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Abstract

Let R be a finite commutative Frobenius ring with identity, and R[D] be the ring of
polynomials in the delay operator D with coefficients from R. We consider a rate-k/n
convolutional code C over R to be an R[D]-submodule of R[D]n which is obtained as
the R[D]-rowspan of a k × n polynomial encoding matrix with linearly independent
rows. A homogeneous weight with average value Γ is applied on R and extended
naturally to R[D]n. The homogeneous free distance dhom

free of C is the minimum among
the homogeneous weights of its nonzero codewords. We apply the generalized Plotkin
bound to the truncations of C to derive upper bounds on dhom

free, both in systematic
and non-systematic cases, in terms of the average value Γ, the encoder memory and
the cardinality of R. These bounds generalize the well-known Heller bounds for the
Hamming free distance of binary convolutional codes. We also show the particular case
for convolutional codes over Galois rings.
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1 Introduction

Massey and Mittelholzer [17] introduced the theory of convolutional codes over rings when
they showed that the most suitable codes for signalling in phase modulation are the linear
codes over the residue class ring ZM of integers modulo M . Codes over rings gained more
attention when Hammons, Kumar, Calderbank, Sloane and Solé [8] discovered in 1994 that
certain very good but peculiar non-linear codes over the binary field F2 can be viewed as
images of linear codes over Z4 under the isometric mapping from Z4 onto F2 × F2 defined
by 0 7→ 00, 1 7→ 01, 2 7→ 11, 3 7→ 10. Johannesson, Wan and Wittenmark [12] advanced
the structural analysis of convolutional codes over rings which behave quite differently from
codes over fields. Fagnani and Zampieri [4] extended the analysis further and presented
quite a complete theory of convolutional codes over the ring Zpr , where p is a prime and
r ≥ 1 is an integer, in the usual case where the input sequence space is a free module.
Mahapakulchai and Van Dyck [16] employed non-catastrophic polynomial encoders over Z4

for the MAP decoding of MPEG-4 images. The search for and design of good convolutional
codes over Z4 that give rise to binary trellis codes with high free distances were reported in
several places in the literature, for instance in [1, 13, 14].

The distance of a code is the most important parameter that measures its ability to
detect and correct transmission errors in noisy communication channels. In 1968, Heller [9]
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proved that the Hamming free distance of a binary convolutional code is bounded above in
terms of the rate of the code and the encoder memory. In this present work, we generalize
this well-known result to convolutional codes over finite commutative Frobenius rings with
identity. These rings, which include the Galois rings GR(pr,m) and the integer rings ZM ,
constitute the most general class of rings that admit a homogeneous weight, a far reaching
generalization of the Lee metric over Z4. Moreover, since two of the classical theorems in
coding theory – namely the Extension Theorem and the MacWilliams identities – generalize
to the case of finite Frobenious rings, these rings are viewed as being the most appropriate
alphabet for coding theoretic purposes.

The material is organized as follows. Section 2 introduces the basic definitions and the
relevant concepts needed in the next section. We refer the reader to [10] and [20] for a
characterization of Frobenius rings and to [15] and [18] for a comprehensive treatment of
Galois rings. We cite Constantinescu, Heise and Honold [2, 3] who introduced the notion of
homogeneous weight on ZM , which was then extended by [11] to finite modules over arbitrary
finite rings. The finite modules which admit a homogeneous weight are characterized in
terms of the composition factors of their socle. Greferath and Schmidt [6] obtained an
existence and characterization theorem for (left) homogeneous weights on arbitrary finite
rings, and Honold [10] showed that a homogeneous weight on a finite Frobenius ring can be
expressed in terms of its generating character [please see (3)]. The structural properties of
ring convolutional encoders are given in [19], [12] and [4]. Section 3 derives upper bounds
on the homogeneous free distance in both systematic and non-systematic cases.

2 Preliminaries and definitions

2.1 Frobenius rings and homogeneous weight

Let R be a finite ring with identity 1 6= 0, and T be the multiplicative group of unit complex
numbers. The group T is a one-dimensional torus. A character of R (considered as an
additive abelian group) is a group homomorphism χ : R → T. The set of all characters R̂
(called the character module of R) is a right (resp. left) R-module whose group operation is
pointwise multiplication of characters and scalar multiplication is given by χr(x) = χ(rx)
(resp. rχ(x) = χ(xr)). A character χ of R is called a right (resp. left) generating character
if the mapping φ : R→ R̂ given by φ(r) = χr (resp. φ(r) = rχ) is an isomorphism of right
(resp. left) R-modules. The ring R is called Frobenius if and only if R admits a right or a
left generating character, or alternatively, if and only if R̂ ∼= R as right or left R-modules.
It is known that for finite rings, a character χ on R is a right generating character if and
only if it is a left generating character.

Let R be the set of real numbers. We define a homogeneous weight on an arbitrary finite
ring with identity in the sense of [6]. Let Rx denote the principal (left) ideal generated by
x ∈ R.

Definition 1. A weight function w : R→ R on a finite ring R is called (left) homogeneous
if w(0) = 0 and the following is true.

(i) If Rx = Ry, then w(x) = w(y) for all x, y ∈ R.

(ii) There exists a real number Γ ≥ 0 such that∑
y∈Rx

w(y) = Γ · |Rx|, for all x ∈ R \ {0} . (1)
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Right homogeneous weights are defined accordingly. If a weight is both left homogeneous
and right homogeneous, we call it simply as a homogeneous weight. The constant Γ in (1) is
called the average value of w. A homogeneous weight on a finite ring is said to be normalized
if its average value is 1. We can normalize the weight w in Definition 1 by replacing it with
w̃ = Γ−1w [11]. The weight w is extended naturally to Rn, the free module of rank n
consisting of all the n-tuples of elements from R, via

w(z) =
n−1∑
i=0

w(zi) (2)

for z = (z0, z1, . . . , zn−1) ∈ Rn. The homogeneous distance metric δ : Rn × Rn −→ R is
defined by δ(x, y) = w(x− y), for x, y ∈ Rn.

It was proved in [10] that, if R is Frobenius with generating character χ, then every
homogeneous weight w on R can be expressed in terms of χ as follows.

w(x) = Γ

[
1− 1
|R×|

∑
u∈R×

χ(xu)

]
(3)

where R× is the group of units of R.
A block code B of length n over an arbitrary finite ring R is a non-empty subset of Rn.

The code B is called right (resp. left) R-linear if B is a right (resp. left) R-submodule of
Rn. If B is both left R-linear and right R-linear, we simply call B a linear block code over
R. If B is a free module, then B is said to be a free code. The minimum homogeneous
distance δmin of B is defined to be δmin = min{δ(x, y) | x, y ∈ B, x 6= y}.

The following proposition from [7] gives the Plotkin bound for block codes over a finite
Frobenius ring that is equipped with a homogeneous weight.

Proposition 1 (Greferath and O’Sullivan, 2004). Let R be a finite Frobenius ring that
is equipped with a homogeneous weight w of average value Γ. Let B be a (not necessarily
linear) block code of length n over R with minimum homogenous distance δmin. Then

δmin ≤
|B|
|B| − 1

Γn . (4)

2.2 Galois rings

Let p be a prime number and r ≥ 1 an integer. Consider the finite commutative ring Zpr

of integers modulo pr. When r = 1 then the ring Zp is a field and is usually denoted by Fp.
Let Zpr [x] be the ring of polynomials in the indeterminate x with coefficients in Zpr . We
denote by Fpm the Galois field (unique up to isomorphism) with pm elements, which is a
field extension Fp[α] of Fp by a root α of an irreducible polynomial of degree m in Fp[x].

The Galois ring R with characteristic pr and cardinality prm is the residue class ring
Zpr [x]/(h(x)), where h(x) is a monic polynomial of degree m in Zpr [x] whose image under
the mod p reduction map is an irreducible polynomial in Fp[x]. We can think of R as a
Galois extension Zpr [ω] of Zpr by a root ω of h(x). Thus every element z ∈ R has a unique
additive representation

z =
m−1∑
i=0

biω
i (5)
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where bi ∈ Zpr . The Galois ring R is a finite chain ring of length r, that is, R is a local
principal ideal ring whose ideals piR, with cardinality p(r−i)m, i = 0, 1, . . . , r, are linearly
ordered by inclusion,

{0} = prR ⊂ pr−1R ⊂ . . . ⊂ pR ⊂ R (6)

with its unique maximal ideal pR containing the nilpotent elements. The residue fieldR/pR
of R is the Galois field Fpm and the elements of R \ pR are units.

Since any two Galois rings of the same characteristic and the same cardinality are iso-
morphic, we shall often use the notation GR(pr,m) for any Galois ring with prm elements
and characteristic pr. When m = 1, the Galois ring GR(pr,m) becomes the integer ring
Zpr , and when r = 1, we obtain the Galois field Fpm . The Galois ring GR(pr,m) is a com-
mutative Frobenius ring with identity whose generating character is χ(z) = ξbm−1 , where
ξ = exp(2πi/pr) for z =

∑m−1
i=0 biω

i.
For the Galois ring GR(pr,m) we fix the following homogeneous weight as given in [5]

for finite chain rings.

whom(x) =


0 if x = 0
pm(r−1) if x ∈

(
pr−1

)
\ {0}

(pm − 1)pm(r−2) otherwise
(7)

where
(
pr−1

)
is the principal ideal generated by the element pr−1 of GR(pr,m). The

weight (7) can actually be derived from (3), the group of units of GR(pr,m) has cardinality
pm(r−1)(pm − 1) and it easy to compute from (1) that its average value is equal to

Γ = (pm − 1)pm(r−2) (8)

which is its minimum non-zero value. When r = 1, we have Γ = (pm−1)/pm and whom is just
the usual Hamming weight wHam on Fpm . When m = 1, the average value is Γ = (p− 1)pr−2

for the integer ring Zpr .

2.3 Convolutional codes over finite Frobenius rings

Let R[D] be the ring of polynomials in the delay operator D with coefficients from a fi-
nite Frobenius ring R with identity 1 6= 0. In this section, we further assume that R is
commutative. We shall consider a rate-k/n convolutional code C over R to be an R[D]-
submodule of R[D]n obtained as the R[D]-rowspan of a matrix G(D) ∈ R[D]k×n. The rows
of G(D) are assumed to be linearly independent. The polynomial matrix G(D) is called a
generator matrix or a convolutional encoder of C. Polynomial encoders are feedback-free (or
non-recursive), they do not re-enter part of the output into the encoder as part of the next
input. If we denote an information sequence by the k-vector

u(D) = [u1(D), u2(D), . . . , uk(D)], (9)

the corresponding code sequence (or codeword) is the n-vector

v(D) = [v1(D), v2(D), . . . , vn(D)] (10)

which results from the product v(D) = u(D)G(D).
The encoder G(D) for C is said to be systematic if it causes the information symbols to

appear unchanged among the code symbols, or equivalently, if some k of its columns form
the k × k identity matrix. The ith constraint length, denoted by νi, is defined to be the
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maximum among the degrees of the component polynomials of the ith row of G(D). The
overall constraint length of G(D) is given by ν =

∑k
i=1 νi. The memory µ of G(D) is the

maximum among the constraint lengths of G(D).
We apply a homogeneous weight w to the coefficients of a polynomial f =

∑
fiD

i ∈
R[D], and define the homogeneous weight of f , denoted by w(f), to be the sum of the
homogeneous weights of the coefficients fi ∈ R. If z(D) = [z1(D), z2(D), . . . , zn(D)] is
a vector in R[D]n, the homogeneous weight of z(D), denoted w(z(D)), is the sum of the
homogeneous weights of the n component polynomials zi(D). The homogeneous free distance
dhomfree of C is the minimum w(v(D)) over all nonzero codewords v(D) of C.

3 Heller-type Bounds

The Heller upper bound on the free distance dfree of a binary, rate-b/c convolutional code
is given by

dfree ≤ min
L≥1

{⌊
(µ+ L)c

2(1− 2−bL)

⌋}
(11)

where the free distance dfree is with respect to the Hamming metric. This bound is also
valid for any non-linear, time-invariant, binary, rate-b/c trellis code.

If C is a rate-k/n convolutional code over Z4 with memory µ and dLfree is its free distance
with respect to the Lee metric, then the image φ(C) of C under the Gray map φ is a binary
(possibly non-linear) trellis code of rate 2k/2n and same memory µ with the property that
dLfree(C) = dfree(φ(C)). Therefore,

dLfree ≤ min
L≥1

{⌊
(µ+ L)n

(1− 4−kL)

⌋}
. (12)

The Plotkin-type bound of Proposition 1 allows for a quick extension of (11) to a con-
volutional code over a finite Frobenius ring R in terms of the truncations of the code.

Theorem 1. Let R be a finite Frobenius ring equipped with a homogeneous weight with
average value Γ. The homogeneous free distance dhomfree of a rate-k/n convolutional code over
R encoded by a polynomial matrix of memory µ satisfies

dhomfree ≤ min
L≥1

{⌊
(µ+ L) Γn

(1− |R|−kL)

⌋}
. (13)

Proof: Define the degree of a vector x(D) of polynomials over R, denoted deg x(D), to be
the maximum degree of any component polynomial in x(D). Let u(D) be an information
word of C as in (9). We truncate C by making the restriction that deg ui(D) ≤ L − 1.
The corresponding codeword v(D) therefore satisfies deg v(D) ≤ µ + L − 1 since νi ≤ µ.
The truncated code becomes a block code of length n(µ+ L) with |R|kL codewords. From
Proposition 1, the minimum homogeneous distance δmin of this block code is bounded above
by

δmin ≤
|R|kL(µ+ L)Γn
|R|kL − 1

. (14)

Apply Proposition 1 for L = 1, 2, . . . and the proof is complete. 2

We give the asymptotic version of the bound given above.
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Corollary 1. The homogeneous free distance of any rate-k/n convolutional code over R
with encoder memory µ satisfies

lim
µ→∞

dhomfree
µn

≤ Γ . (15)

Proof: By straightforward manipulation, we get

dhomfree
µn

≤ min
L≥1

{
θ · Γ + θ

L · Γ
µ

}
(16)

where θ = |R|kL/(|R|kL − 1). By taking the limit, we get the result. 2

We have a sharper bound if the generator matrix of C is systematic, as the next theorem
shows.

Theorem 2. The homogeneous free distance dhomfree of a rate ρ = k/n convolutional code
with a systematic generator matrix G(D) of memory µ satisfies

dhomfree ≤ min
L≥1

{⌊
(µ(1− ρ) + L) Γn

1− |R|−kL

⌋}
. (17)

Proof: Let u(D) = [u1(D), u2(D), . . . , vk(D)] be an input vector. Again we require that
deg(ui(D)) ≤ L− 1, i = 1, 2, . . . , k. Let v(D) = [v1(D), v2(D), . . . , vn(D)] be the resulting
code vector via the encoding rule v(D) = u(D)G(D). Since G(D) is systematic, exactly k
components of v(D) are the ui(D)’s. Hence k components of v(D) will have degree ≤ L−1,
while the remaining n − k components will have degree ≤ µ + L − 1. The effective block
length of the truncated code with |R|kL codewords is kL+(n−k)(µ+L) = (µ(1−ρ)+L)n.
We get the result by applying Proposition 1 to the truncated code for L = 1, 2, . . . 2

The asymptotic version of the bound above is given in the following corollary.

Corollary 2. The homogeneous free distance dhomfree of a rate ρ = k/n convolutional code
with a systematic generator matrix of memory µ satisfies

lim
µ→∞

dhomfree
µn

≤ (1− ρ) · Γ . (18)

Proof: We use the following equality

1
µn

[
(µ(1− ρ) + L) Γn

1− |R|−kL

]
=

(1− ρ)Γ
1− |R|−kL

+
L · Γ

µ(1− |R|−kL)
. (19)

and then take the limit. 2

In particular, for the Galois ring R = GR(pr,m) equipped with the weight whom in
(7), the homogeneous free distance of a rate-k/n convolutional code over R with encoder
memory µ satisfies

dhomfree ≤ min
L≥1

{⌊
(µ+ L) (pm − 1)pm(r−2)n

(1− p−rmkL)

⌋}
. (20)

For the quaternary case p= r= 2 and m = 1, we get exactly (12). For the binary case
p=2 and r=m=1, we get (11). Moreover, if G(D) is systematic, we have

dhomfree ≤ min
L≥1

{⌊
(µ(1− ρ) + L) (pm − 1)pm(r−2)n

1− p−rmkL

⌋}
. (21)
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