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Abstract

A set of vertices in a graphG is independent if no two vertices in it are adjacent. The
largest number of vertices in such a set is the independence number of G and is denoted
by β(G). In this paper, the problem of characterizing the independent sets of vertices in
the sum, composition and cartesian product of graphs is considered. From the resulting
characterizations, the independence numbers of the sum and composition of graphs are
presented. Two lower bounds for the independence number of the cartesian product of
graphs are also presented.

1 Introduction

A subset S of the vertex set of a graph G is said to be independent if no two of its vertices are
adjacent. Any independent set of vertices of G of maximum cardinality is called a maximum
independent set and this cardinality is the (vertex) independence number β(G) of G. It can
be seen easily that if G is of order n, then 1 ≤ β(G) ≤ n; β(G) = 1 if and only if G is
complete, and β(G) = n if and only if G is totally disconnected. Moreover, β(G) = n − 1
if and only if G is a graph consisting of k isolated vertices and a star of order n− k, where
0 ≤ k ≤ n − 2. For paths Pn and cycles Cn, we have β(Pn) = dn/2e and β(Cn) = bn/2c.
Note that if a graph is disconnected, then every independent set of vertices in it is a union
of independent sets of vertices from its different components.

The graphical invariant independence number is known to be related to many other
invariants, including the Shannon capacity of a graph, radius of a graph, global alliance
numbers, covering number, and some basic domination-related parameters (see [1], [3], [4],
and [6]). Although computing its exact value for an arbitrary graph was already known
to be NP-hard, activities related to it still continue to surface as we see, for instance,
approximation algorithms dealing with it. According to Krivelevich and Vu [7], the notion
of independence number is essential in combinatorics and the problem of estimating it is
central in both graph theory and theoretical computer science.

In this paper, we shall characterize the independent sets of vertices in the sum G + H
and composition G[H] of two graphs G and H. We will also describe some independent
sets of vertices in the cartesian product G × H. Whenever possible, the corresponding
independence numbers of the graphs will be obtained. Note that in this paper we consider
only those graphs that are simple, finite, and undirected. For some graph-theoretic terms
not specifically defined here, please refer to Chartrand and Lesniak [2] or Harary [5].
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2 Sum of Graphs

Recall that the sum G+H of two graphs G and H is the graph with vertex set V (G+H) =
V (G) ∪ V (H) and edge set

E(G+H) = E(G) ∪ E(H) ∪ {uv : u ∈ V (G) and v ∈ V (H)}.

Our first theorem is a characterization of the independent sets of vertices in the sum
G+H of two graphs G and H.

Theorem 2.1 Let S be a subset of V (G+H), where G and H are arbitrary graphs. Then
S is independent in G+H if and only if either S is an independent set of vertices in G or
S is an independent set of vertices in H.

Proof. Let S be an independent set of vertices in the sum G+H. Then it is clear that S
does not simultaneously contain a vertex of G and a vertex of H. Consequently, S ⊆ V (G)
or S ⊆ V (H). Since there are no two vertices in S that are adjacent in G+H, it follows now
that either S is independent in G or S is independent in H. The converse is straightforward.
2

Corollary 2.2 The independent sets of vertices in G + H, where G and H are arbitrary
graphs, are the independent sets of vertices in G and the independent sets of vertices in H.
As a consequence, the independence number of the sum of G and H is given by the formula
β(G+H) = max(β(G), β(H)).

Remark 2.3 The vertex independence numbers of the complete bipartite graph Km,n, fan
Fn, and wheel Wn can be determined by applying Corollary 2.2. We only have to observe
that Km,n is the sum of the totally disconnected graphs Km and Kn; Fn is the sum of the
graphs Pn and K1; and Wn is the sum of the graphs Cn and K1. With these observations
and Corollary 2.2, we obtain the following:

1. β(Km,n) = β(Km +Kn) = max(β(Km), β(Kn)) = max(m, n);

2. β(Fn) = β(Pn +K1) = max(β(Pn), β(K1)) = β(Pn) = dn/2e ;

3. β(Wn) = β(Cn +K1) = max(β(Cn), β(K1)) = β(Cn) = bn/2c .

3 Composition of Graphs

The composition of two graphs G and H, denoted by G[H], is the graph with vertex set
V (G[H]) = V (G) × V (H) and edge set E(G[H]) whose elements satisfy the adjacency
condition: (u1, v1) is adjacent to (u2, v2) if and only if either u1u2 ∈ E(G) or u1 = u2 and
v1v2 ∈ E(H).

Let S ⊆ V (G[H]). The G-projection SG of S and the H-projection SH of S are defined
as follows:

SG = {u : (u, v) ∈ S for some v ∈ V (H)},
SH = {v : (u, v) ∈ S for some u ∈ V (G)}.

Theorem 3.1 Let S be a nonempty subset of V (G[H]), where G and H are arbitrary graphs.
Then S is independent in the composition G[H] if and only if the G-projection SG of S is
independent in G and that for each a ∈ SG, the set S ∩ ({a} × V (H)) is independent in the
induced subgraph 〈{a} × V (H)〉 of G[H].
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Proof. Suppose S is a nonempty independent set of vertices in G[H]. If SG is a singleton,
then the result is obvious. So suppose SG has at least two elements. Let ai and aj be any
two distinct elements of SG. Then there exist corresponding vertices bi and bj in H such
that (ai, bi) and (aj , bj) are in S. Clearly ai and aj are not adjacent in G for otherwise,
the vertices (ai, bi) and (aj , bj) would be adjacent in G[H] and S would not have been
independent in G[H] in the first place. This implies now that SG is independent in G.
Moreover, the assertion that for each a ∈ SG the set S ∩ ({a} × V (H)) is independent in
the induced subgraph 〈{a} × V (H)〉 of G[H] follows immediately from the fact that S is
independent in G[H]. The converse is straightforward. 2

Corollary 3.2 The independent sets in G[H], where G and H are arbitrary graphs, are
exactly those of the form S =

⋃
k
i=1({ui} × Hi), where each Hi is independent in H and

{u1, u2, . . . , uk} independent in G. As a consequence, the independence number of the com-
position of G and H is given by the formula β(G[H]) = β(G)× β(H)).

Remark 3.3 In general, for arbitrary graphs G and H the compositions G[H] and H[G]
are not the same (not even isomorphic in many cases). However, Corollary 3.2 says that
β(G[H]) = β(H[G]). This property makes the parameter independence number quite spe-
cial and interesting in the composition of graphs, considering that many known graphical
parameters do not give the same values for G[H] and H[G].

4 Cartesian Product of Graphs

The cartesian product of two graphs G and H, denoted by G×H, is the graph with vertex
set V (G×H) = V (G)× V (H) and edge set E(G×H) that is formed in the following way:
two vertices (u, v) and (u′, v′) are adjacent if and only if either u = u′ and vv′ ∈ E(H)
or v = v′ and uu′ ∈ E(G). For a set S ⊆ V (G × H), we define its G-projection and
H-projection in the same manner as in the preceding section.

Theorem 4.1 Let S be a nonempty subset of V (Km × Kn). Then S is independent in
Km×Kn if and only if the elements of S have distinct first components and distinct second
components. As a consequence, β(Km ×Kn) = min(m, n).

Proof. Suppose S is a nonempty independent set of vertices in Km × Kn. If S is a
singleton, then the conclusion trivially holds. So suppose S has at least two elements, and
for contradiction suppose that (ai, x), (ai, y) ∈ S. Since x and y are adjacent in Kn, the
vertices (ai, x) and (ai, y) must be adjacent in Km × Kn. This is a contradiction to the
assumption that S is independent in Km × Kn. Therefore, the elements of S must have
distinct first components. By the same reasoning, the elements of S must also have distinct
second components.

The converse of the first statement follows from the definition of the cartesian product
of graphs. Now, in light of the first part, we can already see that the cardinality of every
independent set of vertices in Km ×Kn exceeds neither m nor n. But we can always form
very easily an independent set of vertices of Km × Kn whose cardinality is equal to the
minimum of m and n. Thus, we have β(Km ×Kn) = min(m, n). 2

Lemma 4.2 If A and B are independent in G and H, respectively, where G and H are
arbitrary graphs, then A×B is independent in G×H. Consequently, β(G×H) ≥ β(G)·β(H).
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Proof. Let G and H be any graphs, and let A and B be independent sets of vertices in G
and H, respectively. If A×B is a singleton, then surely A×B is independent in G×H. So
suppose |A×B| ≥ 2. Let (a1, b1), (a2, b2) ∈ A × B. Since A and B are independent in G
and H, respectively, it follows that a1a2 /∈ E(G) and b1b2 /∈ E(H). Consequently, (a1, b1)
and (a2, b2) are not adjacent in G×H. Thus, A×B is independent in G×H.

Let A∗ and B∗ be some maximum independent sets of vertices in G and H, respectively.
Then |A∗| = β(G) and |B∗| = β(H). Since A∗ × B∗ in independent in G × H by the
preceding paragraph, we have β(G×H) ≥ |A∗ ×B∗| = |A∗| · |B∗| = β(G) · β(H). 2

Theorem 4.3 Let G and H be nontrivial graphs. Let A1 and B1 be some independent sets
in G and H, respectively. For each k ≥ 2, let Ak and Bk be some independent sets in the
graphs 〈V (G)\

⋃k−1
i=1Ai〉 and 〈V (H)\

⋃k−1
i=1Bi〉, respectively. If Sk = Ak×Bk for each k ≥ 1,

then the set
⋃

k≥1 Sk is independent in G×H.

Proof. For k ≥ 1, let Ak, Bk, and Sk be given as described above. For convenience, let
G1 = G and H1 = H; for every k ≥ 2, let Gk = 〈V (G)\

⋃k−1
i=1Ai〉 and Hk = 〈V (H)\

⋃k−1
i=1Bi〉.

By Lemma 4.2, each Sk, where k ≥ 1, is independent in Gk×Hk, and necessarily in G×H.
Now it remains to see that if x ∈ Sj , y ∈ Sl, with j 6= l, then xy /∈ E(G×H). To this end,
let Sm and Sn be nonempty for some m,n ≥ 1, m 6= n. Clearly the sets Am, Bm, An, and
Bn are all nonempty. Furthermore, by the construction of the Ak’s and Bk’s, the sets Am

and An are disjoint, and so are the sets Bm and Bn. As a consequence, no two points in Sm

and Sn, one from each set, have the same first coordinates or the same second coordinates.
This means that no two points in Sm and Sn, one from each set, are adjacent in G × H.
This shows that the set

⋃
k≥1 Sk is independent in G×H. 2

We end this paper by giving another lower bound for β(G × H), a bound that is in
principle much better than the number β(G) · β(H) shown in Lemma 4.2.

Corollary 4.4 Let G and H be nontrivial graphs. Let A1 and B1 be some maximum inde-
pendent sets in G and H, respectively. For each k ≥ 2, let Ak and Bk be some maximum
independent sets in the graphs 〈V (G) \

⋃k−1
i=1Ai〉 and 〈V (H) \

⋃k−1
i=1Bi〉, respectively. Then

β(G×H) ≥
∑

k≥1(|Ak| × |Bk|).
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