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Abstract

In this survey article we begin with the discussion of the action minimization prob-
lem for the classical N -body problem on spaces with free boundary constraints. The
ideas and proofs for some recent progresses will be briefly outlined. We then provide
numerical figures for some new types of action-minimizing orbits discovered in the
past two years, and list some open questions. The examples are some retrograde and
prograde orbits for the three-body problem.

Keywords: three-body problem, variational method, periodic solution.

1 Introduction

The Newtonian N -body problem concerns the motion of N(≥ 2) mass points m1, · · · ,mN

moving in Rd, d ≥ 1, in accordance with Newton’s law of universal gravitation:

mkẍk =
∂

∂xk
U(x), k = 1, . . . , N, (1)

where xk ∈ Rd is the position of mass mk and

U(x) = U(x1, . . . , xN ) =
∑

1≤i<j≤N

mimj

|xi − xj |

is the potential energy. The kinetic energy K(ẋ) and the Lagrangian L(x, ẋ) are given by

K(ẋ) =
1
2

N∑
i=1

mi|ẋi|2 , L(x, ẋ) = K(ẋ) + U(x) .

Consider the action functional defined by

At0,t1(x) =
∫ t1

t0

L(x, ẋ) dt , (2)
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where t0 < t1 are fixed constants and x belongs to a suitable function space. The functional
A0,T will be denoted by AT . Equations (1) are the Euler-Lagrange equations for the action
functional At0,t1 and the search for classical solutions of (1) becomes a matter of finding
collision-free critical points for At0,t1 .

The purpose of this expository paper is to outline the ideas and proofs for some progresses
related to the action minimization problem on spaces with fixed or free boundary constraints.
This article complements the survey article [7] by adding some advances in the past two
years, but we shall only focus on applications to the three-body problem. The basic theory
presented herein is the same as [7] but here we exclude examples in [7] and add some new
types of action-minimizing orbits for the free boundary problem. The materials of this
article are mainly taken from [4, 6, 8, 9, 10], especially [6, 10].

In section 4 and section 5 we list some numerical results and related open questions. It
is customarily assumed that d = 2 or 3 for physical reasons, but we just assume d ≥ 2 in
here. Proofs and further details are referred to [6, 8, 10]. There are also many important
progresses related to problems with symmetry constraints, but we do not discuss this topic
in this paper.

Consider function spaces with boundary conditions that every mass point starts and
ends on two transversal proper subspaces of Rd, d ≥ 2. Collinear problems (d = 1) are not
within the scope of our framework. If action minimizers are collision-free, then they can be
continued indefinitely by using some perpendicular conditions derived from classical calculus
of variations. In planar problems, this setup is virtually the same as those in [5, 8, 11] where
a Z2-symmetry is imposed to a space of paths with certain rotational symmetry. We will
prove that solutions for this minimizing problem are free from collisions. This result can be
used to construct certain classes of relative periodic solutions for the N -body problem.

It is a natural and typical idea in variational calculus to impose boundary constraints
to function spaces. When the boundary is fixed, we call it the problem with fixed ends
or simply the Bolza problem; otherwise, it is called the problem with free boundaries. An
important breakthrough by Marchal and Chenciner [22, 12] on minimizing problems with
fixed ends contains key idea of proof for many subsequent research work. What they proved
is that action minimizers for the planar or spatial problem with fixed ends are free from
interior collisions. This important result has been extended by Ferrario-Terracini [20] to
Newtonian-type problems and equivariant problems, and has been used to construct many
symmetric solutions for the N -body problem [12, 20, 4, 5]. We refer the readers to [14] for
brief history, and recent developments in this direction. See also [31] for a more up-to-date
bibliography.

There are essentially two approaches for removing collision singularities from action
minimizers. The first one is a global approach (see for instance [17, 3, 4, 5, 8, 9, 10]).
The idea is to give a sharp lower bound estimate for the action functional over collision
paths, and then choose a test path in the path space under concern with a lower value
of action. If such a test path is found, then collision paths cannot be action minimizing.
In as early as 1896, Poincaré [27] already observed that solutions with collisions can have
action values comparable to those of classical solutions. For the three-body problem, action
minimizers in a fixed topological class of loops are generally having collisions [32]. This
global approach was therefore applied to minimizing problems with additional symmetry
constraints, assisted from which collisions often occur in multiple forms that significantly
increase the action value.

The other approach uses local deformations (see for instance [22, 12, 20, 1, 19, 31]). One
has to analyze asymptotic behavior of action minimizers near collisions, if there are any, and
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then deform this minimizing path properly so as to reduce the action value. In general, we
do not have a precise description for the asymptotic behavior of each mass, but it is possible
to obtain fairly precise estimates for some useful physical quantities, such as potential energy
and moment of inertial. Showing existence of suitable deformations requires the use of these
estimates. This is the approach invoked in our present work.

In section 2 and section 3 we outline some recent results related to problems with fixed
or free boundaries. These two parts are the same as [7]. Section 4 contains several numerical
examples for the three-body problem that were recently discovered, and in section 5 we offer
some open questions for future studies.

2 Existence of Action Minimizers

In order to work on an appropriate Hilbert space on which fundamental lemmas for calculus
of variations are applicable, the ground space selected for the action functional At0,t1 defined
in (2) is the Sobolev spaceH1([t0, t1], (Rd)N ), in which a critical point x ofAt0,t1 is a classical
solution of (1) on [t0, t1] if and only if x has no collision; that is, xi(t) 6= xj(t) for any i 6= j
and t ∈ [t0, t1]. Over collision-free paths the functional At0,t1 is of class C1. For paths with
collisions, by “critical point” we mean a path whose first variation δhAt0,t1(x) vanishes for
all h in the underlying space. A similar choice of path space is H1(R/TZ, (Rd)N ), which
can be embedded to H1([0, T ], (Rd)N ) as the subspace of closed loops. In either space, the
standard norm and inner product will be denoted respectively by ‖ · ‖H1 and 〈·, ·〉H1 .

For the problem with free boundaries, we consider two proper linear subspaces X0, X1

of Rd, d ≥ 2, and the function space

Bt0,t1(X0, X1) := {x ∈ H1([t0, t1], (Rd)N ) : xi(t0) ∈ X0, xi(t1) ∈ X1, i = 1, · · · , N}.

The function space B0,T (X0, X1) will be denoted by BT (X0, X1).
We remark here that if At0,t1 restricted to Bt0,t1(X0, X1) has a collision-free critical point

x, then x(t) solves (1) on [t0, t1] and for each i the one-sided derivatives ẋi(t0), ẋi(t1) are
respectively perpendicular to X0, X1. This is often called the “natural boundary condition”
in calculus of variations. To prove this, consider an admissible variation h = (h1, . . . , hN ) ∈
Bt0,t1(X0, X1) with hj ≡ 0 for any j 6= i and with hi supported in a small neighborhood of t0.
The facts that the first variation δhA(x) vanishes and x satisfies (1) yield hi(t0) · ẋi(t0) = 0.
Since the direction of hi(t0) is arbitrary in X0, the vector ẋi(t0) must be perpendicular
to X0. The other half of the proof follows by replacing t0 by t1 and X0 by X1. Now
since Newton’s equations (1) are invariant under simultaneous orthogonal change of space
variables xi and isometric change of the time variable t, the collision-free action minimizer
x(t) can be continued indefinitely to a relative periodic solution of (1) that resumes its
configuration after every 2(t1 − t0) time units. The resulting solution curve is symmetric
with respect to both X0 and X1. Moreover, x is periodic if X0 ∩X1 = {0} and the angle
between X0 and X1 is commeasurable with π; and it is in general quasi-periodic if the angle
between X0 and X1 is an irrational multiple of π.

We may consider the similar variational problems on minimization of At0,t1 over paths
with one fixed end and one free boundary. Let X be a proper linear subspace of Rd and
ξ ∈ (Rd)N . Define

Bt0,t1(X0, X1) := {x ∈ H1([t0, t1], (Rd)N ) : xi(t0) ∈ X0, xi(t1) ∈ X1, i = 1, · · · , N}.
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Likewise, we may also consider the minimizing problem on the function space

Bt0,t1(ξ, ξ′) := {x ∈ H1([t0, t1], (Rd)N ) : x(t0) = ξ, x(t1) = ξ′}

with fixed ends ξ, ξ′ ∈ (Rd)N . Variational problems on Bt0,t1(ξ, ξ′) are referred to as varia-
tional problems with fixed ends or Bolza problems. On such spaces the space of admissible
variations are paths in Bt0,t1(ξ,X) or Bt0,t1(ξ, ξ′) that vanishes at the fixed ends. By “crit-
ical point” we mean a path whose first variation δhAt0,t1(x) equals zero for any admissible
variation h.

It is not clear if an action minimizing solution for the problem with boundary constraint
exist. If it does, then how do we know it is indeed a classical solution? The theorem below
provides a compactness condition that ensures existence of action minimizer.

Let X be a proper linear subspace of Rd, and E be a weakly closed subset of Bt0,t1(ξ,X)
or Bt0,t1(ξ, ξ′). The action functional At0,t1 restricted to E is coercive and attains its
minimum in E.

Theorem 1. [6] Let X, X0, X1 be proper linear subspaces of Rd, ξ, ξ′ ∈ (Rd)N .

(a) If E is a weakly closed subset of Bt0,t1(X0, X1) and X0 ∩X1 = {0}, then the action
functional At0,t1 restricted to E is coercive (that is, At0,t1(x)→ +∞ as ‖x‖H1 → +∞)
and attains its minimum in E.

(b) If E is a weakly closed subset of Bt0,t1(ξ,X) or Bt0,t1(ξ, ξ′), then the action functional
At0,t1 restricted to E is coercive and attains its minimum in E.

This theorem is a consequence of a criterion for compactness that is, in essence, proved
in [4]. Here we briefly outline the idea of proof. Suppose a weakly closed subset E of
H1([t0, t1], (Rd)N ) is away from central motions in the sense that there exists some µ ∈
[−1, 1) satisfying

〈x(t0), x(τx)〉 ≤ µ|x(t0)| |x(τx)| (3)

for any x ∈ E and for some τx ∈ (t0, t1] depending on x. Here 〈·, ·〉 denotes the standard
inner product of (Rd)N . From this property, it can be verified that At0,t1 restricted to E is
coercive. By using Fatou’s lemma and the fact that any norm is weakly sequentially lower
semicontinuous, it is an easy exercise to show that At0,t1 is weakly sequentially lower semi-
continuous on H1([t0, t1], (Rd)N ). Following a standard argument in calculus of variations
(see [28, Theorem 1.2], for instance), the action functional At0,t1 attains its infimum on E.
The discussions above can be summarized as the

Criterion for Compactness[4]. Let E be a weakly closed subset of H1([t0, t1], (Rd)N ).
Suppose for some µ ∈ [−1, 1) the set E satisfies (3) for any x ∈ E and for some τx ∈ (t0, t1]
depending on x. Then the action functional At0,t1 restricted to E is coercive and attains
its minimum in E.

Now let Sd−1 be the unit sphere in Rd. The assumption that X0 ∩ X1 = {0} implies
Sd−1 ∩X0 and Sd−1 ∩X1 are disjoint compact subsets of Sd−1, and

µ := sup{v0 · v1 : v0 ∈ Sd−1 ∩X0, v1 ∈ Sd−1 ∩X1} ∈ [0, 1).
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Furthermore,

〈x(t0), x(t1)〉 =
N∑
i=1

xi(t0) · xi(t1)

≤ µ

N∑
i=1

|xi(t0)| |xi(t1)| ≤ µ|x(t0)| |x(t1)|.

The space Bt0,t1(X0, X1) is weakly closed inH1 = H1([t0, t1], (Rd)N ) since weak convergence
in H1 implies uniform convergence. Part (a) of theorem then follows from the criterion for
compactness mentioned above.

The second part of the theorem is actually easier. For the case the minimization problem
of At0,t1 on Bt0,t1(ξ,X), coercivity follows from the fact that there are nonnegative constants
a, b satisfying ‖x‖2L2[t0,t1]

≤ a + b‖ẋ‖2L2[t0,t1]
for any x satisfying x(t0) = ξ. To see where

these constants came from, observe that for any x satisfying x(t0) = ξ and for any t ∈ [t0, t1],
we have

|x(t)|2 ≤
(
|ξ|+

∫ t1

t0

|ẋ(s)|ds
)2

≤
(
|ξ|+ (t1 − t0)

1
2 ‖ẋ‖L2[t0,t1]

)2

≤ 2
(
|ξ|2 + (t1 − t0)‖ẋ‖2L2[t0,t1]

)
.

Therefore the constants a = 2(t1 − t0)|ξ|2, b = 2(t1 − t0)2 fulfill the claimed inequality.
Note that the proof for coercivity makes no use of the assumption x(t1) ∈ X. It works on
Bt0,t1(ξ, ξ′) as well.

We remark here that the condition X0∩X1 = {0} in Theorem 1(a) is actually necessary
and sufficient for coercivity of At0,t1 on Bt0,t1(X0, X1). The necessity can be easily seen
by choosing a minimizing sequence of motionless paths from Bt0,t1(X0 ∩X1, X0 ∩X1) with
more and more separated masses. This can be done as long as dim(X0 ∩X1) ≥ 1.

3 Action Minimizers are Classical Solutions

In [22] Marchal introduced an averaging argument that enables us to exclude colliding
curves from local action minimizers provided the collisions are isolated. The assumption
that collisions are isolated is removed by Chenciner [12]. They considered the planar and
spatial problems but their arguments are clearly applicable to any Rd with d ≥ 2. Using
our notations, their theorem states:

Theorem (Marchal-Chenciner). Given any ξ, ξ′ ∈ (Rd)N , d ≥ 2, minimizers of At0,t1
on the space Bt0,t1(ξ, ξ′) are collision-free on the interval (t0, t1).

The key observation in the proof of this theorem was made by Marchal [22]. The idea
is roughly as follows. Near an isolated collision for the spatial problem, take the position
of one colliding body mi and consider small deformations in all possible directions (which
can be described as S2) from where the collision occurs, then use the harmonic property of
the potential in R3 to calculate the average of the action over all deformed paths. With
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the help of Sundman’s estimates [29] near collisions, the averaged action can be proven to
be lower than the original action, thereby showing the existence of a deformed path with
lower action and without mi participating in that specific collision. For planar problems the
set S2 of directions for local deformations is replaced by a circular disc. In [12] Chenciner
removed the assumption that collisions are isolated and gave a very readable proof. In [20]
Ferrario-Terracini went further in this direction and showed that, instead of taking spheres
or discs, averaging small variations along circles is sufficient to reduce the value of the action.

The original statement of Marchal-Chenciner’s theorem covers planar (d = 2) and spatial
(d = 3) problems, but their theorem remains valid for any d ≥ 2 because the averaging
argument over S2 (or circle as in [20]) is clearly applicable when d ≥ 4.

For problems with free boundaries, we have

Theorem 2. [6] Let X0, X1 be proper linear subspaces of Rd such that X0 ∩ X1 = {0}.
Then all local minimizers of At0,t1 on Bt0,t1(X0, X1) are free from collisions on [t0, t1].

Theorem 2 follows if we can prove that all local minimizers of At0,t1 on Bt0,t1(ξ,X)
are free from collisions on (t0, t1] for any proper linear subspace X of Rd and ξ ∈ (Rd)N .
The proof is based on Marchal-Chenciner’s result and a variant of Venturelli’s lemma [33].
Similar ideas and arguments have also appeared in the proof for the main theorem in [20],
in which the authors focused on equivariant problems.

Since linear momentum is an integral of motion, it is natural to assume that every path
stays inside the configuration space V :

V := {x ∈ (Rd)N :
N∑
k=1

mkxk = 0} .

Suppose ξ ∈ V , X0, X1, and X are proper linear subspaces of Rd. Define

Bt0,t1(X0, X1;V ) := H1([t0, t1], V ) ∩Bt0,t1(X0, X1),
Bt0,t1(ξ,X;V ) := H1([t0, t1], V ) ∩Bt0,t1(ξ,X).

Similar to the theorem above, we have

Theorem 2’. [6] Let X0, X1 be proper linear subspaces of Rd such that X0 ∩X1 = {0}.
Then all local minimizers of At0,t1 on Bt0,t1(X0, X1;V ) are free from collisions on [t0, t1].

It is not an obvious matter, though been commonly used without proof, that collision-free
critical points of A restricted to H1([t0, t1], V ) are classical solutions to (1). Note that on
H1([t0, t1], (Rd)N ) the fundamental lemmas for calculus of variations are clearly applicable.
Now if x is a collision-free critical point of A restricted to H1([t0, t1], V ), from the first
variation of A constrained to H1([t0, t1], V ), at x we have

0 = δhA(x) = −
∫ 1

0

3∑
k=1

(
mkẍk −

∂U

∂xk

)
· hk dt

for any h = (h1, · · · , hN ) ∈ C∞0 ([0, 1], V ). Let yk = mkẍk − ∂U
∂xk

, then (y1(t), · · · , yN (t)) ∈
V ⊥ for any t. A basis for the subspace V ⊥ of (Rd)N is

(m1, 0, · · · , 0,m2, 0, · · · , 0, · · · ,mN , 0, · · · , 0),
· · · , (0, · · · , 0,m1, 0, · · · , 0,m2, · · · , 0, · · · , 0,mN ).
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Each vector consists of N blocks in each of which there is a mi and d − 1 zeros. Then we
may conclude that yi(t) = miα(t) for some α : [0, 1] → Rd and for each i. It can be easily
verified that

∑N
k=1 yk(t) = 0, that is (m1 + m2 + · · · + mN )α(t) = 0. Then α and hence

every yi is identically zero. This proves that x is indeed a classical solution of (1).
Using this observation, if both ξ, ξ′ belong to the configuration space V , then by Marchal-

Chenciner’s theorem and linear momentum integrals (note that minimizers on Bt0,t1(ξ, ξ′)
are solutions to (1)), any action minimizer on Bt0,t1(ξ, ξ′) stays completely inside V on
[t0, t1]. Therefore the “(Rd)N” in Marchal-Chenciner’s theorem can be also replaced by the
configuration space V . Similarly, the collision-free action minimizers given by Theorem 2
and Theorem 2’ are classical solutions for the N -body problem. As mentioned before, these
solutions are periodic if the angle between X0 and X1 is a rational multiple of π and can
be quasi-periodic if the angle is an irrational multiple of π. We will show some numerical
pictures for some of these action minimizers in the next section.

4 Examples: Retrograde and Prograde Orbits

In this section we demonstrate some numerical results for the planar three-body problem.
We only provide examples that were recently discovered. For other examples we refer the
readers to [4, 5, 8, 10].

A relative equilibrium is a periodic solution of (1) that becomes an equilibrium in a
uniformly rotating coordinate system. When d = 3, relative equilibria are necessarily planar
and their configurations are critical points of the normalized potential Ũ =

√
IU , where

I(x) =
∑N
k=1mk|xk − x̂|2 is the moment of inertia with respect to the mass center x̂.

Following from a classical result of Moulton [25] there are exactly N !/2 (up to translations,
rotations, and scalings) collinear relative equilibria in Bt0,t1(X0, X1). This is valid even
if one or both of X0, X1 are two-dimensional. The case N = 3 was proved by Euler in
1767. For this reason collinear relative equilibria are often referred to as Euler-Moulton
relative equilibria. One may wonders whether the solutions obtained in Theorem 2 are
solutions different from these relative equilibria. Numerically it is not the case when the
angle between X0 and X1 are not small.

Each relative equilibrium gives rise to a family of self-similar solutions. Classical ex-
istence proofs for periodic solutions other than self-similar solutions, which can be found
through geometric methods, are largely relied on a perturbation method commonly known
as the Poincaré continuation method. The theory bases on introducing small parameters
which typically represent mass ratios or distance ratios, and choosing appropriate coordi-
nates so that the implicit function theorem is applicable when an additional mass is added to
a system of celestial bodies in self-similar motion. When all masses and mutual distances are
comparable in size, simulations suggest existence of miscellaneous kinds of periodic orbits
but they are beyond the scope of classical approaches.

Roughly speaking, a retrograde orbit is a relative periodic solution with two adjacent
masses revolving around each other in one direction while their mass center revolves around
the third mass in the other direction. Let T > 0 and φ ∈ [0, 2pi) be fixed, and consider the
rotating frame which rotates the inertia frame about the origin with angular velocity φ/T .
In [8] we proved the existence of action-minimizing retrograde orbits which are T -periodic
on this rotation frame for a large class of masses and for a continuum of φ. These orbits
periodically resume their configurations but turned by an angle not far from π after each
relative period.
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The idea of proof is to provide sharp estimates for the infimum value of A on the interior
and the boundary of X , then action-minimizers are classical solutions provided the first
estimate is strictly less than the second. Fairly sharp and explicit estimates on the interior
are achieved by choosing ideal model loops. On the boundary the action value estimates are
obtained by using the time-reversal symmetry combined with an exact formula for minimum
action value of Keplerian orbits which turn a fixed angle within a fixed time.

In [8] allowable angles φ are roughly between 0.4π and π and the region of admissible
masses quickly shrinks as φ decreases from π or 0.4π, while in [10] we refine the estimates in
there so that it works for a much wider range of masses and angles. This improvement is quite
substantial, as the range of allowable angles becomes an interval from 0 to approximately
1.38π, the region of admissible masses remains a large unbounded region for every φ ∈ (0, π].
Apart from that, we also provide some quantitative estimates for admissible masses and
mutual distances, and show miscellaneous examples of action-minimizing retrograde orbits
as well as some prograde and retrograde solutions with additional symmetries. Prograde
orbits are local action-minimizers for the problem with the same free boundaries as the
retrograde orbits. Our results link the famous Broucke-Heénon family [2, 21] with the
retrograde and prograde orbits with more general masses, and those retrograde and prograde
orbits obtained from the restricted three-body problem [9, 30].

The ground space selected in [8, 10] is the space of paths with φ-rotational symmetry:

Hφ,T := {x ∈ H1
loc(R,CN ) : x(t+ T ) = e−φix(t)},

where φ ∈ (0, 2π) and T > 0 are fixed constants. Consider the isometry σ on Hφ,T defined
by

(σ · x)(t) := x(−t) .

The action functional A0,T = AT is σ-invariant and, according the principle of symmetric
criticality [26], critical points of AT constrained to the space of σ-invariant paths H〈σ〉φ,T are
critical points of AT on Hφ,T as well. It is not hard to see that [0, T2 ] is a fundamental
domain for the action of 〈σ〉 ∼= Z2, all masses are aligned on the real axis X0 at t = 0,
and aligned on the line X1 = {re

φ
2 i : r ∈ R} at t = T

2 . This observation tells us that the
minimizing problem for AT over H〈σ〉φ,T is the same as minimizing AT/2 over BT/2(X0, X1).
Theorem 2 immediately implies that action minimizers are collision-free, but it does not
provide any topological information about these minimizers.

When the subspaces X0 and X1 are nearly perpendicular, numerically most of the action
minimizers obtained in Theorem 2 or Theorem 2’ are the retrograde orbits obtained in
[8, 10]. Figure 1 includes examples when the angle between X0 and X1 is 0.6π (the case
φ = 0.6π), figure 2 contains three examples where the angle between X0 and X1 is an
irrational multiple of π. Numerically these retrograde orbits are action minimizing solutions
with free boundaries consisting of transversal lines. These figures were not included in
previous literature but initial data can be found in

http://www.math.nthu.edu.tw/~kchen/retrograde.html
Masses (m1,m2) in figure 1 are selected from the following list, in which (m1,m2) are aligned
in the same order as the figures.

(0.2, 0.8) (0.4, 0.8) (0.6, 0.8) (0.8, 0.8)
(0.2, 0.6) (0.4, 0.6) (0.6, 0.6)
(0.2, 0.4) (0.4, 0.4)
(0.2, 0.2)
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Figure 3 contains several examples of prograde solutions. See [10] and the webpage men-
tioned above for details.
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Figure 1: Action minimizing retrograde orbits with φ = 0.6π

5 Some Open Problems

Many open problems regarding variational methods on the N -body problem were raised in
[12, 14, 16] and during the AIM conference “Variational Methods in Celestial Mechanics”
from June 9 to June 14 in 2003. A list of the open problems from the conference is located

http://www.aimath.org/WWN/varcelest/
We shall only list couple questions on the planar N -body problem that are closely related
to the theorems in this article.

Imagine that we are standing on the plane of motion which rotates counterclockwise
with angular velocity φ

T . By adding the time axis, collision-free trajectories in Hφ,T draw
out braids on N strands in the three-dimensional space-time. These braids are pure; that



18 Kuo-Chang Chen

-0.6 -0.4 -0.2 0 0.2 0.4 0.6
-0.6

-0.4

-0.2

0

0.2

0.4

0.6

-0.6 -0.4 -0.2 0 0.2 0.4 0.6

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

-0.6 -0.4 -0.2 0 0.2 0.4 0.6

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

1

Figure 2: Some action minimizing quasi-periodic retrograde orbits

is, each strand ends at the same space coordinates as those at which it begins. We say
two paths are having the same braid type if one can be continuously deformed to the other
among pure braids. This defines an equivalence relation on collision-free paths in Hφ,T and
the equivalence classes is simply the normal subgroup of pure braids for the classical Artin
braid group on N strands. This point of view, introduced in [24] where the inertia plane is
not rotating (φ = 0), is a simple analogy of Poincaré’s topological classification for planar
motions using homology types. Relative equilibria with the same angular velocity are all
topologically equivalent in the sense that they all draw out trivial braids in an appropriate
rotating frame. Following Poincaré [27], it would be desirable to know which braids can be
realized and which braids can’t. The question on whether or not a relative periodic solution
exist with a prescribed topological type and masses is virtually a wide open question.

For a given a set of N ≥ 3 masses and φ ∈ (0, 2π), AT has some critical points in
the space Hφ,T with trivial braid type which are collinear relative equilibrium. But are
they action minimizing within its braid type? This question is related to a result in [11]
which states that for any m = (m1, · · · ,mN ) in an open set of masses, there corresponds a
critical angle φc ∈ (0, π) depending on m such that action minimizers in Hφ,T can not be
collinear relative equilibria if φ ∈ (φc, π]. If the answer is affirmative, then these minimizing
solutions in Hφ,T with φ ∈ (φc, π] must have nontrivial braid types. Another related result
by Chenciner-Desolneux [15] states that action minimizers in the space Hπ,T are relative
equilibria which minimize the normalized potential Ũ . However, none of these relative
equilibria is collinear.

Comparing values of AT over some retrograde paths and over Euler-Moulton relative
equilibria, when φ is close to π, for many choices of masses it can be verified that retrograde
paths are having lower value of AT than any Euler-Moulton relative equilibrium. Same
thing can be done for some retrograde-like paths for the four-body problem. See [11] for
examples. This observation suggests that, for planar problems, when the angle between
one-dimensional subspaces X0 and X1 is close to π

2 , action minimizers obtained in Theo-
rem 2 should have nontrivial topological types for most choices of masses. The proof for
this statement, if correct for general masses, would require a good lower bound estimate
(depending on masses) for AT over Euler-Moulton relative equilibria.

Consider the spatial problems (d = 3). When X0 ⊕ X1 = R3, dim(X0) = 2, and the
angle between X0 and X1 is close to π

2 , a question naturally arises: Are action minimizers
obtained in Theorem 2 nonplanar, so that they are geometrically distinct from those obtained
in planar problems? Another way of asking the question is: When both X0 and X1 are one-
dimensional and the angle between them is close to π

2 , are action minimizers obtained in
Theorem 2 geometrically the same as those obtained in the planar problems?
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Figure 3: Some action minimizing prograde orbits

Intuitively the answer to the question above is positive when the angle between X0 and
X1 is close to π

2 because the configuration(s) in R2 that minimizes Ũ is two-dimensional
(collinear critical points are saddles of Ũ , see [23]) thus action minimizers “tend” to spread
out to the maximal possible dimension as the initial boundary constraint changes from a
one-dimensional subspace X ′0 to the two-dimensional subspace X0. More generally, consider
d ≥ 3 and suppose dim(X0) ≥ 2, dim(X0 ⊕X1) = d′ ≤ d. Are action minimizers obtained
in Theorem 2 d′-dimensional solutions, so that they are geometrically distinct from those
obtained by Theorem 2 with X0 replaced by some X ′0 ( X0? The proof for this statement
is a nontrivial task because we are required to know more precisely how a lower dimensional
action minimizer move, or acquire a good estimate for the value of its action, before we can
compare it with a higher dimensional test path.

In [13] Chenciner proved that, for the spatial N -body problem with N ≥ 4, action mini-
mizers in the space of anti-symmetric loops are nonplanar. These solutions are named gen-
eralized hip-hop orbits, extending the hip-hop orbit constructed by Chenciner-Venturelli [18].
Some of these orbits are constructed under additional symmetry constraints and displayed
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with intriguing figures by Terracini-Venturelli in [31]. One might think that we may just
imitate the proof in [13] to show that action minimizers for the spatial problem with one-
dimensional boundaries X0 and X1 are nonplanar if X0 ⊥ X1. This is not as simple as it
may appear because in [13] a planar minimizer x is known to be a relative equilibrium that
minimize Ũ (by [15]), therefore the Hessian of AT at x on some variation normal to the plane
of x can be calculated. But in our case, as explained above, we do not know exactly how
action minimizers move and we do not have satisfactory estimates for their action values.
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