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Abstract

This paper characterizes the influence of the diffusion term of a reaction-diffusion
equation on the minimal speed of propagation of its traveling wave solutions in the
one-dimensional setting. To arrive at this, a comparison result is presented.

1 Introduction

Front propagation in heterogeneous media has been studied only recently since the trail-
blazing work of Kolmogorov, Petrovsky, and Piskunov (KPP), and Fisher during the late
1930’s on the travelling fronts in reaction-diffusion equations. One reason for this is because
of the many mathematical difficulties brought about by the heterogeneity of the problem.

1.1 The General Assumptions

For this study, we consider the following reaction-diffusion-advection equation:{
ut − aij(x)∂iju(x) + q(x) · ∇u = f(x, u) in Ω

ν ·A(x)∇u = 0 on ∂Ω (1)

where A(x) = [aij(x)] is the diffusion matrix, Ω an open subset of RN , ν denotes the outward
unit normal on the boundary ∂Ω of Ω. We shall assume all throughout the paper that the
diffusion matrix A(x), the advection vector q(x) and the reaction term f(x, s) as well as
the geometry Ω are periodic. On the whole, we will follow the same assumptions on the
coefficients aij , q(x) and f and on the general periodic framework as in the paper [BHN].
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Let N ≥ 1 be the space dimension and let d be an integer such that 1 ≤ d ≤ N . Call
x = (x1, · · · , xd) and y = (xd+1, · · · , xN ). Let L1, · · · , Ld be d positive numbers and let Ω
be a C3 nonempty connected open subset of RN such that

∃R ≥ 0, ∀(x, y) ∈ Ω, |y| ≤ R,

∀(k1, · · · , kd) ∈ L1Z× · · · × LdZ, Ω = Ω +
d∑
i=1

kiei,
(2)

where (ei)1≤i≤N is the canonical basis of RN . Let C be the set defined by

C = {(x, y) ∈ Ω, x ∈ (0, L1)× · · · × (0, Ld)}.

A function f on Ω is said to be L-periodic with respect to x in Ω if

f(x+ k, y) = f(x, y) (3)

almost everywhere in Ω for all k ∈ L1Z× · · · × LdZ.

1.2 Pulsating Travelling Fronts

We are concerned with special solutions, which are called pulsating travelling fronts (or
periodic travelling fronts), and which are classical time-global solutions u of (1) satisfying
0 ≤ u ≤ 1 and

∀k ∈
d∏
i=1

LiZ, ∀(t, x, y) ∈ R× Ω, u

(
t− k · e

c
, x, y

)
= u(t, x+ k, y),

u(t, x, y) −→ 0, as x · e −→ +∞
u(t, x, y) −→ 1, as x · e −→ −∞

(4)

where the above limits hold locally in t and uniformly in y and in the direction of Rd which
are orthogonal to e. Here, e = (e1, · · · , ed) is a given unit vector in Rd. Such a solution
satisfying (4) is then called a pulsating travelling front propagating in the direction of e. We
say that c is the effective unknown speed c 6= 0.

Under the assumptions of the previous subsection, it was proved ([BHN]) that there
exists c∗(e) > 0 called the minimal speed such that pulsating travelling fronts u in the
direction e with the speed c exist if and only if c ≥ c∗(e). Moreover, all such pulsating fronts
are increasing in time t.

2 The Problem and Main Result

The general problem being addressed here is the following: how do the heterogeneities (i.e.,
diffusion and advection coefficients, and the reaction term) affect the minimal propagation
speed of pulsating traveling wave solutions of the equation (1).

2.1 The Problem

In this paper, we specifically focus on the following problem: Suppose we have two reaction-
diffusion equations of the form (1) with A(x) and B(x) as their diffusion coefficients respec-
tively. Can we compare the minimal speeds of propagation c∗A and c∗B of their traveling
wave solutions respectively if we assume

0 < A(x) ≤ B(x), for all x ∈ Rn? (5)
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By these inequalities, we mean

0 < 〈A(x)ξ, ξ〉 ≤ 〈B(x)ξ, ξ〉, ∀ξ ∈ Rn, ∀x ∈ Rn. (6)

We shall answer this problem in the case when the space is of dimension 1. For this
purpose, it is enough to limit our discussion to the case where the advection coefficient
q ≡ 0. (For the rest of the heterogeneities, the reader is referred to [B], [BH], and [BHN].)

2.2 The Main Result

We answer the above question in the affirmative via the following theorem:

Theorem 1. If n = 1 and f(ξ, u) = f(u), then c∗(±1) is increasing with respect to the
diffusion term in the sense that calling c∗h(±1) the minimal speed of traveling front solutions
u in the direction ±1 and solving the reaction-diffusion equation

∂u

∂t
= h(ξ)

∂2u

∂ξ2
+ f(ξ, u), (7)

we have
c∗h1

(±1) ≤ c∗h2
(±1)

for every pair of functions h1 and h2 such that

0 < h1(x) ≤ h2(x+ γ), ∀x ∈ R, for some γ ∈ R.

3 Proof of the Main Theorem

Central to the discussion of minimum speed of propagation is the concept of principal
eigenvalues of operators which is discussed in detail in the paper [BHR]. The reason is that
the formula for the minimum speed of propagation in a direction ~e ∈ Sn−1 is expressed in
terms of the periodic principal eigenvalue of some operator.

3.1 Some Lemmas

Let us now relate the minimum speed of propagation with the principal eigenvalues. We
have the following lemma:

Lemma 3.1. For any unit vector ~e ∈ Rn, the minimal speed propagating in the direction of
~e is given by

c∗(~e) = min
λ>0

k(λ)
λ

, (8)

where k(λ) is the periodic principal eigenvalue in Rn of the operator

L~eλψ := aij(x)∂ijψ − 2λ~eA∇ψ + ~q · ∇ψ + (−λ~q · ~e+ λ2~eA~e+ ζ)ψ. (9)

Proof:

To prove the lemma, we only need to write L in divergence form and apply Theorem 1.1
of [BHN]. We find that

Lu = div(A∇u) +
(
~q − ∂aij

∂xi

)
∂u

∂xj
+ ζu. (10)
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Thus we can apply Theorem 1.1 of [BHN] to the operator L in (10) above and infer that

c∗(~e) = min
λ>0

k̃(λ)
λ

, (11)

where k̃(λ) is the periodic principal eigenvalue in Rn of

L̃λψ := div(A∇ψ)− 2λ~eA∇ψ + ~q · ∇ψ −
(
∂aij
∂xi

)
∂ψ

∂xj
ψ + (−λ~q · ~e+ λ2~eA~e+ ζ)ψ. (12)

But this is exactly the operator Lλ. Hence k̃(λ) = k(λ) and we are done. 2

The next lemma is a comparison result on the periodic principal eigenvalues of two
operators with two different diffusion coefficients.

Lemma 3.2. Let λ > 0 and suppose kh(λ) is the periodic principal eigenvalue of the operator
Lhλ defined by

Lhλψ := h(x)ψ′′ − 2λ~eh(x)ψ′ + (λ2h(x) + ζ)ψ. (13)

If the functions a and b are such that there exists γ ∈ R satisfying

0 < a(x) ≤ b(x+ γ), ∀x ∈ R,

then
ka(λ) ≤ kb(λ) for every λ > 0.

Proof:

Fix λ > 0 and call φa and φb the periodic principal eigenfunctions of Laλ and Lbλ,
respectively, i.e.,

Laλφa = ka(λ)φa, and Lbλφb = kb(λ)φb.

It is possible to choose them in order to have the following:

φa(x) ≤ φb(x), for all x ∈ R

and there exists x0 ∈ R such that

φa(x0) = φb(x0).

Define
Φa(x) := φa(x)e−λ~ex and Φb(x) := φb(x)e−λ~ex.

Clearly,
Φa(x0) = Φb(x0) and Φ′′a(x0) ≤ Φ′′b (x0).

Furthermore,

a(x)Φa + ζΦa = ka(λ)Φa, b(x)Φb + ζΦb = kb(λ)Φb, ∀x ∈ R. (14)

We now claim that ka(λ) ≥ ζ. Then by (14), Φa(x0) ≥ 0 or that Φa is convex at x0.
Consequently,

ka(λ)Φa(x0) = a(x0)Φ′′a(x0) + ζΦa(x0)
≤ b(x0)Φ′′b (x0) + ζΦb(x0)
= kb(λ)Φb(x0).



Diffusion influence on the speed of traveling fronts in KPP-type 63

Hence, we obtain
ka(λ) ≤ kb(λ).

Finally, to show that ka(λ) ≥ ζ, we use a result from [BHR] where they showed that

ka(λ) = sup{µ| ∃φ ∈ C2(R) ∩ l∞(R), φ > 0, (Laλ − µ)φ ≥ 0 in R}.

Take µ := ζ. Letting φ ≡ 1, one obtains (Laλ − ζ)φ = λ2aφ > 0 concluding that ka(λ) ≥ ζ.
The lemma is proved. 2

3.2 Proof of the Theorem

We shall be using Lemma 3.2 to prove our main comparison result on minimal speed of
propagation.

Proof:

Fix ~e ∈ {−1, 1}. For any positive function h and λ > 0, set

Lhλψ := h(x)ψ′′ − 2λ~eh(x)ψ′ + (λ2h(x) + ζ)ψ

and call kh(λ) the periodic principal eigenvalue in R of Lhλ. Note that ζ = lims−→0+ f(s)/s
is now constant. By Lemma 3.1, we have

c∗h(~e) = min
λ

kh(λ)
λ

.

Let a and b be two positive functions such that a(x) ≤ b(x+ γ) for all x ∈ R and for some
γ ∈ R. It is clear that c∗b(~e) = c∗τγb

(~e) for any translation τγb(·) = b(·+ γ) of b. So without
loss of generality, we can assume γ = 0. To prove the theorem, it is enough to show that

ka(λ) ≤ kb(λ) for any λ > 0.

Using Lemma 3.2, we are done. 2
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