
Ln = 1 =⇒ [u] = L

p−n
p−1 =⇒ u(x) = Cp,n|x|

p−n
p−1 .

Because of the peculiar nature of fundamental solution, we expect the singularity occurs at
x = 0, so the exponent p−n

p−1 must be negative;

p− n
p− 1

< 0 =⇒ 1 < p < n

Similar to the Laplace equation, when n = p (dimensionless), the fundamental solution is
u = Cn,n ln |x|.
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Theorem 4.3 (Iterated Laplacian Equation) The function Ep,n defined by

Ep,n(x) = |x|2p−n(Ap,n ln |x|+Bp,n) (20)

is the fundamental solution of the iterated Laplace equation;

∆pEp,n = δ. (21)

Here Ap,n, Bp,n are constants, and Ap,n = 0 if 2p < n or if n is odd, whereas Bp,n = 0 if
2p ≥ n and n is even.

We start with the observation that

∆r =
C

r
, ∆2r = ∆(∆r) =

C

r3
, · · · , ∆mr =

C

r2m−1

Choosing 2m− 1 = n− 2, or m = n−1
2 , i.e., n is odd then there is a constant dn such that

dn∆
n−1

2 r =
r2−n

(2− n)|Sn−1|

is a fundamental solution of Laplace equation ∆u = 0. The dimensional analysis shows

[Ep,n]
L2p

Ln = 1 =⇒ [Ep,n] = L2p−n =⇒ Ep,n(x) = Bp,n|x|2p−n.

Here we use the fact that n is odd and Ep,n is never dimensionless. When n is even but the
exponent 2p − n is negative, i.e., 2p < n, the above expression still has the singularity at
x = 0. When the number n of dimensions is even, and 2p ≥ n the result that a fundamental
solution becomes singular like |x|2p−n need not hold. Terms of the order |x|2p−n ln |x| may
occurs. The typical example is the two-dimensional bi-harmonic function.

Corollary 4.4 (Two-dimensional Bi-harmonic Equation) The fundamental solution of the
two-dimensional bi-harmonic equation ∆2E2,2 = δ is given by

E2,2(x) =
1

8π
|x|2 ln |x|. (22)

Similar to the previous discussion, the dimensional analysis shows that E2,2 has dimen-
sion [E2,2] = L2 but due to the singular nature at |x| = 0 it must be |x|2 times some
transcendental function which is singular at |x| = 0. Indeed, the same procedure like
the Laplace equation applied to bi-harmonic equation yields [E2,n] = L4−n, n > 2, thus
E2,n = C̃n|x|4−n, for some constant C̃n. Since [E2,2] = L2, we need to subtract |x|2 then

E2,2(x) = lim
n→2

C̃n
|x|4−n − |x|2

2− n
= lim
n→2

C̃n|x|2
(|x|2−n − 1)

2− n
= C̃2|x|2 ln |x|

In fact, we can show C̃2 = 1
8π .

The dimensional analysis also helps to see the fundamental solution of the heat equation,
wave equation or other linear evolution equation. In this situation, other than the space’s
dimension we also need to discuss the time’s dimension and compare the relation between
them. But for brevity we only discuss the Laplace type equation in this note.
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