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Abstract

Grünbaum and Shephard suggested the possibility of generalizing k-chromatic pat-
terns used in plane tesselations to (k1, k2)-chromatic patterns. In this paper we deter-
mine all integers k1 and k2 so that each of the Archimedean tilings of the plane will
admit a perfect (k1, k2)-coloring. These are perfect colorings with two orbits of colors,
where k1 and k2 are the numbers of colors in the first and second orbits, respectively.
The number of such colorings up to equivalence is also determined.
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1 Introduction and Preliminaries

An Archimedean tiling (or tessellation) is a uniform tiling of the Euclidean plane by regular
polygons that are positioned edge-to-edge. There are 11 such tilings and each one is iden-
tified according to the cyclic arrangement of polygons around a vertex. For example, the
well-known tiling of the plane by squares is the Archimedean tiling (44) or (4.4.4.4). Table 1
gives the symmetry group and the number of orbits of tiles for each of the 11 Archimedean
tilings.

Archimedean Tiling Symmetry Group G No. of Orbits of Tiles
(36) p6m 1
(44) p4m 1
(63) p6m 1

(4.82) p4m 2
(3.122) p6m 2

(3.6.3.6) p6m 2
(33.42) cmm 2

(32.4.3.4) p4g 2
(3.4.6.4) p6m 3
(4.6.12) p6m 3
(34.6) p6 3

Table 1: The Symmetry Group and Number of Orbits of Tiles of the 11 Archimedean Tilings
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Figure 1: The 11 Archimedean Tilings
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The first three tilings (36), (44) and (63) are transitive (i.e., has one orbit of tiles under
the symmetry group G). They are also called regular tilings and they are the ones that
employ only one kind of regular polygon. The rest of the Archimedean tessellations are
semiregular and they make use of two or three types of regular polygons. Except for (34.6),
these semiregular tilings all have number of transitivity classes (under their respective sym-
metry groups) equal to the number of distinct polygons that they use. As for (34.6), the
set of triangles in this pattern forms two orbits of tiles. The first class consists of all those
having a common edge with a hexagon while the second orbit is composed of the triangles
having only a common vertex with a hexagon. With the hexagons constituting an orbit
on their own, the tiling (34.6) has three transitivity classes of tiles. Meanwhile, the tilings
(3.122) and (3.6.3.6) are equivalent (or of the same type) as well as the pair (4.6.12) and
(3.4.6.4).

A coloring of a plane tessellation is a labeling of the tiles by colors. A colored pattern
may be analyzed meaningfully by looking at three things: the symmetry group G of the
underlying uncolored tessellation, the subset H of elements of G that effects a permutation
on the set C of colors used, and the set K of isometries in G whose elements fix all the
colors. Interestingly, K ≤ H ≤ G. If G = H, the coloring is said to be perfect.

Two colorings of the same symmetrical pattern are said to be equivalent if one of the
colored patterns may be obtained from the other by (i) an isometry of the uncolored pattern
or (ii) a bijection from the set C1 (the set of colors used in the first coloring) to C2 (the set of
colors used in the second) or a combination of (i) and (ii). If a tiling is transitive under G and
is colored using k colors, the resulting colored pattern is called k-chromatic (or a k-coloring).

In [2], Grünbaum and Shephard suggested the possibility of generalizing k -chromatic
patterns to (k1, k2)-chromatic patterns. By this, they meant a coloring of a tesselation of
the plane where the set C of colors used is partitioned into two orbits by the subgroup H
of color-permuting elements of G. Here, k1 is the number of colors in the first orbit, k2 for
the second.

The purpose of this paper is to determine all the integers k1 and k2 such that each of
the Archimedean tilings will admit a perfect (k1, k2)-coloring. The number of such colorings
up to equivalence shall also be investigated. In the next section, a framework for coloring
developed by René Felix will be examined. This framework together with the knowledge on
the subgroup structure of the crystallographic groups p4m, p6m, cmm, p4g, and p6 will be
brought into play to achieve this paper’s goals.

2 A Framework for Coloring

For a given colored symmetrical pattern, let G be the symmetry group of the uncolored
version and H the subrgoup of G whose elements permute the colors used in the pattern. If
Oi are the H-orbits of the colors in C and color ci ∈ Oi, then Oi = {hci : h ∈ H}. Suppose
Ji = StabH(ci), the stabilizer of ci in H. The action of H on Oi is equivalent to the action
of H by left multiplication on the set {hJi : h ∈ H}. Now, if X is the set of tiles in the
pattern assigned colors and x ∈ X has color ci, then Jix are all the elements of Hx with
color ci. If an element y ∈ X has color ci but is not in Hx, then Jiy is the set of elements
of Hy with color ci.
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Next, consider all the H-orbits of elements of X that contain a tile colored ci. From each
of these H-orbits, a representative tile of color ci may be taken. Gather all such representa-
tives in a set Xi. Then JiXi is the set of all elements of X whose color is ci. The orbits Oi

can now be expressed as Oi = {hJiXi : h ∈ H} where every hJiXi corresponds to a color
in Oi. Finally, the coloring of the pattern can be described by the decomposition X =

⋃
Oi

where for all i, Ji ≤ H and
⋃
Xi is a complete set of representatives of the H-orbits of

elements of X. Observe that the number of H-orbits of colors cannot exceed the number of
H-orbits of elements of X. Also, the index [H : Ji] is equal to the number of colors in Oi

for every i. Lastly, if x ∈ Xi, then StabH(x) ≤ Ji and |Hx| = [H : Ji] [Ji : StabH(x)].

In the preceding section, it was seen that the first three Archimedean tessellations are
all transitive. The framework then will not permit perfect colorings with two color orbits
of the said tilings as this will contradict the fact that the number of G-orbits of tiles is
always greater than or equal to the number of G-orbits of colors. However, one may refer
to [1] for results regarding the perfect colorings of the tilings (36), (44), and (63). The next
two sections will deal with the perfect (k1, k2)-colorings of the eight semiregular tesselations.

3 Perfect (k1, k2)-Colorings of Archimedean Tilings With
Two Orbits of Tiles

In this section, the Archimedean tilings (42.8), (3.6.3.6), (3.122), (33.42) and (32.4.3.4) will
be considered. The determination of the perfect (k1, k2)-colorings of the abovementioned
semiregular tilings will mean finding the answer to each of the following questions: (1) For
what integers k1 and k2 will an Archimedean tiling admit a perfect (k1, k2)-coloring? (2)
How is the coloring carried out? And finally, (3) How many inequivalent perfect (k1, k2)-
colorings exist for a given tiling? One thing is simple, though. That to obtain a perfect
coloring with two color orbits for any Archimedean tiling whose tiles form two transitivity
classes, one only needs to perfectly color the two orbits of tiles separately. The two colored
transitivity classes will then be combined to produce a perfect (k1, k2)-coloring of the pat-
tern.

The following outlines a procedure on how to perfectly color an orbit of tiles based on
the framework discussed in section 2.

1. For a fixed tile t (which is a regular polygon), determine the finite group S of isometries
in G (the symmetry group of the Archimedean tiling) that leaves t unchanged. Here,
S is either Cn or Dn for some n ∈ {1, 2, 3, 4, 6}.

2. Find all subgroups J of G such that S < J .

3. For a J satisfying the condition in step (2), let J act on t. Assign a color, say c1, to
all tiles in Jt. This makes J the stabilizer in G of color c1.

4. If g ∈ G but not in J , form the set gJt and assign a different color to this set. If
g′ ∈ G but neither in J nor gJ , apply a new color to all the tiles in g′Jt. Continue
this process until all tiles in Gt are colored.

Essentially, the last two steps will generate two equivalent sets O = {gJt : g ∈ G} and
C = {c1, c2, ..., ck} (the set of colors applied on the tiling). The elements of O can be thought



On Perfect Colorings of Archimedean Tilings with Two Color Orbits 29

of as left cosets of Jt in Gt. If an element γ ∈ G is left multiplied to O, what results is just
a reordering of the elements of O. The associated colors in C are also rearranged showing
indeed that every element of G gives a permutation of the elements of C. Directly from the
framework, |O| = |C| = [G : J ]. This index will serve as the integer k so that the G-orbit of
t gets perfectly k-colored. (All the subgroups of finite index of the 17 plane crystallographic
groups and the number of such subgroups have already been identified by Rapanut in [3].)
Now, for a given tiling with two orbits of tiles, let T1 be the transitivity class of polygons
having the fewer number of sides and T2 be the other class.

The outlined procedure will be used to obtain perfect k1-colorings of T1 and perfect k2-
colorings of T2. The number of inequivalent perfect (k1, k2)-colorings is equal to the product
Nk1Nk2 where Nki

is the number of inequivalent perfect ki-colorings of Ti. The counting of
nonequivalent perfect k-colorings for each class will rely greatly on the reduced diagram of
most of the crystallographic groups.

To illustrate the procedure, consider the Archimedean tiling (44). Let T1 be the set of
squares in this repeating pattern. For a given square in T1, its symmetry group in G ∼= p4m
is S ∼= D4. Among all the finite indexed subgroups of type p4m, only those of type p4m
also will contain S. If J ∼= p4m, [G : J ] = n2 or 2n2. The subgroup D4 that fixes the
chosen square is always contained in any J , either of index n2 or 2n2, and in exactly one
J for a given n. Hence, for any n, the coloring is unique up to equivalence and k1 = n2

or 2n2. For instance, the index of J in G allows a perfect 4-coloring of the squares in
(4.82). To achieve such a coloring, the diagram of a subgroup J of type p4m of index 4 in
the group G is laid over the uncolored tessellation such that this J contains the D4 that
leaves a certain square fixed. If to this square the color yellow is assigned, all other squares
on the J-orbit of this tile is colored yellow. In effect, one-fourth of all the squares in T1

was given the color yellow. To complete the coloring, simply designate a different color for
every image of the set of yellow squares under isometries in G not found in J . (See Figure 2)

For another illustration, consider the tiling (33.42). With the symmetry group G iso-
morphic to cmm, the finite subgroup S of isometries in G that will fix one triangle in the
tessellation is of type D1. Among the finite-indexed subgroups of a crystallographic group
of type cmm, only those of types pm, cm, pmm, pmg and cmm will contain D1. The index
of a group of type pm in cmm is 4n and the number of such subgroups is 2S(n), where

S(n) =
∑
d|n

d. Half of these pm types have their axes of mirror reflection in the direction

of the axis of the mirror reflection that leaves one triangle in (33.42) stabilized, and the
remaining S(n) subgroups of type pm have mirror lines perpendicular to the axes of mirror
reflections in the first collection of pm mentioned. Therefore, J will come from the former
set of pm’s. Out of these S(n), a total of d(n) (= number of divisors of n) contain the D1

which stabilizes a representative triangle from the first orbit of tiles. Thus, using J ∼= pm,
T1 can be perfectly colored with k1 = 4n colors and there exist precisely d(n) inequivalent
colorings for each n.

Table 2 gives all admissible values of k1 and k2 and every possible J so that an Archimedean
tiling with two orbits of tiles gets a perfect (k1, k2)-coloring.
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(a) (b)

(c) (d)

(e) (f)

(g)

Figure 2: (a) The D4 that fixes the colored square; (b) The diagram of a subgroup J of type
p4m of index 4 in G containing the stabilizer of the colored square; (c) The orbit under J
of the colored square; (d)-(f) The other three subgroups of type p4m of index 4 in G not
containing the D4 that stabilizes the colored square in (a); (g) A perfect 4-coloring of the
squares in (4.82)
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Tiling T1 T2

J k1 Nk1 J k2 Nk2

(4.82) p4m n2 1 p4m n2 1
2n2 1 2n2 1

(3.6.3.6) p3m1 2n2 1 p6m n2 1
p31m 6n2 1 3n2 1
p6m (3m+ 1)2 1

(3m+ 2)2 1
(3.122) p3m1 2n2 1 p6m n2 1

p31m 6n2 1 3n2 1
p6m (3m+ 1)2 1

(3m+ 2)2 1
(33.42) pm 4n d(n) pmm 2n d(n)

cm 2n (n = 2m+ 1) d(n) cmm n (n = 2m+ 1) d(n)
2n (n = 4m) d(n/4) n (n = 4m) d(n/4)

pmm 2n S(n)
pmg 2n S(n)
cmm n (n = 2m+ 1) S(n)

n (n = 4m) 2S(n/4)
(32.4.3.4) pm 8n d(n) p4 2n (n = a2 + b2)

cm 4n (n = 2m+ 1) d(n) (n = m2 or 2m2) 1
4n (n = 4m) d(n/4) (otherwise) 2

pmm 4n S(n) p4g n2 (n = 2m+ 1) 1
pmg 4n S(n)
cmm 2n (n = 2m+ 1) S(n)

2n (n = 4m) 2S(n/4)
p4g n2 (n = 2m+ 1) n

Table 2: Summary of Perfect (k1, k2)-Colorings of (42.8), (3.6.3.6), (3.122), (33.42), and
(32.4.3.4)

4 Perfect (k1, k2)-Colorings of Archimedean Tilings With
Three Orbits of Tiles

This section will focus on the perfect colorings with two color orbits of the remaining three
Archimedean tilings (3.4.6.4), (4.6.12) and (34.6). The framework grants a perfect (k1, k2)-
coloring for any of the abovementioned tessellations but demands looking into the case where
two orbits of tiles have to share colors. Let T1, T2 and T3 be the three orbits of tiles in the
tiling. The method presented in section 3 gives way to the enumeration of all the perfect k1-
colorings for each of Ti. Once a transitivity class, say T2, has been perfectly k1-colored, the
perfect k2-colorings of the union of the other two orbits of tiles T1 ∪ T3 will be determined.
In the end, combining the two colored subpatterns will create a perfect (k1, k2)-chromatic
Archimedean tiling.

The most practical way of achieving the perfect k2-colorings of Ti ∪ Tj , i 6= j, is by look-
ing separately at the perfect k1-colorings of Ti and Tj . Of course, a subgroup J of G that
will stabilize a color to be applied in Ti ∪ Tj must qualify initially as a color stabilizer in
both the perfect colorings of Ti and Tj . To do the coloring, two representative tiles, say ti
and tj from Ti and Tj respectively, must be taken such that J contains S1 and S2 where
Si = StabG(ti). The coloring will just then be an assignment of colors to the elements of
the set O = {gJ {t1, t2} : g ∈ G}.

To illustrate this method, consider the tiling (3.4.6.4). Let T1, T2, and T3 be the set
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(a) (b) (c) (d)

(e) (f) (g)

Figure 3: (a) The mirror reflection fixing the colored triangle; (b) and (c) are two pm’s
of index 4 in G ∼= cmm; (d) Perfect 4-coloring of the triangles in (33.42) using J whose
diagram is given in (b); (e)-(g) 3 inequivalent perfect 4-colorings of the triangles in (33.42)
with J ∼= pmm

of triangles, squares, and hexagons respectively in (3.4.6.4). The set T1 may be viewed as
equivalent to the set of triangles in either (3.6.3.6) or (3.122). With G ∼= p6m being the
symmetry group of this tesellation, a triangle in the pattern is stabilized by S ∼= D3. A
crystallographic group of type p3m1, p31m, or p6m fits as a subgroup J that will stabilize a
color in T1. Taking results from Table 2, the triangles in (3.4.6.4) may be perfectly colored
using (a) k1 = 2n2 colors if J ∼= p3m1; (b) k1 = 6n2 colors if J ∼= p31m; and finally, (c)
k1 = n2 colors where n = 3m+ 1 or n = 3m+ 2 whenever J ∼= p6m. For each n, the perfect
k1-coloring is unique up to equivalence.

If t is a square in (3.4.6.4), the finite symmetry group of t is S ∼= D2. Of the finite
indexed subgroups of G, only those of types pmm, cmm, and p6m contain S. Now, in a
group of type p6m, the index of a subgroup J isomorphic to pmm is given by the integer
6n. There are 3n · d(n) such subgroups and these pmm’s can be grouped into three families
that are at an angle of 60◦ from one another. The group S fixing the representative square t
is contained in d(n) subgroups of type pmm. These are all from the family of pmm’s whose
mirror lines are perpendicular to a pair of opposite sides of t. So if J ∼= pmm, the squares in
(3.4.6.4) can be perfectly colored using k1 = 6n colors where for each n, d(n) inequivalent
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colorings exist. If J ∼= cmm, [G : J ] = 3n.

For the case where n = 2m + 1, d(n) subgroups of type cmm contain S which implies
that there are as many inequivalent perfect 3n-colorings of T2. On the contrary, if n = 4m,
S is in d(n/4) cmm’s. Consequently, d(n/4) perfect colorings of T2 using 3n colors exist
when n is 4m. Lastly, if J ∼= p6m, [G : J ] = n2 or 3n2. The tricky part here is that not
all subgroups J of index n2 or 3n2 will contain the D2 which fixes a square in T2. In both
cases, it is only when n = 2m+ 1 that S is found inside J . Hence, the squares in the tiling
may be colored perfectly using k1 = n2 or 3n2 colors for odd values of n. The coloring is
unique for each n.

T3, the set of hexagons in (3.4.6.4), when treated on its own is equivalent to the transi-
tivity class of hexagons in (3.6.3.6) or the dodecagons in (3.122). Accordingly, on the basis
of Table 2, T3 can be colored using J ∼= p6m because for a randomly chosen hexagon, its
symmetry group S ∼= D6 can only be found in a subgroup of G of the same type. Therefore,
k1 = n2 or 3n2 and only one perfect coloring exists for every n.

Now that each of T1, T2 and T3 has been perfectly colored with k1 colors, the perfect
k2-colorings of the unions T2 ∪ T3, T1 ∪ T3 and T1 ∪ T2 will be analyzed. The combined
transitivity classes of squares and hexagons in the tessellation being considered can only be
perfectly colored if J ∼= p6m plainly because this is the only common subgroup type that
may stabilize a color used on both the perfect colorings of T2 and T3.

For T2, [G : J ] = n2 or 3n2 (where n = 2m + 1) while [G : J ] = n2 or 3n2 for T3 with
no restriction on n. The common J ’s between the perfect colorings for T2 and T3 are those
whose index in G is k2 = (2m + 1)2 or 3(2m + 1)2. Therefore, T2 ∪ T3 can be perfectly
colored using such numbers of colors only. Now, a color shared by the union T1 ∪ T3 of the
triangles and hexagons in (3.4.6.4) can only be stabilized by a subgroup of G of type p6m.
The common indices in G between the p6m’s for T1 and the p6m’s for T3 are the numbers
k2 = (3m+1)2 and (3m+2)2. Finally and again, only a subgroup of type p6m in G qualifies
as a J that may be used to perfectly color T1 ∪ T2.

For T1, the index of J inside G is either (3m+ 1)2 or (3m+ 2)2. On the other hand, the
index of J in G must be (2m+ 1)2 or 3(2m+ 1)2 for T2. The values common between the
first and second set of integers are (6m+ 1)2 and (6m+ 5)2. Because of this, the triangles
and squares collectively may be perfectly colored using k2 = (6m+ 1)2 or (6m+ 5)2 colors.
Next to the trivial case where [G : J ] = 1 (in which T1 ∪ T2 need not be colored at all),
the closest index that follows is 25. In Figure 4(c), the stabilizer of the color yellow is a
subgroup of type p6m whose index in G is 25.

Table 3 shows all the values of k1 and k2 so that the semiregular tessellations (3.4.6.4),
(4.6.12) and (34.6) will admit a perfect (k1, k2)-coloring. Also, every possible color stabilizer
J is presented together with the number of inequivalent perfect colorings for a given J . For
(34.6), T1 is the set of hexagons, T2 is the set of triangles that share a common vertex
with a hexagon and the last orbit T3 is the set of remaining triangles. For p3 or p6,
n = 22l3spr1

1 · · · p
rk

k q
s1
1 · · · qsm

m where pi ≡ 1(mod6), qj ≡ 5(mod6), si even, and θ(n) =
b[(r1 + 1)(r2 + 1) · · · (rk + 1) + 1]/2c.
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(a)

(b)

(c)

Figure 4: (a) A perfect 3-coloring of T2 ∪ T3; (b) A perfect 4-coloring of T1 ∪ T3; (c) The
subset of T1 ∪ T2 left invariant by a subgroup of type p6m whose index in G ∼= p6m is 25
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Tiling J k1 Nk1 J k2 Nk2

(3.4.6.4) T1 T2 ∪ T3

p3m1 2n2 1 p6m (2m+ 1)2 1
p31m 6n2 1 3(2m+ 1)2 1
p6m (3m+ 1)2 1

(3m+ 2)2 1
T2 T1 ∪ T3

pmm 6n d(n) p6m (3m+ 1)2 1
cmm 3n (n = 2m+ 1) d(n) (3m+ 2)2 1

3n (n = 4m) d(n/4)
p6m (2m+ 1)2 1

3(2m+ 1)2 1
T3 T1 ∪ T2

p6m n2 1 p6m (6m+ 1)2 1
3n2 1 (6m+ 5)2 1

(4.6.12) T1 T2 ∪ T3

pmm 6n d(n) p6m (3m+ 1)2 1
cmm 3n (n = 2m+ 1) d(n) (3m+ 2)2 1

3n (n = 4m) d(n/4)
p6m (2m+ 1)2 1

3(2m+ 1)2 1
T2 T1 ∪ T3

p3m1 2n2 1 p6m (2m+ 1)2 1
p31m 6n2 1 3(2m+ 1)2 1
p6m (3m+ 1)2 1

(3m+ 2)2 1
T3 T1 ∪ T2

p6m n2 1 p6m (6m+ 1)2 1
3n2 1 (6m+ 5)2 1

(34.6) T1 T2 ∪ T3

p6 n = a2 + ab+ b2 p3 2n
(n = m2 or 3m2) 1 (n = m2 or 3m2) 2n
(n is otherwise) 2 (n is otherwise) 4n

p6 n = a2 + ab+ b2

[n = (3r + 1)2] n
[n = (3r + 2)2] n
(n 6= m2, 3m2) 2n

T2 T1 ∪ T3

p3 2n p6 n
(n = m2 or 3m2) 1 (n = m2 or 3m2) n
(n is otherwise) 2 (n is otherwise) 2n

p6 (3r + 1)2 1
(3r + 2)2 1

(n 6= m2, 3m2) 2
T3 T1 ∪ T2

p1 6n S(n) p6 n = a2 + ab+ b2

p2 3n nS(n) [n = (3r + 1)2] 1
p3 2n [n = (3r + 2)2] 1

(n = m2 or 3m2) n[2θ(n)− 1] (n 6= m2, 3m2) 2
(n is otherwise) n2θ(n)

p6 n
(n = m2 or 3m2) n[2θ(n)− 1]
(n is otherwise) n2θ(n)

Table 3: Summary of Perfect (k1, k2)-Colorings of (3.4.6.4), (4.6.12), and (34.6)
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